
ELEMENTARY PiOBLEiS AND SOLUTIONS 
Edited by A .P . HiNman/University of New Mexico, Albuquerque, New Mex* 

Send all communications regarding Elementary Problems and Solutions to 
Professor A. P. Hillman, Department of Mathematics and Statistics, Univer-
sity of New Mexico, Albuquerque, New Mexico 87106* Each problem or solu-
tion should be submitted in legible form, preferably typed in double spacing, 
on a separate sheet or sheets, in the format used below. Solutions should be 
received within three months of the publication date, 

B-94 Proposed by Clyde A. Bridge^ Springfield Jr. College, Springfield, Hi 

Show that the number N of non-zero terms in the expansion of 

0 0 0 . . . . 0 0 0 ! 
b2 0 0 . . . 0 0 0 
a3 b3 0 . . . 0 0 0 

0 ° ° ° 0 0 -1 an 

is obtained by replacing each a. and each b^ by 1 and evaluating K^ Show 
further that Nn = F n + 1 , the (n + l)st Fibonacci number, 

B-95 Proposed by Brother tf. Alfred, St. Mary*$ Co//-ege,.Ccr/if. 

What is the highest power of 2 that exactly divides 

F 1 F 2 F 3 ° ° ° F100 ? 

B-96 Proposed by Phil Manaf University of New Mexieo% AlbuquerquetNew Mex* 

Let Gn be the number of ways of expressing the positive integer n as 
an ordered sum at + a2 + • • * + as with each aj in the set { l ,2 ,3} 0 (For 

283 

K 



2 8 4 ELEMENTARY PROBLEMS [Oct. 

example, G3 = 4 since 3 has just the expressions 3,2 + 1, 1 + 2, 1 + 1 + 1.) 
Find and prove the lowest order linear homogeneous recursion relation sa t is -
fied by the Gn . 

B-97 Proposed by Douglas Lind, University of Virginia, Charlottesville, Vb. 

Let A = {a^}, be an increasing sequence of numbers and let A(n) de-
note the number of terms of A not greater than n. The Schnirelmann density 
of A is defined as the greatest lower bound of the ratios A(n)/n for n = 1, 
2,- • • . Show that the Fibonacci sequence has density zero. 

B-98 Proposed by Douglas Lind, University o f Virginia, Charlottesville, Vb. 

Let F be the n Fibonacci number and find a compact expression for 
the sum Sn(x) = Ftx + F2x2 + F3x3 + • • • + F n x n

 Q 

B-99 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Find a compact expression for the infinite sum 

S2(x) S3(x) 
T(x) = st(x) + ~^r- + -jr~ + *9° > 

where S (x) is as defined in B-98. 

SOLUTIONS 
DIFFERENCE AND DIFFERENTIAL EQUATIONS 

B-76 Proposed by James A. Jeske,San Jose State Colleget San Jose, Calif. 

The recurrence relation for the sequence of Lucas numbers is Ln+2 -
Ln+i - Ln = 0 with Lj = 1, L2 = 3. 

Find the transformed equation, the exponential generating function, and 
the general solution. 
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Solution by Douglas Unci! University of ¥irginias Charlottesviiieg Vb. 

By (4.2) of Jeskefs ar t ic le , the transformed equation is 

L2(D)Y = Y" - Yf - Y = 0, Y(0) = 2, Yf(0) = 1 . 

Now rt = (1 + /s/5)/2 and r2 = (1 - V5)/2 are the roots of L2(r) = 0, hence 
with the given initial values we may determine the solution for the Lucas s e -
quence to be 

i, - (H*r • (H*)T . 
The exponential generating function for the Lucas sequence is thus 

OO 

Yft) - e * + a* = 2X £ ... 
n=o 

Also solved by Clyde A. Bridget, Howard I.Walton, and the Proposer. 

IT PAYS TO CHECK 

B-77 Proposed by James A. Jeske,San Jose State Colleget San Jo§eg Calif. 

