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SUMMARY 

Eine von L„ CARLITZ behandelte partielle Differenzengleichung zweiter 
Ordnung, die mit den FIBONACCI-Zahlen in Beziehung steht, wird mit Hilfe 
einer algebraisch begriindeten, zweidimensionalen Operatorenrechnung gelost. 
Die sich hierbei ergebende Losung ist allgemeiner als diejenigevon L. CARLITZ. 

In an article [1] by L. Carlitz, a solution of the equation 

(*) umn ~ um-i ,n ~ um,n-i ~ um-2,n + 3 u m- i , n - i ~ um,n~2 = ° 
(m,n ^ 2, integral) 

was given with the aid of a power series expansion related to the Fibonacci 
numbers. Although the solution contains only three arbitrary constants (viz# , 
u00s u01, and u10), it is called a "general solution" — a terminology which 
appears justified only if, besides equation (1), the following secondary condi-
tions, not mentioned in [1 ] , are also imposed: 

(2) u u - u01 - u10 + 3u00 = 0 , 

(3) u0n - u ^ ^ - u0jI1„2 = 0 for n > 2 , 

(4) u m 0 - um_1?0 - um„2>0 = 0 for m => 2 , 

(5) u i n - uon - u t ^ i + S u o ^ i - ul jn_2 = 0 for n > 2 , 

(6) u m l - um_1 ? 1 - u m o - um_2 y l + 3 u m „ l j 0 = 0 • for m > 2 . 

The conclusion (1.4) from [1] is valid only under the assumptions (2) to (6). 
From (2), u.n is fixed, and from (3) to (6) the initial values u 0 n , u l n and 
u m 0 , u m l are uniquely determined for n,m ^ 20 The general solution of (3), 
for instance, is 

2 0 2 
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(7) uon - u01 F n + u00 Fn_t for n > 0 , 

where 
n _ n 1 __ 1 

(8) F n = ^-zp w i t h « = ^ (1 + V5) , iS = |- (1 - NTS) (n integral). 

One can easily verify that the solution (5.4) given by LB Carlitz in [1] reduces 
to equation (7) for m = 08 

The general solution of (1) without secondary conditions thus contains two 
pairs of arbitrary functions of only one of the two integral variables m and n. 
We now wish to determine this solution with the aid of the ?f two-dimensional, 
discrete operational calculus" developed in [2 ] . 

According to the fundamental idea of Je Mikusiriski (see perhaps [3]) , the 
usual addition and the two dimensional Cauchy product 

m,n 
(9) amn * bmn ~ 2 a/ivbm-jU n-v a s multiplication 

/x ,v =0 

are introduced in the set of complex-valued functions of two nonnegative integral 
variables, and the quotient field Q2 belonging to the integral domain D2 a r i s -
ing from this means is considered. In order to conform with the relations in 
[ 2 ] , we make an index shift in (1) and write 

(lf) DfUum) = um+2jn+2 ~ um+i,n-H2 ~ um+25n+t ~ um,n+2 + 3um+i,n+i 

- um+2?n = ° (m>n - °) • 

After application of the difference theorem from [ 2 ] , 

um+k,n+i = P ^ m n - Q* 2 p K nKn - p 2 q ^ u m X + 

k~* ^ lr.it M 
2 2 pK V % x 

/c=o M *X 

(um neD2; u m , u. initial values; k?£ natural numbers;p,-.qinverses to shift 
operators in Q2), one obtains the operator representation 
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u = h(p,q,m?n) 
g(p,q) 

where the numera to r i s 

h = ^ n h t + r m h 2 + /3nh3 + <5mh4 + or0h5 + ^ h 6 + /50h7 + fthg , 

a s one can eas i ly verify with the polynomials 

hi(p,q) = P2q2 ~ pq2 ~ P2q + 3pq - p2 , h2 = ht(q,p) , 
h3(p,q) = pq2 - pq - P, h4 = h3(q,p), h5 = -p2q2 + pq2 + p2q - 3pq, 

