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1. INTRODUCTION

In this paper, we are interested in the generalized Fibonacci and Lucas numbers

U, =225 V= s p M
where a = (p++/p*-49)/2, B=(p—+p*~4q)/2, and p and q are real numbers with pg = 0
and p?~4g>0.For p=—-q=1, {U,} and {¥,} are the classical Fibonacci sequence {F,}and the
classical Lucas sequence {L,}, respectively. It is obvious that the sequences {U,} and {V,} satisfy
the linear recurrence relation W, = pW,_,—qW,_,, n>2. In [1], Zhang discussed the calculation
of the summation

>, uu,..U,. Q)

ajtay+tag=n

This problem is very interesting and can help us to find some convolution properties. Zhang [1]
gave a method for calculating (2) and obtained a series of identities involving the generalized
Fibonacci numbers. For instance, he proved that
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aén a~'b p2_4q [(n )p n nq n—l]: n=zl, ( )
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UUU, = —1—[((p* - 4pg)n* - 3p* — 6pq)n+(2p* + 4pq))U,_
Z e 2(p? - 4g) o @)

+((4g* - p*q)n* +3p*qn - (2p*q +4¢4*)U,_,], n=2.

For the powers of the generalized Fibonacci numbers, are there results similar to (3) and (4)?
It seems that this has not been studied. The purpose of this paper is to investigate the calculation
of the summation of the forms

>, UMV .U and >, wu ..U

a4
ajtay+tag=n ayrag+etag=n

Using Zhang's method, we will establish some identities involving the squares and cubics of the
generalized Fibonacci numbers.

2. MAIN RESULTS
Consider the generating functions of {UZ} and {U} :

G(x)= iU,fx" and H(x)= iU,:,’x".

n=0 n=0

By using (1) and the geometric series formula, we have
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1 ax Px
G(x) = —
) a—ﬂ[(l—azx)(l—-aﬂx) (l—ﬂzx)(l—aﬂx)] 'x'<mm(| P Wl Iq!)

and

Uyx 3x J
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Define

Fe =0 =30, R@=LpS et Be=pSpve o

B =B =30, B@= 3, B = T S0 ©)

For F(x), F(x), F,(x), E(x), Ey(x), and E,(x), we have the following lemmas.
Lemma 1: If F(x), F(x), and F,(x) are defined by (5), then they satisfy:

F'(x) = @ _1 57 [(p- 20 fr)F(x) — 4B (%) + (p — 20f"%) F; (x) - 4af*F,(x)]

) Zaﬂ[ @ p B ap ] @
@- B [@ == @A) 1-afs (- afiey

(e = L2 BY ) - 140 (p = 20" B (x) + 320 PR ()
2a-p)
_ (p=20f%) F(x) ~ 14af*(p - 2aB*0)F; (x) + 32a*BFy (x)
2(a-pY

3af a® 4a5p
“@-pF [(az P1-a*xf (@~ pa-B)l-a’x) ®)
B 4ap° 4°B? + 40’ B°
@~ Ba-P-F%) (@) a-B)1-af)
_ B° 3a2,5‘2 N 2052 ]
@-B)1-F5F  (-apef  (-afef |

Proof: 1t is clear that
FA(x) = F(x)+ FR(x) - 2R@F() and F(x) = F(x) - () - 3R@E©)F ().
Using the definition of F;(x) and the derivative of F|(x), and noticing that a + 8 = p, we get

F(x)= [(p—2a*fx)F (x) - 4a’BR(x)]. ®

1
(a- By

Following the same pattern, we get

F(x)=

2P IR ® 40 )
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In the meantime, it is very easy to show that

__of ot _ g’ __aB ___of
F‘(x)FZ(x)_(a—ﬂ)4[(a—ﬂ)(l—a2x) @ - F-F%)  T-afix (1—aﬂx)2:l’

where

|x|<min(—1 ,———12,——1—J.
laf” 18P q]
Thus, (7) holds.

