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The c o e f f i c i e n t s to be d i s c u s s e d a r e t h o s e i n v o l v e d w h e n e x -

p r e s s i n g the g e n e r a l t e r m of c e r t a i n s e q u e n c e s , de f ined by d i f f e r e n c e 

e q u a t i o n s , in t e r m s of t he r o o t s of t h e r e l a t e d c h a r a c t e r i s t i c e q u a t i o n . 

C a s e I: If the c h a r a c t e r i s t i c e q u a t i o n 
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m 
(3) N = (-I)1""1 II (x. - 1) 

i=l 

(4) D = ( - l ) ^ 1 x k O (x. - xk) 
i=l 
i / k 

Since 

f(x) = 2^ a.x111"1 = II (x - x t ) , aQ = 1 
i=0 i=l 

m m 
f(l) = O (1 - x.) and f»(xk) = n (xfc - x.) 3 

i=l i=l 
i / k 

Using these ident i t ies , (3) becomes 

N - ( - D m + k ^ ) if x 4 1 
N (1 - xk) ' Xk f 

and (4) can be wr i t t en 

D = ( - l ) m + k x k f ' ( x k ) 

Substituting these in (2) gives 

C k = l , x k = l 

U k x k ( l - xk)f ' (xk) > X k ^ 

P a r k e r [ 4 ] invest igated the genera l t e r m of a r e c u r s i v e sequence 
and gives a method for de termining these coefficients but does not give 
the genera l formula . 

For the Fibonacci sequence the c h a r a c t e r i s t i c equation is 

Z x - x - 1 = 0 and un = u, = 1 
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Therefore 

c = (-1H-1) = i 
k x k ^ X k " ^ ^ k " ^ 2 x k ~ l 

Some characteristic equations obtained in generalizations of the 

Fibonacci sequence and the values of C, for each follow, 

The characteristic equation in the generalization by Dickinson 

[ l ] is x - x - 1 = 0, a, c integers. Since 

Xkf'^Xk^ = C X k " a X k = °^Xk + ^ ' a xk = *C " a ^ X k + C ' 

C, = 
(xk - 1) [(c - a)xk + c] 

for the sequence in which u , = u, = . . . = u , = 1. 
0 1 c-1 

In the generalization by Harris and Styles [2J the character-

istic equation is x^(x - 1) - 1 = 0, p, q integers, p 21 0, q £ 1 and 
U 0 = U 1 = • ' • = U p + q - l = U 

c - 1 
k (P + q)* k _ p 

as was shown in j 2] without this formula. 

Miles [3] used the characteristic equation 

k k-1 x - x - . . . - x - 1 = 0, k integral > 2 

For the sequence in which the initial conditions are given by 

uo = u i = • • • = u k - i = l ' 

C = k
k ~ l , j = 1, 2, . . . , k . 

J 2x - (k + 1) 
J 

Raab [5~[ used the characteristic equation 

r+1 r 
x - ax - b = 0, a, b real, r integral > 1 . 

For the sequence in whichthe initial conditions are given by 

uQ = U l = . . . = u r = 1 , 



142 ON EVALUATING CERTAIN COEFFICIENTS 

c = b + a - 1 
k (a - l ) x ^ + 1 + b [ ( r + l ) x k - r ] 

The boundary conditions can be genera l ized slightly. If 

Apri l 

uQ = pr , uL = pr , u 2 = pr , . . . , u n = pr 
n+1 

C k ' x^(l - xk)f<(xk) 

Case II: If the c h a r a c t e r i s t i c equation (1) has a root of mul t i -
pl ici ty 2 then 

u n = (Cx + 2C 2 )xJ + 1 + ] T C k x J + 1 , n = 0, 1, 2, . . . 
k=3 

and x~ is the repea ted root of (1). If the boundary conditions a r e given 
by u^ = u, = . . . = u , = 1, then, 3 0 1 m - 1 
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Expanding the de te rminan t s gives 

m - 1 m - 2 m m 
(6) N = n x n (x - i) • n (x -x.) n(x . .x .u.n (x.-x.) 

1 i i m i m - 1 r 5 I i=2 i=3 i=3 

( (m-2)(m-3) 
(x 4 -x 3 ) (-1) 2 

i=3 i=3 

(2x 2 - l ) n (x.-x2) - x 2 ( x 2 - l ) 
i=3 

(the sum of al l poss ib le factors (x. - x ? ) 5 i = 3, 4, . . . , m, taken 
m - 3 at a t i m e ] f 

Since I 

fM(x2) = 2 0 (x2 - x ) and f , M(x ) = 6 
i=3 

(the sum of all poss ible products of the factors (x - x.), i = 3, 4, 
• . . , m, taken m - 3 at a t ime) , the quantity in the b r a c e s in (6) can be 
exp re s sed 

(m- l ) (m-2 ) 
(-1) Z [ ( 2 x 2 - l ) f ' f ( x 2 ) + x 2 ( x 2 - l ) f ' " ( x 2 ) 

