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Put 

^ A / i + j \ / m - i + j \ / i + n - j \ / m + n - i - j \ 

i=o j=0 

The formula 

/ m + n 
(1) H(m,n) - H(m - l ,n) - H(msn - 1) = (m + n \ 

m / 

was proposed as a problem by Paul Brock in the SIAM Review [1]; the pub-
lished solution by David Slepian established the identity by means of contour 
integration, Another proof was subsequently given by R. M„ Baer and the 
proposer [ 2 ] , 

The writer [3 ] gave a proof of (1) and of some related formulas by means 
of generating functions. The proof of (1) in particular depended on the expansion 

i=oj=ok=oM)V J A k A i A i / 

= {[(1 -v ) ( l - x ) - w + u ( l - w ) ] 2 - 4u(l - v - w ) ( l -W-X)f"" ( 1 / 2 ) 

If we take u = w, v = x we get 
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v* "̂"̂  mm -1 9 9 ~P-'^) 
(3) 22 2^ H ( m ' n ) u v = ( l - u - v) (1 - 2u - 2v +. u - 2uv + v ) 

m=0 n=0 

which implies (1). We now take u = -w, v = -x. Then the left member of (2) 
becomes 

i=0j=ok=0£=0 \ J / \ k A * A i / 

oo oo 

J2J2 H(m»n) wmxn , 
m=0 n=0 

where 

m n 
- V^ V^ i+i/ i + i \/m " i + A/ i + n " i\ fm + n " i " j \ 

"*•">-£!>> t , A i X.- , )( .-. )• 
The right member of (2) becomes 

n \ 1 1 

, i [ ( l - u ) 2 - x 2 ] +4w( l -u + x)( l -u-x)>"2 = ( l -2w 2 -2x 2 + w4-2w2x2 + x4)~2 

It is proved in [3] that 

(1 - 2w - 2x + w2 - 2wx + x 2 ) " ( l / 2 ) = £ £ ( m + j 
m=On=oV m / 

We therefore get 

o o o o N oo oo / m + n \ 2 

(4) £ £ H(m,n)w m x n = ^ E ) * 2 m ^ n 

m=0 n=0 m=0 n=0 ^ m ' 

m n w x 
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so that H(m9n) = 0 if either m or n is odd, while 

(5) H(2m 
m + n \ 

m ) 

If in (2) we take u = v5 w = x9 it is proved in [3] that 

(6) f ; f ) J(m9n)vmxn = (1 - 2 v f ( l / 2 > ( l - 2 x f <l/2>(l - 2v - 2 x f <l/2> 

m=0 n=0 

where 

m n 
J(m 

" / m \ / n \ / m ~ i + k \ / i + n ~ k \ 

- £ £ ( X X > X . ) 
Since 

(1 - 2 v ) ^ l / 2 ) ( l - 2 x f <l/2>(l - 2 v - 2 x f <1/2> = (1 - 2 v f V -tof^l - — ^ 
( (l-2v)(l-2x)) 

-(1/2) 

r r 
v x ^(rh-^rv-axr1 

00 / 2 r \ °° / m + r \ j f / n + r \ 

£ r - £ , ) « n E ( ,)«* 
r=0 X r ; m=0 \ r ' n=0 x r ; 

00 00 

m=0 rs=0 r = 0 ^ X / \ L / \ l / 
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so that 

[Dec. 

min(m9n) *2 
T/ x 0m+n Y ^ o"2^ J(m,n) = 2 > 2 

r=0 : ) ( ; » 

= 2 m + n 3 F 2 
1/2, -m, -n' 

19 1 

in the usual notation for generalized hypergeometric function. This may be 
compared with [3, (4.3)], 

We now take u = -v, w = -x in (2). Then the left member of (2) 
becomes 

J2 X) j ( m ' n ) v m x I 1 » 
m=0 n=0 

where 

^ J ^ •_•_! / m \ M /m - i + k\ / i + n - k\ 
W) = ££H> (XX . X . ) 

As for the right member of (2) we get 

/ ( l - 2 v ) 2 + 4v(l - v + x ) } " ^ ^ = (1 + 4vx ) " ( l / 2 ) 

so that 

/ j / ^ J(m,n)v x = (1 4- 4vx) 
m=0 n=0 

-(1/2) 

