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1. INTRODUCTION
Let p be an odd prime. In 1988, using the formula for the sum

>0
k=r (mod 8)

the author proved that (cf. [7], Theorem 2.6)
k _ _\k-1
3 ?77 40T Y EV (modp)

1<k<2 1skszd 2k-1
and
1 1
=—4 ) ——— (modp).
ko2 e Ak-(-)T
LED® <pek

In 1995, using a similar method, Zhi-Wei Sun [9] proved the author's conjecture,

Later, Zun Shan and Edward T. H. Wang [5] gave a simple proof of the above congruence.
In [9] and [10], Zhi-Wei Sun also pointed out another congruence,

In this paper, by using the formulas for Fibonacci quotient and Pell quotient, we obtain the
following five congruences:

2k ~1 k-1
2.2% i—kL (mod p), (1.1)
1sk<% E<k<£
k -1 k-1
> 5?52 > L_Lk (mod p), (1.2)
1sk<% L<k<§
2k 1 13
Y 2om ¥ 1 (modp) (13)
1sk<§ §<Ic<3T’J
1 1
> T > 7 (mod p), (1.4)
1sk<% ) §<k<3{
3k 1
> =" > T (mod p), (1.5)
1Sk<% G<k<%

where p>5 is a prime.
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2. BASIC LEMMAS
The Lucas sequences {u,(a, b)} and {v,(a, b)} are defined as follows:
uy(a,b)=0, u(a,b)=1, u,,,(a,b)=bu,a,b)—au,_,(a,b) (n=1),
v(a,b)=2, v(a,b)=b, v,,,(a,b)=bv,(a,b)—av,_,(a,b) (n=1).
It is well known that

(@, B) = —r] {[b+4b2—4a]"_(b-dl;2-4a)"} % - 4a#0)

Vb* —4a 2

and

vn(a’b)z(b+\/bzz—4a)"+(b—-\/b22—4a]n'

Let p be an odd prime, and let m be an integer with m # 0 (mod p). It is evident that

25 ()Y = @iy -y -2y

20k
and
p-1
2>, (i))(ﬁ)" = (1+/m)? +(1-m)? -2.
k=1
2k
Since

(£)-5(20)=SF 7 @ourn

by the above one can easily prove

Lemma 1 ([7], Lemma 2.4): Suppose that p is an odd prime and that m is an integer such that
plm. Then

G mP-1—1 (%)up(l -m2)-1

@ Y =2 T od ),
D2k 2-y (1-m,2

® 'y 20D ),
k=1

where (%) is the Legendre symbol.

m’ 11

For any odd prime p and integer m, set g,(m) = . Using Lemma 1, we can prove

Proposition 1: Let m be an integer and let p be an odd prime such that p|m(m—1). Then

up_(%)(l -m,2) B (m- 2)(%) —m ()2 g
P = 4m kz=1 T+ qp(m - 1)

—2)(Z)Y—m [ (p=D)/2
._=.(m )4(p) m( kz=1 klrnk +qp(m_])_qp(m)J (mod p).
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Proof: Set u,=u,(1-m,2) and v, =v,(1-m,2). From [1], [4], and Lemma 1.7 of [6], we
know that

V2 —4mul = 4(1-m)", v, =2u,, —2u,, u, = #(Vrﬁl -v,)

and
= — ’—11- =
U, (m) =Hp (p) =0 (mod p).
Thus,
V2 =41=m)" B (mod p?),
and hence,

Vo-(2) ﬁ(%nl)(l“m)(p'(%»n (mod p?).

If (—'1;1) =1, then v, ; =2u,—2u, , =2 (mod p). Hence, by the above, we get
- 1-
vy =20-m (1) 2244, m-0p (mod ) @1)

Now, applying Lemma 1 we find
Uy _ 1 Vp=Vpu 1 (vp—Z vp_1—2)

p 2m P _2m P P

(=02 %
sﬁ(— > ’”T—q,,on—l)) (mod p)

k=1
and
Up-1 _ 2u,-v, _ up—1+_1_.2—vp_1
P 2p p 2 p
1 GEIEI
sz(q,,(m)— ) m—q,,(m—l)) (mod p).

This proves the result in the case (1;';) =1
If ('—;’) =—1, then
Vpu1 = 20,01 — 2(1—-m)u, = 2(1-m) (mod p).
So
1- -

Vi = 2(1—m) (—pﬂ)(l —m) P = (1-m)(2+q,(m—-1)p) (mod p?). (2.2)

Note that
1 1
Uy = Ez;(vpﬂ +(m=1v,) = >V +(1-mu,,

Applying (2.2) and Lemma 1, one can easily deduce the desired result. Therefore, the proof is
complete.

Corollary 1: Let p be an odd prime and let {P,} denote the Pell sequence given by =0, A =1,
and P,,, =2P,+F,_, (n=1). Then
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(P12 ok P -(2)
@ 3, 2=-4L modp)
k=1
(p=1)/2 P__(%)
(%) ;1 T 2k 5 +4,(2) (modp).

Proof: Taking m=2 in Proposition 1 gives the result.