Therefore , 

N I = ( - D 
(m- l ) (m-2 ) m m m - 1 

2 n x. 0 (x . - l ) II (x -x.) 
1 1 i i m r i=2 i=3 i=3 

m - 2 

n ( x
m _ r x i ) - - - n (x5-x.). (x4-x3) 

i=3 i=3 
( 2 x 2 - l ) f " ( x 2 ) 

+ x 2 ( x 2 - l ) f ' , , (x 2 ) 

Expanding the de te rminan t in the denominator gives 
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m m m 
(8) D = x2 n x. n (x.-x2)2 n (x.-x3) n (x.-x4) 

i=2 i=3 i = 4 i=5 

n (x.-x n (x.-x ) 
i m-2) I m - 1 

i=m- l i=m 
Substituting (7) and (8) in (5) and simplifying gives 

C , 

n (i - x.) 
i=3 

x 2 n ( x
2 " x i ) 2 

i=3 

2x 2 - l ) f« (x 2 ) x 2 ( x 2 - l ) f ' " ( x 2 ) 

If x 2 = 1, Cl = 1. If x / l , 

4(i-x7r n (i-x.) 
i=3 

1 r (_2x2- l ) f"(x2) x 2 ( x 2 - l ) f , " ( x 2 l 

1 x L f ' l x , ) ] ^ - ^ 

Therefore , 

2f(l] 1 1 i"^x2) 1 
1 +—t-r+ L J\ x , t x , - l ) f " ( x , ) [ x ?

 T ^ T ' 3 f " ( x ) • X 2 ^ • 

To de te rmine C ? the n u m e r a t o r in (5) is rep laced by 

x 2 1 x 

2 
m 
2 
m 
3 = Nn 

m . m x 0 1 x 3 
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Evaluating gives 

m m 
(9) N 2 = ( - I ) n x. n (i - x.) n (xrx2) n ( x r x 3 ) . . 

i=2 i=2 i=3 i=4 

n (x.-x 9) n (x.-x .) 
i m - 2 i m - 1 

i=m- l i=m 
Dividing (9) by (8) and simplifying gives 

(-1)1" n (i-x.) 2 n (i-x.) 
c = i=2 = 2 

2 m 2- , , . ' 
2 x 2 " X 2^ 

x2 ° ( x i"X2V 

i=3 

For x = 1, C = 0. For x ^ 1, 

2f(l) 
>2 x 2 f M ( x 2 ) ( 1 " X 2 ) 

To de te rmine C, , k = 3, 4, k 
rep laced by 

m, the n u m e r a t o r in (5) is 

2x 

3x 

m m m 
x~ m x 0 x 0 

X k-1 X Xk+1 
2 2 

X k-1 x k+ l 
3 3 

X k-1 L x k+ l 

x k - l l x k+ l 

m 
2 
m 
3 

= N, 

Evaluating N, yields 
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m m m - 1 m - 2 
(11) N, = ( - l ) ^ 1 x? W x. T»' (1-x.) "-M (x -x.) p (x . - x . ) . . . 

i=3 i=2 i=2 i=2 
i^k i^k i^k i=k 

k+1 k-1 3 2 

n (x
k-i-2"xi) P < x k + l " X i ) e e 9 M (x4-x. ) |II (x3-x . ) 

i=2 i=2 i=2 i=2 

( l - x 2 ) rt (x , -x2) 
i=3 

Substituting (11) and (8) in (10) leads to 

m 
( - D ^ i - x ^ 2 n ( l -x . ) 

i=3 
iA C, = k ~ T^T" 

x, (x. -x 0 ) H (x, -x.) in- (x.-x. ) k k 2 < k i % i k 
i=2 i=k+l-

( - l ) k + m ( l - x 2 ) 2 f (1-x.) 

C k = „ - _ _ - ! _ _ _ m , x k / l 

xkd-xk) -p (xk-x.)(-i)m"k > (xk-x.) 
i=2 i=k+l 

There C k = 1, x k = 1, 

C - A 1 ? , . . if x 4 I 
C k - x k ( l - x k ) f * ( ^ l f x k ^ L 

Summary : If the roots of 

m - 1 f(x) = J ] a.x*" * = 0 
i=0 

a r e not repea ted and u = u. = u = , , . = u . = 1, ^ 0 1 2 m - 1 
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, x k = 1 

x( l -x k ) f ' ( x k ) ' Xk / I 

If f(x) has a double root, x = x , and un = u 
L Li U 1 

u = 1, 
m-1 

2f(l) 
x^xTTTF^) 

f"!(x2) J_ + _ L _ +• 
X ? X - - 1 ^ F 7 ! 

. x 2 = l 

• X 2 ^ 

x 2 = 1 

2f(l) 
x ^ ( l - x 2 ) f " ( x 2 ) 

fH 

C, = 

f(D 

X k = 1 

X k ^ 

k = 3, 4, . . . , m 
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