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1. INTRODUCTION 

For any real or complex number fi, we denote 

where/? Is a positive integer, with (t\jS)Q = 1, and call it the generalized falling factorial with incre-
ment fi. In particular, we write (f 11)̂  = (f) and (f |0) =tp. It is known that the Dickson poly-
nomial in t of degree/? with real parameter a is defined as 

D
P^)=Yf-{piY-^p-2i o-i) 

with D0(t, a) = 2 (cf. [4]). Evidently Dp(t, 0) = tp. 
In this paper, we find closed summation formulas for the series 

$l\n) = J^(k + A \p)prk cosk0, Sf »>(«>) = ]T (k + X \0)prk coskO, (1.2) 

Si2\n) = t(k + A\fi)prksmk0, Sp>(») = £ ( * + A | / V * an *0, (1.3) 
k=Q Jc=Q 

^1}(«)=T.Dp(k> aykcoske> s^i00)=TDp(k> a>k c°sk0' o-4) 
k~a k=a 

S?\ri) = J^Dpik, a)rk smkO, S<2)(oo) = £ # , ( * . a)rk sinkO, (1.5) 
k=a k~a 

where a is any given integer, X and fi are real numbers, and \r \ < 1 for iSp (̂oo), i, j = 1,2. 
In [2], L. C. Hsu and P. J. S. Shiue have obtained closed summation formulas for the series 

SM) = i(k + mpxk, Sl(oo) = fd(k^-A\fi)px\ (1.6) 
k=Q k=Q 

n+a oo 

S2(n)=j,Dp(k,a)xk, S2(o0)=^Dp(k,a)xk, (1.7) 
k=a k-a 

where a is any given integer, X and fi are real or complex numbers, and \x\ < 1 for both <$i(oo) 
and i^C00) • The results of this paper are based on the conclusions above. 
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2* MAIN RESULTS 

We first define the rank as follows. 

Definition 2.1: The number of the summation symbols £ appearing in the right-hand side of a 
closed summation formula is called the rank of this summation formula. 

Recall Howard's degenerate weighted Stirling numbers S(p,j,A\fl) (0<j<p) can be 
defined by the basis transformation relation 

(t+MP)P = ftJl-S(pj,w(j)- (2-1) 

Indeed, by applying the forward difference operator A defined by Af(x) = f(x + t)-f(x) and 
A7 = AA7"1 (J > 2), and using the Newton interpolation formula to the LBS of (2.1), we see that 
the numbers J \S(p9 j , X\f$) in the RHS of (2.1) may be written as (cf. [2]) 

j\s(pj,m=&(t+MP)P]t=o=i(-iy-m{i\™+MP)P- (2.2) 

Equation (2.2) shows the rank of S(p9 j , 2 \fi) is 1. 
On the other hand, a kind of generalized Stirling numbers, called Dickson Stirling numbers, 

can be introduced by the relations (cf. [1], [2]) 

Dp(t9a) = ftS(p9j9a)(t-a)J Q> = 1,2,...). (2.3) 

Of course, these relations may be rewritten as follows: 

Dp(t + a9a) = fd$(p9j9a)(t)J (p = \29...). (2.4) 
y=o 

In fact, similar to the expression of S(p, j , X \ff)9 the Dickson-Stirling numbers have the finite dif-
ference expression 

S(p9j9a) = j^AWp(t9a)\t=a 

and its rank is 1. 
In the following, we first list the main results of L. C. Hsu and P. J. S. Shiue (cf. [2]) which 

are important to our conclusions. Denote 

(/>{x9n9j): fey-**;) 1-x 

Lemma 2.1: For x * 1, we have the summation formula 

w r \\-x 
(2.5) 

2(k + A\/3)pxk = tj*S(p,j,mt(x,nJX (26) 
&=0 ;=0 

where ^(x, n, j) is given by (2.5). 

