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PROBLEMS PROPOSED IN THIS ISSUE 
H-589 Proposed by Robert DiSario9 Bryant College, Smithfield, RI 

Let / («) = F(F(nj), where F(n) is the n^ Fibonacci number. Show that 

f(nS = ( / (* - l ) ) 2 - ( - l ) F ( w ) ( / ( " -2 ) ) 2 

H ) / ( » - 3 ) 
for n > 3. 

B-590 Proposed by Florian Lucm$ Campus Morelia^ Michoacan? Mexico 
For any positive integer k, let #(k)9 <r(k)9 r(k), Cl(k)9 m(k) be the Euler function of k9 the 

sum of divisors function of k, .the number of divisors function of k, and the number of prime 
divisors function of A: (where the primes are counted with or without multiplicity), respectively. 

1. Show that n \ ${Fn) holds for infinitely many n. 
2* Show that n \ cr(Fn) holds for infinitely many n. 
3* Show that n \ t(Fn) holds for infinitely many n. 
4. Show that for no n > 1 can n divide either Q(FJ or m{Fn). 

H-591 Proposed by H.-J. Seiffert, Berlin^ Germany 
Prove that, for all positive integers n, 

(a) 5"F2n_x= f(-ir^y44" + l \ 
k=Q v / 

5f2«-Jfc+3 

(h) S"L2n= 2 W 4 " + * - H 4 V 3 \ 
Jfc=0 ^ ^ 

5l2n-k+4 

(c) 5"-«F2n= 2 § V i ) K 8 f , + < r + 3 ) / 5 ( 4 " r 3 \ 
ik«0 \ K J 

k^Q V 
5f2n-fc+2 

where [ ] denotes the greatest integer function. 
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HJ592 Proposed by K Gautheir & J. R Gosselin, Royal Military College of Canada 
For integers m > 1, n > 25 let Xbe a nontrivia! n x n matrix such that 

X2 = xX+yI9 (1) 

where x9 y are ledeterminates and / is a unit matrix. (By definition, a trivial matrix is diagonal) 
Then consider the Fibonacci and Lucas sequences of polynomials, {Ft{x9 y)}f=0 and {L£x9 y)}f=0, 
defined by the recurrences 

FQ(x9y) = 09 Fx(x9y) = \, Fl+2(x9y) = xFM(x9y)+yFl(x9y)9 

L0(x,y) = 2, Ll(x9y) = x9 Ll+2(x,y) = xLM(x,y)+yLl(x9y), 

respectively. 
a* Show that 

Xm = amX+bmy! and that Xm + (-~y)mX~m = cj9 

where am9 bm9 and cm are to be expressed in closed form as functions of the polynomials (2). 
b. Now let 

f(X;x,y) = \U-X\= fd(-\rmK-J<m 

be the characteristic (monic) polynomial associated to X, where the set of coefficients, 

is entirely determined from the defining relation for f(A; x9 y). For example, 1 0 = 1, At = tr(X)? 

Xn = det(X)9 etc. Show that 

f^(-\yXn_mFm(x9y) = 0 andthat ytnr^J^fay)**^ 
m=l m-l 

SOLUTIONS 
A Fine Product 

H-577 Proposed by Paul S, Bruckman, Sacramento, CA 
(Vol 3% no. 5, November 2001) 

Define the following constant: C = 11̂ (1 - IIpip -1)} as an infinite product over all primes/?. 
(A) Show that 

00 

lMw)/Mw)}, 

where //(«) and ^(/i) are the Mobtus and Euler functions, respectively. 

Solution by Nairn Tuglu9 Turkey 

Y/i(»)/{w#?)}= Mm YMWWW}-

If/is a multiplicative arithmetic function, then 

2002] 473 



ADVANCED PROBLEMS AND SOLUTIONS 

2/i(d)/(rf)=n(i-/(p)x 
d\r p 

where/? is prime less than r. 
If the Euler function $(r) is multiplicative, then f(r) = ̂ ~r is a multiplicative function; so 

lMrf)/W(d)} = n{i-75bo}-
If/? is prime, then $(p) = p -1, and we have 

iM«o/w(rf)}=n{1-^}' 
where/? is prime less than m; therefore, 

£M»)/{^(")}=limn{l-K^)} 
n=l p 

is an infinite product over all primes/?. 

Firm Matrices 

H-S78 Proposed by K Gauthier & J. R. Gosselin, Royal Military College of Canada 
(Vol 399 mo. 5, November 2001) 

In Problem B-863, S. Rabinowitz gave a set of four 2 x 2 matrices which are particular solu-
tions of the matrix equation 

X2 = X + I, (1) 

where / is the unit matrix [The Fibonacci Quarterly 36.5 (1998); solved by H. Kappus, 373 
(1999)]. The matrices presented by Rabinowitz are not diagonal (i.e., they are nontrivial), have-
determinant -1 and trace +1. 
a. Find the complete set {X} of the nontrivial solutions of (1) and establish whether the proper-
ties det(X) = -1 and tr(X) = +1 hold generally. 
k Determine the complete set {X} of the nontrivial solutions of the generalized characteristic 
equation 

X2 = xX+yI, (2) 

for the 2 x 2 Fibonacci matrix sequence Xn+2 = xXn+l +yXn
y n = 0,1,2,..., where x and y are 

arbitrary parameters such that x2/4-f-j ;*0; obtain expressions for the determinant and for the 
trace. 