Differentiating in (9), we have

2F()F (%) = —

(a-py’

[(p—20”Bx)F"(x) - 60’ BF (x)].
Applying (9) again, we have

s o) < (P2 B () - 140 Blp 20" B () + 20 B ()
e 2a—py '

Following the same way, we have
B3y = 2208 ()~ 140 (p~ 20 F; (1) + 320 B'Fy(x)
: 2a-p)°
On the other hand, after careful calculus, one can verify that
__9oB a’ a 40°p
E(X)E(X)F(X) - (a _ﬂ)s I:(aZ _ﬂZ)(l _ azx)z (a2 _ﬂZ)(a —ﬂ)(l _ a2x)

B 4ap® N 4’B? +4a’B’

(@ - ) a-B)1-B%) (o - B*)a - B)(1-afx)
B ﬂ6 N 3a2,B2 N 2a2ﬂ2

(@ -pH1-F)  (1-apx)* (1-afx)’ |

Therefore, (8) holds. O
Lemma 2: If E(x), E,(x), and E,(x) are defined by (6), then they satisfy:

2°x+V)E[(x) __44°E() | [64°x+3p(g+2)]E} (x)

P*-49)°Us  (P*-49)°Us  (P*q+2p* +H(@* -49)

- 12, (x) ___ 6 o _a’q0r+9) (10)
(p2q+2p2 +4)(p2_4q) p(p2_4q)7/2 1_a3x 1_aqx

Lt B ]

EZ(x) - (_

1-fgx  1-f

1

27 —agy B e~ B W) 14005 - 20 B () + 32" By ()]

1
NPTz =R
+[3p(g +2) +64*x](6q% +129) E; (x) +288g°E,(x)}

E3x)=

[Bp(q +2)+64*xF Ej (x)
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9% { o +[a3q3%+q)_a6q(Vz+q>_ a3q3V3] 1

_p(p2—4q)5 (1-a’x)? a?- p? a-pf ad-p3 1-ax
a‘q’ aq“ tq [ B¢ ﬂq“ Vat+q
ﬂ a?-p* )1-agx ﬂ a’-p?)1-fgx
| Bathta) Bq 3(V2 +q) BV | 1 p |, 274 (11)
a— ﬂ a _ﬂZ a3_ﬂ3 l_ﬂBx (l—,B3x 2 p(p2 _4q)5
y { a’ |dra-as B¢ | 1 adqW+g)
(@*-pH(1-a’x) a-p B l1-agx  (1-ogx)?
[/3 4-BVa’Vr+q) , @ ] 1 Pat+q) Vi }
a-p s =B |1-Bax  (1-pgx* (@*-pH(1-B%))

The proof of Lemma 2 is similar to that of Lemma 1 and therefore is omitted here.

From the lemmas, we can obtain the main results of this paper. We now state and prove the
following new results.

Theorem 1: Let {U,} be the generalized Fibonacci sequence. Then we have

Z V2 = [-2nqU, +p(n DW,V, 24 (Uzm-z —ng"! ), n>1, (12)

atben P'—4q P-4\ U,
3 U0V = g PP~ DU =242+ U, U
+4G07 +100=9)0, U]~ iq4q)3 [(” - 2?2"“ (13)
+ 4q§c]12"(';€3_—23+1) +(n+3)(n— l)q"] , n>2.

Proof: To show that this theorem is valid, comparing the coefficients on both sides of (7)
and (8), and noticing that (1), a+8=p, efi=q, and (a - B)* = p* —4q, we get identities (12)
and (13). O

Corollary 1: Let {U,} be the generalized Fibonacci sequence and k be a positive integer. Then

Z U Ubk _ [- 2nqunk—k +( =D ULV Uy _ 2qu1? (Uan+2k _nan—k)’ n>1, (14)
atb=n P*-4q P-4\ Uy

2 kUkacZk' A - 4 )3 2["(" I)Vk nk+k

a+b+c=n

—Zquk(2n+3)Unk k+k+4q2k(n +10n -9V U1t ] (15)

3q 4q™ Vak—4 Vz ktke) nk
- -, +—E 3k 1 anmttks 4 (n+3)(n—-1)q™U,, |,
Uzk(P2 _ 4q)3 [(n ) 2nk+2k Uk (p2 _ 4q) ( )( )q 2k

forn>2.
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Proof: Let
(ak)n (ﬁk)n nk t— hk nk —
=g = =Y )
It is clear that the sequences {U}} and {/}} satisfy the linear recurrence relation
W, =V W ~q"'W, 5, n22.