Corollary 2: Let p>3beaprime, §,=0, §,=1,and S,,, =45,-85,., m=1). Then

(P=1)/2 Ak S i3
@ 3 =365 0,0 modp)
=1
(p-D/2 1 Sp 3)
() kz WE"(%)T“‘IP(Z)""IPG) (mod p).
=]

Proof: Suppose a and b are integers. From [4] we know that u,,(a, b) = u,(a, b)v,(a,b) and

_ _(P-4a)_
4 @D = 4,0, ) ( . )_ 0 (mod p).

Thus,

2u,(-2,2)~2u, (-2,2)=2 (modp) if (%) =1,
-2
2= 2u,,,(-2,2) +4u,(-2,2) =—4 (mod p) if (3)=-1,
= 3(%)—1 (mod p).
Observing that S, = u,(1,4) =2"u,,(-2,2), we get
(2D, (5(-2.2)/p
=2 (3 G)- ) , 5(-22)/p
=2 (1+3@))u, 2. D/p (mod p).
-(3)

This, together with the case m = 3 of Proposition 1 gives the result.

()-r
S()/p 2' v,

Remark 1: The sequence {S,} was first introduced by my brother Zhi-Wei Sun, who gave the
formula for the sum X, _, moa 12 (%) in terms of {S,} (cf. [10]).

Corollary 3: Let p>5 be a prime and let {F,} denote the Fibonacci sequence. Then
~(3
(a) Z ——=-5—-"-24,(2) (mod p).
k=1 k p
(p=1)/2 1 F -(3)

® ,;Zl k-s* p

+4,(5) ~24,(2) (mod p).

348 fauc.



FIVE CONGRUENCES FOR PRIMES

Proof: 1t is easily seen that u,(-4,2) =2""'F,. So we have
Fo) "o d2D 9 )42
p p p

14
Combining this with the case m =5 of Proposition 1 yields the result.
Let {B,} and {B,(x)} be the Bernoulli numbers and Bernoulli polynomials given by

[l

(mod p).

n-1

By=1, Y (Z)Bk =0 (n=2)
k=0
and

B, (x)= ; (Z)ka”'k.

It is well known that (cf. [3])
n-1

m 1
2 X" == (B ()~ By1)

x=0

Lemma 2: Let p be an odd prime and let m be a positive integer such that pfm. If se{l,2,...,
3 1
k

m—1}, then
1k <[2Z] —(Bp - ({%}) B BP-I) (mod p),

where [x] is the greatest integer not exceeding x and {x} = x —[x].

Proof: Clearly,

P RS
(B (B - (B)-5) e

For any rational p-integers x and y, it is evident that (cf. [3])
pB,(x) = i (f)pB,x"" =0 (modp) fork=0,1,..., p-2,
r=0
and so
By 16+ py) = Bp() = Z (% Beoxeny* =0 @modp).

Hence, by the above and the relation B,(1-x) = (=1)"B,(x) (cf. [3]), we get

This proves the lemma.
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3. PROOF OF (1.1)-(1.5)

In [8], using the formula for the sum X, _, (m0a (%), the author proved that

P k
3 _1 -1
7 = 2%}“% - {mod p) (G.1)
and
P
B _1 5 1
? _4£<k2 " (mod p). (3.2)

Here, (3.1) was found by Z. W. Sun [10], and (3.2) was also given by Williams [12].
Now, putting (3.1) and (3.2) together with Corollary 1(a) proves (1.1) and (1.3).
To prove (1.2), we note that Williams (see [11]) has shown that

Fp_(%) 2P—1-[p/5] (&) )k -1

p s o] k
Since Eisenstein, it is well known that (cf. [6])

(mod p).

(=12 k- 1, e
> G 5 0@ ot
- 2

Thus, by Williams' result,
F, (2151 (_qyk-1 1Ykl
) __ (2 @- 2(1]3 }E—%(qp@ﬂ y & )(modp).

P
£<k<§

Hence, by Corollary 3(a), we have

Kk F‘_;
Sk———S——f;)—(ﬁ)——Zq @=2 —(—— (mod p).
E<k<d

1sk<®
This proves (1.2).
Now, consider (1.4). From [2], we know that

By ({E})- B =30, (modp)

and

Bp_,({%p}) ~B,,=-2 P”;%) +44,(2) (mod p).

Thus, by using Lemma 2, we obtain

RIS %E—(Bp-l({%}) ()5

r 3 P <38
F<k<x 1<k<y <3

=-39,(2)+4q,

This, together with Corollary 1(b) proves (1.4).
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Finally, we consider (1.5). By [2],

B,, ({%}) B, =2q,2)+ %qp 3) (mod p)

Bp_l({%}) ~B,,=3 (%) S”;)(%) +34,(2)+34,3) (mod ).

Thus, by Lemma 2 and Corollary 2(a),

- > % = (Bp_l ({%}) - Bp—l) - (BP-I ({i%}) G ‘l)

12<k<%
S (3
Ezq”(z)+%q1’(3)_3‘11’(2)_%%(3)_3(137) =

This proves (1.5) and the proof is complete.

Remark 2: The congruences (1.1)-(1.3) can also be proved by using the method in the proof of
(1.4) or (1.5).
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