Lemma 2.2: For |x| < 1, we have the summation formula 
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±«t+xWs-iJ,*?J-T°'- (27) 
£=0 ;=0 I 1 X) 

Lemma 23: For any given Integer a , we have the summation formula 
n+a p 
YdDp{k,a)xk = xa^j\S(p,j,a)lf>(x,n,j), (2.8) 
k=a j=Q 

where the Dickson-Stirling numbers are defined by (2.3) and $x, n, j) is given by (2.5). 

Lemma 2.4: For |x[ < 1 and any given integer a , we have the formula 

£/>,(*, a)x* = ̂ ^ y . (2.9) 

The proofs of Lemmas 2.1 through 2.4 can be seen in [2]. 
In these lemmas, the constants A, j3 are real or complex numbers, a is an integer. From now 

on, unless specified, we assume A, fi are real parameters, a is an integer. 
We first recall the famous Chebyshev polynomial Tn(x) defined as follows: 

Tn{x) = cos(w arccosx), x e [-1,1]. 

It is known that Tn(x) satisfies the recurrence relations Tn+l(x) = 2xTn(x) - ^_2(x) with T0(x) = 1, 
Tt(x) = x. For simplicity, denote 

cosd~r 
cost 1 ^l+^-lrcosd' 

sin^= l fn6 (2.10) 
Vl+r2--2rcos0 

l~ / U l + r 2 - 2 r c o s # J ? 

where Tt(x) is the Chebyshev polynomial of degree /. 

Theorem 2.1: Assume 0 < 0 < 2;r, r > 0. If r * 1 or 0 * 0, 2n, we have the summation formulas 

^{k + m^coske^jSSipjAm^ir^^J), (2.11) 
Jfc=0 J=0 

X ( ^ + A | ^ V * S i n ^ = f j ! . y ( A i U | ^ < 2 > ( r ^ , « , 7 ) , (2.12) 

where 
(l-rcosg)7} rsin2^ £ r r M - / " fi>(r,0,n,J) = r' 

.rn+l 

(1 + r2 - 2r cos0) 2 (1 + r2 - 2r cos0) 2 /=o 

yi^w + n mJ2^[cos(yf + l)0--rcos#f0] sin0sin(/i4-1)0-rsin0sinu0 y^^m-i-/1 
&(j-m/ \ (Ur2^2rms0)^ (l-f f 2 - 2 r c o s 0 ) ^ S M J 

130 [MAY 



ON THE SUMMATION OF GENERALIZED ARITHMETIC-GEOMETRIC TRIGONOMETRIC SERIES 

4tP(r909n9j) = r1 
r sin 0Tf 7_ , sin^(l-rcos$) ^ r 7 V-i_/ 

„ j+i + , ~ ^xi±i JL hh [(1+r2 ™2rcos^)^ (1+r2 - 2 r c o s $ ) ^ /=o 

__ «+iy (w +1 \rm]Tm[s'm(n +1)0-rsiting] sin gcos(w +1)^9-r sin #cos#fg y?r<™-i-i] 
^ o U - ^ J [ (l + r 2 - 2 r c o s ^ (l + r 2 - 2 r c o s ^ £ J M J 

Equations (2.11) and (2.12) imply that the summation formulas of Tl^ik-h A\fi)prkcoskd and 
Hn

k=Q(k + X \P)prk sin £0 have the same rank 5. 

Proof: In (2.6), set x = re10, then 
p 

Z& + Mflprkcosk$ = '£j\S(pJ,MflRetfTv!°,n,j), 
Jt=0 

P 

&=o 

We first obtain 
x _ rew _ r(cos0+isin0) _r(cosd-r+isinff) 

l~x l-rew l - r cos0- i r s in0 1+r2 -2rcos0 

rVl+r 2 -2 rcos^ f cos$-r isinfl 
l+ r 2 -2 r cos0 vVl+r2-2rcos0 ^l+r2-2rcos0 

-(cos^+isin^): 
Vl+r 2 -2rcos0 

where cos ^ and sin tx are defined in (2.10), and 

1 1 I f l - r cos$ 

reul 
Vl + r 2 ~2rcos# ? 