Since 
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(1 + 4vx)-<l/2> = f ) ( - l ) n ( 2 n ) ^ ^ . 
n=0 

it follows that 

(m + n\ J (9) J(m.n) = (-1)" I ) 6^ 

It follows from (7) that 

^ , A -^ / m \ / n \ / i + k \ / m + n - i - k \ 

m 3i , _ v 2 y _ x 2 
(i + k)i (m + n - i - k) 

mini 
i=0 k=0 

Thus (9) may be replaced by 

m n /ml (n\ 

(iU) J^JZ^J K ; /m + n V mn 
1=0 k=0 y i + k J 

The left member of (3) Is equal to 

i=o j=o k=o £=o V J / \ k A £ A i / 

i=0 k=0 j=0 ^ ] ' \ 3 / i=0 \ /V 
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00 (X) I 00 

i=0 k=0 I j=0 

^ „ .,, * ( i+ l ) . (k + l ) . . 2 

00 00 
= E Z ^ k | F ( i n } k + l ; l ; v ) ( 2 

i=0 k=0 

where F(i + 1), k + 1; 1; v) is the hyper geometric function. If we put 

m 
G m ( v ) = X ) ^ F ( m - k + ^ k + i ; i ; v ) } 2 

k=0 

then (3) becomes 

2 oo oo oo / m + n \ 
(ID JuXW^-n-^SS 

n=0 m=0 n=0 ^ m ' 

m Multiplying by 1 - u - v and comparing coefficients of u we get 

" / m + n \ 2 

(12) (1 - v)G (?) - G m (v) = J ] ( ) v11 = F(m + 1, m + l ; l ;v) 
n=0 V m I 

This identity is evidently equivalent to (1). 
In a similar manner, it follows from (4) that 

00 00 

£ 2 (-1)iui+kF(i + l 9 k + 1 ; 1; v) F(i + 1, k + 1; 1; -v) 
i=0 k=0 

^ 2mf/m + n \ 2n 

m=0 n=0 
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which yields the identity 

2m . 2 
(13) Y^ H - ) 1 ^ 1 + 1, 2m - i + l f l ; v ) F ( i + l , 2 m - i + l ; l ; -v) = V ( J v 2 n . 

1=0 n=0\ n / 

The identities corresponding to (7) and (9) seem less interesting. 

With a little manipulation the right member of (2) reduces to 

|(1 - u - v - w - x - uw - vx) - 4uvwx}~' ' 

We have therefore 

„ k It Jw x 
oo oo oo oo / i + j \ / j + k \ / k + A /JL + i \ . . 

<"> E E E E , t , ( , ) ^ 
i =0 j=0 k=0 4=0 \ J f X K ' \ 7 X X ' 

= {(1 - u - v - w - x + u w + vx) - 4uvwx \~K / ' 

Note that the right side is unchanged by the permutation (uvwx) and also by 
each of the transpositions (uw) and (vx) and therefore by the permutations of 
a group of order eight. The same symmetries are evident from the left member. 

It maybe of interest to remark that in the case of three variables we have 
the expansion 

(15) 
i=0 j=0 k=0 X 3 f X K ' X 1 ' 

= < ( l - u - v - w ) - 4uvw)> -(1/2) 

Each side is plainly symmetric in u, v, w. As a special case of (15) we may 
2 2 

mention v = eu, w = e us where e9 e are the primitive cube roots of unity, 
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3 -CL/2\ The right member reduces to (1 - 4u ) x ; and therefore 

i+j+k=3n^ J A k A i / \ n / 

while 

n£(7,(- ;•)(•;),- . . , K 
If we expand the right member of (15) and compare coefficients we get 

v f A ( i - M + k - 2 r ) I _ / i + J V , + k V k + 1 ^ 

which can also be written in the form 

(m V W \ ' / W = (i + .1)! (| + k)! (k + i)! 
K ' L-, (i + j + k\ i ! j lk!( i + j + k)! ('Tk) 

In the case of six variables a good deal of computation is required. 
Making use of 3, (5.1) we can show that 

»,.Uh")("T,:"X",;")(^"Hv)' 
^i^22U33U44U5546 

,= { [ l - U j - U g - ^ - U ^ - U ^ l ^ 

- ^UgU^UgUe}""*" 
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On the right of (17) the bilinear terms satisfy the following rule: in the cycle 
(123456) adjacent subscripts are not allowed; thus, for example u u2 and 
UL ufi do not appear0 

If we take u^ = u ^ u^ = ug , ug = u g , the right member of (7) reduces 
to 

{[1 - 2 ^ - 2u2 - 2u3 + ( ^ + u2 + u3) 2 - 2u 1 u 2 u 3 ] 2 - 4ufu2u2} 

= {[(l - ^ ~U2 - U ^ - ^ d - ^ "Ug -Ug)2 . ^ U g U g f ^ 2 ) 

in agreement with [3, (5.2)]. 
For five variables we find that 

V * ° 5 l 5 

= { [1 - ^ - u2 - u 3 - u 4 - u5 + V 3 + V4 +V4 + U 2 U 5 + V 5 ] 2 " 4 U 1 U 2 V 4 U
5 } " ( 1 / 2 )

| 

The bilinear terms on the right are determined exactly as in (17); in the cycle 
(12345) adjacent subscripts are not allowed. 
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