Find the general solution and the exponential generating function for the 
recurrence relation 

yn+3 - 5yn+2 + 8yn+i - 4 y n
 = ° » 

with y0 = 0 , yt = 0, and y2 =-1. 

Solution by Douglas Unds University of Virginiat Charlottesville; Vb. 

Since L3(x) = x3 .- 5x2 + 8x - 4 = (x - l)(x - 2)(x - 2) = 0, we have, 
using the notation of section 4 of Jeskefs paper, r1 = 1, nij = 1, r2 = 29 
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m 2 = 2, and m = 2e With the given init ial va lues we find the exponential 

genera t ing function to be 

Y(t) = - e t + e 2 t ( l - t) 

which, by applying the i nve r se t r a n s f o r m (3.3), y ie lds the genera l solution as 

Also solved by Clyde A, Bridget and the Proposer. Douglas Lind also noted that for-

mula (4.8) ©f Jeske's paper is not correct. 

A LUCAS SUM 

B-78 Proposed by Douglas lind, University of Virginia, Charlottesvillef Va. 

Show that 

F = L + L + • • • + L + e , n > 2 , 
n n-2 n-6 n-2-4m n ' * 

where m i s the g rea te s t in teger in (n - 3 ) /4 , and e = 0 if n = 0 (mod 4), 

e = 1 if n t 0 (mod 4). 

Solution by the Proposer. 

Proof by induction: The proposi t ion is easi ly shown t rue for n = 3 , 4 , 5 , 6 . 

Now a s s u m e the t h e o r e m t rue for 3 ^ n ^ k + 3. Then one finds that 

Fk-f4 = Lk+2 + Fk = Lk+2 + (Lk-2 + Lk-e + *8* + Lk~2-4m + e k ) 

so that the t heo rem is t rue for k + 4, complet ing the induction s tep and the 
proof0 

Also solved by David Zeitiin, 
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AN ALMOST LUCAS SUM 

B-79 Proposed by Brother U. Alfred, St Mary's Colleges Calif. 

Let a = (1 + V5) /2 . De te rmine a c losed express ion for 

\ = [<! + [a2 ] + . . - + [a n ] , 

where the squa re b r acke t s mean "g rea t e s t in teger in„?T 

Solution by the Proposer. 

If b = (1 - \ / 5 ) / 2 , a = L, - b with b negative and | b | < la Hence 

[ a k ] = L, if k- i s odd and [ a ^ ] = L, - 1 if k i s even, It follows that 

n 
Xn = i C Lk ~ \J 

k=i 
Va " 3 

Also solved by J.L. Brown/ Jr. and Jeremy C. Pond. 

OUR MAN OF PISA 

B-80 Proposed by Maxey Brooke, Sweeny, Texas. 

Solve the division alphametic 

_PISA 
FIB XONACCI 

where each l e t t e r r e p r e s e n t s one of the nine digits 1,2, • •• , 9 and two l e t t e r s 

may r e p r e s e n t the s a m e digit. 

Solution by the Proposer. 

9854 
382 [3764228 

This solution may not be unique. 
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GAUSSIAN PRIMES 

B-81 Proposed b y Douglas LiJid, University of Virginiag Charlottesville/ Va. 

Prove that only one of the Fibonacci numbers l f 2 s 3 ? 5 ?
o s e i s a p r i m e in 

the r ing of Gaussian in t ege r s . 

Solution by L. Carl/tz, Duke University, Durham, NX. 

Since 

F2n+i =• F n + 1 + F n = ( F n + 1 + F n i ) ( F n + 1 - F Q i ) , 

i t follows that F 2 n +i i s composi te in the Gauss ian r ing for a l l n > 0„ Since 

F2n = F L it follows that F 2 n i s composi te in the r ing of in tegers (kndv 

the re fore in the Gauss ian ring) for n > 2a F o r n = 2S F 4 = 3; for n = 1, 

F 2 = 1. 

Also solved by Sidney Krqvitz and the proposer. 

• • • • • 
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