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1. INTRODUCTION AND RESULTS

As usual, the Fibonacci polynomials F(x) = {F,(x)}, n=0,1,2, ..., are defined by the second-
order linear recurrence sequence

B (%) = x4 (x) + F(x) )
for n>0 and Fy(x)=0, F(x)=1 Let

=x+Jx2+4 Vx?+4

_x_
> and f= >

denote the roots of the characteristic polynomial 2> —xA —1 of the sequence F(x), then the terms
of the sequence F(x) (see [2]) can be expressed as

a

1
F - n__ an
(=55l -
forn=0,12,....
If x =1, then the sequence F(1) is called the Fibonacci sequence, and we shall denote it by
F={F}.

The various properties of {F,} were investigated by many authors. For example, Duncan [1]
and Kuipers [3] proved that (logF,) is uniformly distributed mod 1. Robbins [4] studied the
Fibonacci numbers of the forms px?+1 and px®+ 1, where p is a prime. The second author [5]
obtained some identities involving the Fibonacci numbers. The main purpose of this paper is to
study how to calculate the summation involving the Fibonacci polynomials:

2 Fn()F () F (), 2
ay+ay+---+ag=n
where the summation is over all k-dimension nonnegative integer coordinates (a,,a,, ..., ;) such
that g, +a, + -+ +a, =n, and k is any positive integer.

Regarding (2), it seems that it has not been studied yet, at least I have not seen expressions
like (2) before. The problem is interesting because it is a generalization of [5], and it can also help
us to find some new convolution properties for F(x). In this paper we use the generating func-
tion of the sequence F(x) and its partial derivative to study the evaluation of (2), and give an
interesting identity for any fixed positive integers k¥ and n. That is, we shall prove the following
proposition.

Proposition: Let F(x)={F,(x)} be defined by (1). Then, for any positive integers k£ and n, we
have the calculating formula
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Dy Fi(0)-Fy y(x) e p;k+l(x):[zzzj(n+k;’l—m) (n+kk l1 2m) .

ayrayt - +ag=n

where (7) = and [z] denotes the greatest integer not exceeding z.

From this proposnion, we may immediately deduce the following several corollaries.

Corollary 1: For any positive integers & and n, we have the identity

+k-1- +k-1-2
3 E, F, Z(n m)(n 1 m)

ay+ay+ - +ap=nt+k m=0

Corollary 2: For any positive integers k and n, we have

i (n+k 1- m) (n+k—l—2m)
nek k-1
Z 2a| Ea2 ! “Eak =3k.57. Z .

5m
a+ - +ap=n+k m=0

o (n+k—1—m) (n+k—l~2m)
2 m ) k-1
Z Eal . F;az _22n+k =

m=0

ap+ - tag=ntk

Corollary 3: The identity

holds for all positive integers & and n.
Corollary 4: Let k and n be positive integers. Then

o (n+k—1~m)_(n+k—l—2m)
Y E,-F,-F =3".7k.5%.22“ m k-1 .

a; "+ 4a, 4a; m
ay+--tap=ntk m=0 45

Corollary 5: Let k and n be positive integers. Then

n+k—-1-m) (n+k—-1-2m
" n[’;] m ’ k-1
Y. Fy Py By =5011" ) :

m
ap+ - tap=n+k m=0 121

In fact, for any positive integer m, using the proposition, we can give an exact calculating
formula for

Z Fmal Fmaz '“'Fmak'

ay+ag+ - +ap=n+k

2. PROOF OF THE PROPOSITION

In this section we shall complete the proof of the proposition. First, note that

R0 =7 +4[("+‘/f_ﬁ]n—("”‘/fﬁjn}

so we can easily deduce that the generating function of F(x) is
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Gt x) = —

1

1-xt—1?

“(@-n@B-1)

3)

Z(anﬂ ﬂn+l) "= Z +l(x) v

n=0

Let % denote the k™ partial derivative of G(Z, x) for x, and F®¥)(x) denote the k™ deriva-

tive of F,(x). Then from (3) we have

oG(t, x) t S
%) _ =S FO(x). 1"
Ox (—xt—1%)? "go ()17,
AGH(t, x) 2112 2
,X) _ =3 FO(x).1"
ox* (1-xt-1%)} ,,é:, ()1, )
AG*!(t, x) _ (k-1)1-¢*! i ED(y). 17 = ZF(k D(x). £+
oxt ! (I-xt-1 = il ’
where we have used the fact that F,,,(x) is a polynomial of degree n.
For any two absolutely convergent power series 2.° ya,x" and 2.7, b,x", note that
(Za,,x")-(z:bnx") = z ( Zaubv)x"
n=0 n=0 n=0 \u+v=n
So from (5) we obtain
) k
) ( Y Fon() Fu()- 'F;k+l(x)J'tn (Z () t")
n=0 \ aj+---+ay=n n=0 (6)
1 1 GHx) 1 FD
= = 2 = NS
(A-xt-)F  (k-DF1 ox! (k—l)!n;) *)-
Equating the coefficients of " on both sides of equation (6), we obtain the identity
1
2 Fa(®)Fpn() Fyg(0) = o B0 (). M
G-DI'
aytay+---+ag=n
On the other hand, note that from the combinatorial identity
n—-m+1\_(n-m n—m
(7)) () ®
the recurrence formula F,,,(x) = xF,,,(x) + F,(x), and by mathematical induction, we can easily
deduce
Eu)= 5. (") ©
m=0
In fact, from the definition of F,(x), we know that (9) is true for =0 and n=1. Assume

(9) is true for all integers 0<n <k. Then, for n=k +1, applying (8) and the inductive hypothesis

we immediately obtain
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= XF (%) + F (%) = B (%),
where we have used (¥,”)=0 if m>%. So by induction we know that (9) is true for all non-

negative integer n.
From (9) we can deduce that the (k —1)™ derivative of F,,,,(x) is

k-1 ey n+k—1-m\ _ntk-1-2m (b []g +k—1-m)! -
E®D(x) = Z( )x Z (10)

nk = m m!-(n—2m)!

Combining (7) and (10), we obtain the identity

Z Fyn(®)-Fy (%) F, ()= i—(n+k’—’;l—m)‘(n+kk—%ll—2m)_x,,_‘z,n'

ap+--+ag=n =0

!
—

This completes the proof of the Proposition.
Proof of the Corollaries: Taking x =1 in the Proposition and noting that F; =0, we have

Z a,+1(1) 2+1(1) ak+1(1) = Z F;lﬂ E72+1 Ezk+1
ay+ ay+---+ap=n ay+l+ay +1+ - +a, +Hl=n+k
(5]
n+k-1-m)\ (n+k—-1-2m
- Y El‘F;z""'EkZZ( - )( t—1 )
ajtay+--+ap=n+k m=0

This proves Corollary 1.
Taking x = —/5, 4, - 34/5, and 11, respectively, in the Proposition, and noting that

FoaB) = (1)"*‘[(3+«/§)”_(3—~5)"}=(‘1);+1‘/§~F2n,

2 2

A= 35 + ~6- ‘f)]=27175“[(”2‘/5)3"‘(#)3"}:%%

o 38 (32T

and
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F,,(u)=%[(11+25J§)"_(u_25ﬁ)"]= . [(1+2J§)5"_(l__2[§)5n

1
:|:_5"}?5m

we may immediately deduce Corollary 2, Corollary 3, Corollary 4, and Corollary 5.

This completes the proof of the Corollaries.
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