r + | -
rs in$ 

l-x l-rew / l + r 2 - 2 r c o s H V l + r 2 - 2 r c o s 0 ^l+r2-2rcos0 
eu2 

where 
Vl+r 2 -2 rcos$ ? 

l - r cos0 
cos^2 = sin t2 = • rsin$ 

Vl+r2-2rcos(9 yjl + r2-2rcos0 

Therefore, 

e"2 
sJl+r2-2rcosd 

rJeUh+h)' 

r V l ' 
i ' o V - ' w > ' ( l + r 2 - 2 r c l l(l+r2-2rcosey m=oV "V(l-

£ , U - f f l J ( l + r 2 - 2 r c o s ^ ' 

cos0)2 

(l + r2-2rcos0)^ * h^'-™) (l+r2-2rcos0) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

Equation (2.18) implies that 
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Re^rew,n,j) 
rJcos(jt}+t2) r„+i y ( n +1Vm cos[/w^ +12 + (n +1)0] 

( l + r 2 - 2 r c o s 0 ) ^ w$J~m) ( 1 + r 2 - 2 r c o s ^ 

( l+r 2 -2rcos0p~ «=ov 
+1 V m s i n ^ + r2 + (H + 1)0] 

m ( l+ r 2 -2 rcos0)* 

(2.19) 

(2.20) 

By the definition of Chebyshev polynomial and (2.10), we know T; = cos(ltx). Set / • = sin jtl9 then 

Ij = sin jtx - sin(y -T)tx cos^ + cos(y -1)^ sin tx 

- Ij_x costx + Tj_x sin ft = (Ij_2 costx + Tj_2 sin tx) costx + 7 ^ sin tx 

= (/y_3 cos/j + Tj_3 sin ̂ ) cos2 tx + 7J_2 sin ̂  cos^ + T^ sin ̂  
= 7y_3 cos3 ̂  + sin ̂ (2}_3 cos2 ̂  + Tj_2 co$tx + 7^) 

= 7S cos-7"1 ̂  + sin tx(Tx cosy"2 ^ + 2J cos;"3 ^ + • • • + Tj_2 costx + T}^) 
= sin tx(cosJ~l r2 + 3J cos7"2 f2 + T2 cos-7'3 *! + ••• + 2}_2 cos^ + Tj_{) 

= sinter1-1. 
1=0 

From (2.21) and (2.17), it is easy to obtain that 
y-1 

Similarly, 

cos(jtx +t2) = cos jtx cost2 - sin jtx sin r2 = Tj cost2 - sin ̂  sin t2^ Ttt{ l l 

1=0 

(l-rcas0)Tj r s i n 2 0 f Tr-i-i 
Vl+r 2 -2rcos0 l - f r 2 - 2 r c o s 0 ^ ' * 

sin( JYJ + f2) = sin jtx cosr2 + cos j ^ sin t2 

^ s i n 0 ( l - r c o s 0 ) ^ r p _ w , ^ s i n * 
l + r 2 - 2 r c o s 0 ^ ' * <sfu-r2-2r 

rT, sin 0 
cos0 

Hence, 
cos(jtx + t2+ aff) = co$(jtx +12) cosad - sin( jtx + t2) sin a0 

(l-rcosQTj rsin20 g ? y - i - / ' 
Vl+r 2 -2rcos0 l + r 2 - 2 r c o s 0 ^ 

y-i 

cos«0 

sin 0(1-r cos 0) y» Tp-i-i 
l + r 2 - 2 r c o s 0 S ' * 

r 7J- sin 0 
Vl+r 2~2rcos0 

sina0 

(2.21) 

(2.22) 

(2.23) 

(2.24) 
7^(cosa0-rcos0cosa0-rsin0sina0) 