Solution by Waltker Jamous9 Innsbruck? Austria 
It is enough to deal with part b (clearly containing the first question a). 
Let the matrix X under consideration be given as \* J]. Then for X it has to hold that 

a b 
c d 

2 
-x- ~a b 

c d -y> 
"l 0" 
0 1 = 

"0 0" 
0 0_ 

i.e. (upon factorization of the left-hand side), 
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-c°(x-a-d) -d-x-y+b-c+d2 

Therefore, we have to distinguish several cases. 
CASE1. 6 = 0. Then 

-Q-x-y+a2 +0-c -0-(x-a-d) 
-c°(x-a~d) ~d°x-y + 0°c + d2 

- a - x - j + a 2 0 
-c-(x-a-d) -d-x-y-i-d2 

0 0 
0 0 

= 

= 

"0 0" 
0 Oj 

"0 0] 
o oj 

Case 1.1. c = 0. Then 

-a-x-y+a 0 
-0-(x-a-d) -d°x-y + d2 

-a-x-y + a2 0 
0 -d>x-y+d2 

\ = "0 0" 
0 Oj 

r° °i 
o oj 

yielding, for the entries a and d, the possibilities 

a-
^l(x2+4-y) + x ^d=4Jx2+4-y) + x j = V(x2+4-j;) + x ^ = x- V(x2 + 4-j) 

x - J ( x 2 + 4 - y ) , J(x2+4-y) + x x-J(x2-f 4-j) , x -J (x 2 +4- j / ) 
2 2 ? 2 2 

All of these solutions yield desired matrices X of type [g 2] having det(X) = a*J and tr(JQ = 

Remark: From these possibilities, it is easily derived that for part a the two stated properties 
det(X) = --1 and tr(JF) = +1 do not hold in general! 

Case 1.2. £ ^ ° . Then x-a-d = 09 i.e., d = x-oy whence 

- a -x -y - f a 2 0 
- C ' ( x - a - ( x - a ) ) - ( x - a ) - x - j + (x -a ) 2 

^2 
- a - x - j - f a 

0 
0 

-a-x-y + a2 

= 

= 

"o o" 
0 0 

"0 0" 
0 0j 

Therefore the entry a has to be 

V(x2+4-j) + x ^ ( x 2 + 4 - j ) 
2 ? ^ 2 

with the corresponding possibilities of d(=x-a): 

f_ x-^(x2+4-y) x-^/(x2+4-j) + x 

2002] 475 



ADVANCED PROBLEMS AND SOLUTIONS 

Hence, all matrices X of type [* J] are of the desired kind. Their determinants and traces are a* d 
and a + d, respectively. 
CASE 2* ,!c = 0t!, and its only fnews subcase 6^0 , are dealt with in a manner similar to that 
shown above. 

Thus, we are left with 
CASE 3* b * 0 and c * 0. Then x - a - d = 0, whence d = x-a and, further, 

-a-x-y + a2 +b-c -b'X + Q'h+b-(x-o) 
-c-x+a-c + c-(x-a) -(x~a)'X-y-\-b-c + (x-a)2 

-a>x-y + a2 +b-c 0 
0 -a-x-y+a2 +b>c 

= 

r° °i 0 0 

"0 Ol 
0 0} 

Thus, we get (with a and b arbitrary) 

t__ a-x+y-a 

Therefore, finally, the matrices X for this case are 

having \x(X) = x, and det 
a b 

a-x+ y-a2 

—f x-a 
b 

a>x+y-a 
x-a 

•--y. 

Abo solved by P. Bruckmamf M Catalan!? 0. Furduif J. Morrison? amdH.-J, Seiffert 

A Lesser Problem 

H-581 Proposed by Jose Luis Diaz, Polytechnic University ofCatalunyaf Spain 
(Vol 40, no. I February 2002) 

Let n be a positive integer. Prove that 
(a) F^+F^+F„%<Fn

F»+F„F£>+F„Ftf. 

Solution by the proposer 
Part (a) trivially holds if n = 1,2. In order to prove the general statement, we observe that 

{F„F" +F& +F&)-(Ff"> +F& +Fn%) 

Therefore, our statement will be established if we prove that, for n > 3, 

and 

hold. 

F>+i^<F/»+i£T
1 

rn+l rn+l ^ rn+2 rn+2 

0) 

(2) 

In fact, we consider the integral 
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Ii=iF
n+l(Kli^gFri+l~Fn

xlogFn)dx. 