h6(p,q) =-p 2 q + p q , h7 = h6(q,p) , h8 = -pq 

and the coefficients, the given init ial va lues , 

(11) an = u o n , y m = u m o , /5n = u m , 6m = u m l with 

«o = ^o > ft) = yu a\ = 6o » Pi = 6t • 

The denominator , a polynomial of degree 4 in p,q is 

g(P,q) = P2q2 - Pq2 - P2q + 3pq - p2 - q2 = g1(p,q)g2(p,q) 
with 

gi = pq - ap - ]Sq and g2 = pq - /3p - aq , 

where a and ft have the va lues given in (8). As can be immedia te ly proved, 

~~~x €D9 
g(p,q) 2 

holds for i = 1, • • •, 8; and these t e r m s a r e indeed functions of the Fibonacci 

number s F, . If cons idera t ions for the opera to r 

p2q2 

g(p,q) 

a r e indicated, the calculat ion for the remain ing m e m b e r s of u m n then follows 
eas i ly . If one conceives 
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pq2 

g(p?q) 

as a (proper fractional) rational operator of p alone, then there results, by 
decomposition into partial fractions, 

p2q2
 = i / o-pq _ /fog j g__ 

g(P,q) a - p \g2(p,q) gi(p,q)/ q - 1 g(P 

and on account of the obvious relations 

g2(p,q) \ m ) a P ' g l (p,q) \ m ) a P 

and of the meaning of q/(q - 1) as a "partial summation operator" 

-a— b = 2 b 

it follows that 

q - 1 mn m^ ' 

g(p,q) c - /5 k t I m /L^ P a P J g ( p W - - P k = 0 

from which, on account of a ^ k = (_i)k (^ integral), of definition (8), of the 
symmetry of g(p,q), and with the notation G m n for (p2q2)/g , there finally 
results 

a2) g & = G - = <W = £ (-Dk(m
k

+k) Fm+1_k = 

s ( - l ) k ( n k k ) F n + 1 _ k for m,n s o. 
m 
2 

k=o 

With the aid of (12) the operators h j /g (i = l , - . . , 8 ) - can now be immediately 
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represented as functions from D2. In order to simplify the notation, we define; 
G m n = 0 in case an index is negative; according to (12) this is also achieved by 
stipulating the following: 

(13) 2 a k = 0 , I k 1 = 0 for £ < 0 . 

(With this agreement, ( l /p2) G m n = Gm^2>^.» £°? example,,.holds,for all m,n 

Therewith we obtain, after easy calculation from (10), 
(14) u m n =^ n » ( l + Gm_2$li ) + 7 m * (1 + Gm ? n_2) 

+ 0n" (Gm-i,n ~ Gm-i,n~i ~ Gm-i,n-2) 
+ 6 m - (Gxa,n-i ~ G m-i ,n- i " Gm-2,n-i) - »oGmn 
+ {a0 - /30)Gm-i3,h + («o " ^i)Gmfn-i "*" (3<*o - £0 ~ a\ + ^i)Gixi~i,n-i 

for all m,n — 0. 
(In this the multiplication symbol means multiplication in D2 and the summand 
1 is the identity element of D2.) If we finally use 

•Dn(r)vn G m-i ,n ~ Gm~i,n-i " (' 

and correspondingly 

Gm,n-i - Gm-i ,n- i = ( - l ) 1 1 1 ^ " 1 ) F n . m for m,n - 0 , 

and carry out the multiplication in D2 then after simple transformations for 
m,n ^ 0 we obtain from (14) 

n m 

<15* umn = % + ym + E V /̂n-̂  + E Gjx.,n-2ym-ji 

i i i l l 

m m 

£~J x f I ft I n-jbt m-ju JLd /A-2fn-i m-/i 

, i x m / m + n\ „ n / i x n / m + n - l \ „ 
- «O(-D ( m j F n _ m + 1 - /30(-D y n j F m _ n 
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We verify that (15) satisfies equation (11)? however, we only indicate the calcu-
lation; to begin with, D(orn) = -%+2 holds and D(7m) = -7m+2 • 

Furthermore, 

( n \ n+g 

2 n
G m - 2 ^ B ^ = 2 % + 2 „ , D ( G m ^ 2 ) ^ - ^ [ G ^ - G ^ ^ - G ^ J 

+ a , JG - G 4 - G - G + 3G -l 
n+iL mi m- i , i mo m-2,i m-i,oJ 

= QW2
 ; 

for, it is true that Gm 0 - Gm.1 ? 0 - Gm.2 ? 0 = { J £ r m > 0 ' 

Gmt ~ G m-i , t - Gmo - Gm-2,t + 3Gm-i5o =: 0 for all m > 0 

and 

D ( G H I - 2 S P - 2 ) = 0 for m ^ 0 , ^ ^ 2 , 

k+i 
as one recognizes after some calculation with the aid of (12) and F^ = (-1) F , 
(k integral) or as one can read off directly from the fact that G m n in D2 is 
inverse to 

V o o ... 
by (9). 

Analogously one completes the verification. By appropriate calculation one r e c -
ognizes that the initial conditions (11) are satisfied by (15). Since 60 = at, and 
because of definition (13) and of the validity of the relation (3) for F n ? there 
results for m = 0S n ^ 0, for instance, 

uon = < V o + GD,n-2 o ("'o^n'-^i^-^'o'K^' 
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• * * • • 

RECURRING SEQUENCES 
Review of Book by Dov Jarden 
By Brother Alfred Brousseau 

For some time the volume, Recurring Sequences, by Dov Jarden has been 
unavailable, but now a printing has been made of a revised version* The new 
book contains articles published by the author on Fibonacci numbers and r e -
lated matters in Riveon Lematematika and other publications. A number of 
these articles were originally in Hebrew and hence unavailable to the general 
reading public. This volume now enables the reader to become acquainted with 
this extensive material (some thirty articles) In convenient form. 

In addition, there is a list of Fibonacci and Lucas numbers as well as 
their known factorizations up to the 385th number In each case. Many new r e -
sults in this section are the work of John Brillhart of the University of San 
Francisco and the University of California* 

There is likewise, a Fibonacci bibliography which has been extended to 
include articles to the year 1962a 

This valuable reference for Fibonacci fanciers is now available through 
the Fibonacci Association for the price of $6.00. All requests for the volume 
should be sent to Brother Alfred Brousseau, Managing Editor, St. Maryfs 
College, Calif. , 94575. 

• • * • • 

The Fibonacci Association invites Educational Institutions to apply for Academic 
Membership in the Association. The minimum subscription fee is $25 annually. 
(Academic Members will receive two copies of each issue and will have their 
names listed in the Journal. 

• • • • • 