Vl+r 2 -2rcos0 
- r s ^ 2 ^cosa0+ sin 0sin a 0 - r sin 0 cos0 sin a0 y< j^jj-i-i 

l+ r 2 -2 rcos0 £J ' * 

= 7}[costtfl-rcos(l-g)g] _ sin 0sin Q0+4sin 0sin(l - a)0 t-1
 r j 7 - i - / 

Vl+r 2 -2rcos0 l + r 2 - 2 r c o s 0 £ J M * 
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sm( jtx + t2+ aff) = sin( jtx +t2) cosa0+cos(Jtt +t2) sin a0 

^J— - - rT,sin0 sin 0(1 ~r cos 0) y» r T/-i-i r*/s : 

l + r 2 - 2 r c o s 0 S 7 1 V B ^ 2r cos0 
cosad 

(I-r cos ff)Tj r sin2 0 4--. TTJ-i-1 
(2.25) 

sina0 
_i/H-r2-2rcos0 l + r 2 -2 rcos0J3 

= ^Isina0+rsin(l--a)0] + sin 0cosa0- r sin 0cos(l - a)0 Jy TTi^i 
Vl+r 2 -2rcos0 l + r 2 -2 rcos0 £ g M 

In (2.24) and (2.25), set j = m and a = n +1 to obtain 

r . . / i\/vi Ocos(« + l)0-rcos«0] cos[/if fx + f2 + (n +1)0] = m r - ^ — — 7 — -
Vl + r2™2rcos0 

sin 0 sin(y? +1)0 - r sin 0 sin w 0 y? ™,™-i-/ 
l+ r 2 -2 rcos0 £5 ' * ' 

(2.26) 

sin[nf ̂  + /2 + (w +1)0} = Tm[sin(n +1)0 - r sin nff\ 
^Jl+r2-2rcos0 

sin 0cos(w +1)0 - r sin 0cosn0 y? «,™_i_/ 
l + r 2 -2 rcos0 £J ' * 

(2.27) 

From (2.13), (2.14), (2.19), (2.20), (2.22), (2.23), (2.26), and (2.27), we obtain (2.11) and (2.12) 
immediately. 

In (2.11) and (2.12), set n -> oo to obtain the following conclusion. 

Theorem 2.2: If r < 1 and 0 < 0 < In, then 

£ ( * + A | ^ / c o s W = 27!5(p ,7U|^J 1 >( r , t f ,7 ) 
;=0 k=0 

and 

where 

and 

2 ( * + ^ l ^ s i n W = 2 7 « 5 ( p , 7 \ A | ^ P > ( r , 0 , 7 ) , 

(2.28) 

(2.29) 
fc=0 

tfV,*,./)^ 

yi¥\r,e,f) = r' 

Tj(l-rcos0) r sin2 0 
^•tti (1 + r2 - 2r cos0) 2 (1+r2 - 2r cos<9) 2 /=o 

.EW"1" 

r7̂ - sin 0 
,m 

, sin 0(1-r cos0) y» r r i _ i . 
_ ( l+r 2 -2rcos0)^ (1 + r2 -2rcos0p~ /=5 

The rani: of (2.28) and (2.29) is 3. 

Theorem 2J: Assume r > 0, 0 < 0 < 2n. If r ± 1 or 0 & 0, 2n for any given integer a , we have 
the summation formulas: 
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n+a 

k=a 

where 

<$\a,r,e,n,j) = r*a 

<c=a J=0 

n+a p 
]TDp(k, a)rk sink0 = %j\S(p, j , a)$\a9 r, 99 n9 j), 

(2.30) 

(2.31) 
y=o 

T c o s a ® ~ r cos0- ~~a)0 _ sinflsingfl + rsinflsin(l-g)fl 4-̂  TTJ-1~ 
(1 + r2 - 2r cosfl) 2 (1 + r2 - 2r cos0) 2 /=o 