Since Fn<Fn¥l if n>3, then, for Fn<n<Fn+l, we have F*logFn <F*+llogFn < Fn
x
+llogFn+l 

midll>0. 
On the other hand, evaluating the integral, we obtain 

h = C"+' (Fn\i logi<,+1 - F„' log F„)dx = [/£, - Fffi 

= (F„F"+F%f)-(Fn^+Fnl) 

and (1) is proved. 
To prove (2), we consider the integral 

tF»* 

k 
h=lF

n+\^2l^sK+2^^ilogFn+l)dx. 

Since Fn+l < Fn+2, then, for Fn < x < Fn+2, we have F*+l log Fw+1 < F £ 2 log Fn+2 and /2 > 0. 
On the other hand, evaluating I2, we obtain 

h = C+2 tf,x+2 !og F„+2 - i £ , logFn+1) A = [ /£ 2 - /£,£"•' 
- (FF"+2 - FF* \ -(FF»+2 - FF*} 
~\Pn+2 Pn+2J \Pn+l Pn+l)' 

This completes the proof of part (a). 
We will prove part (b) of our statement using the weighted AM-GM-HM inequality [1]: "Let 

xi? x2,.. . , xn be positive real numbers and let w{, w2,...,wn be nonnegative real numbers that sum 
to 1. Then 

2>A>n*Hi k=l k=l U = l Xk J 

^Wh (3) 

Equality holds when xl=x2 = "- = xn" 
The proof will be done in two steps. First, we will prove that 

f F 4- F 4-F ^ + ^ + 1 + ^ + 2 

F?-»F&*F& < [F" + F " + 3 1 + F"+2j (4) 
In fact, setting 

xx~FnJ x2=Fn+lJ x3 = rn+2, 
and 

F F F 
w

 rn+l w _ J n+2 w _ A n 
Wl Fn + F„+l+Fn+2' 2 K + Fn+l+Fn+2' 3 Fn + Fn+1 + Fn+2 

we have, from (3), 
rn rn+l l n+2 

<
 PnPn+l , pn+Vn+2 , pn+2pn 

K+Fn+l+Fn+2 ^ + ^ + l + ^ f 2 Fn+Fn+l+Fn+2 . 

or 
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1 n J n+l l n+2 v 

rFF i + F ,F *+F & ^Fn+F"+l+F"+2 

1 n1 n+l ~ J n+l1 n+2 ^ A n+21 n 

Ai + l*n+l + Ai+2 
Inequality (4) will be established if we prove that 

(FF , + F ,F . + F & Y"*Fn+2+Fn+2 (F+F , + F ,y»+F»+i+ir»+2 
i w i H + l T i »+lfB+2 ^ rn+2rn ^ | ^w ^ ^H+I ^ *»+2 g 

I Fn+Fn+l+Fn+2 J 
or, equivalently, 

< -j 

or 

i.e., 

AIAI+1 + Fn+lFn+2 + At+2 Ai < Ai + ^ H - l + ffi+2 
A I + A I + I + ^ H + 2 3 

(FB + Fwfl +F, + 2 ) 2 > 3(FW^+1 + Fn+lFn+2 + Fn+2Fnl 

Fn + Af+1 + Ai+2 > AIAI+1 + Fn+lFn+2 + Fn+2Fn • 
The last inequality will be proved in a straightforward manner. In fact, adding the inequalities 

F^F^>2FnFn+h Fn\l+F*+2>2Fn+lFn+2y mdF*+2+Fn
2 >2Fn+2Fn we have 

Fn + Fn+l + Fn+2 > FnFn+l + Fn+lFn+2 + Ai+2 A* 

and the result is proved. 
Finally, we will prove that 

F 4-F 4~F Y"+Fn+l+i"+2 
1 n^1 n+l^1 n+2 • < FF"FFntlFFnZ2 (5) 

Setting xx = F„, x2 = F„+l,x3 = Fn+2, wt = FJ(F„ + Fn+l+F„+2), w2=Fn+l/(Fn+Fn+l+F„+2), and 
w3 - F„+2 l{Fn+ F„+l + F„+2), and using GM-HM inequality, we have 

_ = 1 
3 

Fn+Fn+l+Fr,+2 _ 
1 1 - + - 1 

Fn + Fn+1 + Fn+2 Fn + Fn+l + Fn+2 Fn + Fn+l + K+2 

<r pFnl(Fn+Fn^F„^)FFn+il(F„+F^+F„+1)FF„^l(Fn+F„^Fn+1) 
^ A n •*- w4-1 A 1114-0 n+l n+2 

Hence, 
F+F , + F AF»+F^+F»+* * w w 
rn^rn+l^rn+2 ^ T?F„ j?Fn+l rFn < FP"F n*+lF nx2 

^ £ n £ n+l A n+2 

and (5) is proved. 
This completes the proof of part (b) and we are done. 

Reference 
1. G. Hardy, J. E. Littlewood, & G. Polya. Inequalities. Cambridge, 1997. 
Also solved by P. Eruckmmnf C Cook, O. Fmrdui9 H.-J. Seiffert, andN. Tuglm. 
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