„«+l+a 

( l+r2-2rcos0) 
w+2 

_ sin 0 sin(n +1 + g)0 - r sin 0 sin(w + a)0 yJ TTm-\-i 
(l + r2-2rcos0) 2 /=o 

4^{a9r9e9n9j)^^ 
)j-1 

rp sma0~rsm(l-a)0 sin0cosa0-rsin$cos(l-or)fl^^^7-. 
(l + r2~2rcos$) 2 (1 + r 2-2rcos$) 2 

f-l-Z 

/=0 

- r 
,/i+l+a £0"+ i b -m=0 

-HI 
r ^ ( ^ +1 + Qpfl - y sin(w + a)0 

TO+2 

( l+r2-2rcos$) 2 

+ 
sin 0 cos(n +1 + a)0 - r sin 0 cos(n + a)0 -̂f T r m - i - / 

(l + r2-2rcos$) 2 
/=o 

Equations (2.30) and (2.31) imply that the summation formulas of 1^1% Dp(k, a)rk co§k0 and 
Z£2 ®p{^* a)rk sin ̂ $ have the same rank 5. 

w Proof: In (2.8), set x = re1", then 
??+a 

£ / )„(* , a)rk cosk0 = £ . / ! S ( A 7, a) Re[r V ^ ( / ^ , n, j)], 
k=a 

n+a 

j=0 

P 
^Dp(k, a)rk smke = £ J ! S ( A j , a)lm[ra^e<l>{reie, n, j)]. 
k=a j=0 

By (2.18), we have 

xaf(x,n,j) = r"elaOt(re!0) 

(2.32) 

(2.33) 

rJ+cteUh+h+a8)> 

(l + r2-2rcosd)^ 
n + l\ r m e [ m f | +'2 +(" + 1 + 0 ! )^ ,^(n + l\ rme 

(l+r2-2rcos6») 2 

This implies 

R e f r V ' ^ ' V . y ) ] - „ ^ ,/» „ A-1_r'+acas(jtl+t2+aff) 
(l+r2-2rcos0) 

n+l+a 

tyj~m) (1 

(2.34) 

(2.35) 

tXj-m) ( l + r 2 - 2 r c o s ^ 
W 
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T xaiadj./ id M r J+" sin( it, + L + CC0) ImI>Va(^(re , n, j)] ^-J—2—j^-
( l+r 2 -2rcos#p~ 

(2.36) 
rn+\+a y ( n +1V" sinQ^ + f2 + {n +1 + a)0] 

toy-m) ( l + r 2 - 2 r c o s 0 ) ^ ' 

By (2.32), (2.33), (2.35), (2.36), (2.24), and (2.25), we obtain (2.30) and (2.31). 

In (2.30) and (2.31), set n -»• oo, then we easily obtain the following conclusion. 

Theorem 2.4: If r < 1, 0 < 0 < In, then 

%Dp(k, a)rk cosk0=fij\S(p, j , a)V^\a, r, 0, n, j), (2.37) 
k=a j=0 

^D^k, a)rk sink0 = f.jlSip, j , a)y/£\a,r, 0, n, j), (2.38) 
k=a ;'=0 

where 

¥^(a,r,05nj) = r^a T cos a0 - r cos(l - a)0 _ $m0$ma0 + rsm0§m(l-a)0 ^ TTJ-i-i 
J n JH JH 2-J l 1 

(l + r~2rcos$) 2 (1 + r -2rcos$) 2 /=o 

^ ( a , r , 0 , i i , / ) = r>+» 

These imply that the rank of (2.37) and (2.38) Is 3. 

i J-1 

rp sin a0- rsin(l - q)fl sin 0cosa0—rsin $cos(l - q)fl ^ TTJ-i-i 
j 7T2~+ y+3 Z J 1 / 1 ! 

(l + r2-2rcos$) 2 (l + r2-2rcos$) 2 /=o 
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