Now, we apply Theorem 1 to the sequences {U!} and {¥}. In (12), if U,, V,, p, and g are
replaced by U, V!, V,,, and ¢*, respectively, one has that

Z U;ZUI;Z - [_ankUr’l—]l;_I/k(n - I)U;I]an _ 2qk U2’n+2 __nan—k ]
a+b=n V _4qk q U2’
Due to (16) and V? - UX(p* - 4q), we get (14). Using a similar method, we get (15). O

Theorem 2: Let {U,} be the generalized Fibonacci sequence. Then

2ng°Usyyy + (- DW3Us,  9"(2nqU,_, - pU,)

U3 =~ -
22,0 @* -49)°U, #* ~49)’ an
_6q[Us, =V, +@)g" U, ]
p(p*—4q)
Z U3U3U3 (n 2)[(’2 1)V2U3 - 2(2n + 1)q’sI/SIJS}n—Ci] + 4(712 _ 1)q6U3n——6

a+b+c=n 2([72 - 4q)5U32

—— 2[4t (P ~ 1)U, ~2pg(In-12)U,., + p*(n - Dn-2)U, ]
(P*-49)° "
9q V, +9q°U,,_ qVoUs,_
—W[(’? W5, + —zp—”—Q(Vz +q)Us, 5 '—QU—:‘*G
n-1 (V; +q)qn+lUn—2 27q2 U3n ;= n—2U

+ (I/Z + q)q UYH'I + + p(pl 4q)5 q n+3

n+3

-V, + gV, - ===+ q)é]"“Vm}

Proof: Comparing the coefficients of x"% and x"* on both sides of (10) and (11), respec-

tively, we get Theorem 2. O
Corollary 2: Let {U,} be the generalized Fibonacci sequence and & be a positive integer. Then
3 VAU = ~20q* Uny oy + (0= WalUsn 96" @20q* Uy, ~ViUy
a+b=n Uy (p* - 49)° U -49)°

_ 6qk[U 3kn ~ (Vqukn_k + qkn)Unk]
UV (P -49) ’
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Z U, 3kU l?kU c3k (n-D(n- 2)V3:;cU 3n — 2(n—2)(2n+ 1)q3kU en-3k Vak

a+b+c=n

1
=l
2U 32k(P2 - 4Q)5

27q™ 2k (2
—2 4 -HU
U/? - 4q)5[ g7 (" = DU

- Wig* (I =12)Up, + V=10~ 2)U, 1~

+4(n* -1g*U Son—6k ] —

9qk
UV (p* -4q)°

3% k 2 k
_ T Vi +9Wasr 4 Vo + 9 Winsi
X I:(n 2Wan + AR U
_ PVUsir i + 9" Vo + 4V n 4" WV + 4", kn—2k:|
Uy U, U

27q2k [Um - qk"_ZkUkn s —ViWVar + qk)‘lknkak 2%
U0 —49)° | Vi * "

q kn+3kUkn—6k kN, kntk
“—Vk_— =2V + )8 Vi Up |-

We note that Corollaries 1 and 2 are generalizations of Theorems 1 and 2, respectively.
Finally, we can find some congruences from Theorems 1 and 2 according to the particular
choices of p and g. For example, setting p=—-g =1in(12) and F, =1, we obtain

2nF,_ +(n-DE]L, 2 n
> ppp =Pt @O0 2 encety),

a+b=n 5
Setting p =—q =11n (17), we have
Y FR= nky, 3 +20n+2)F, +21CD'F +18¢-D'F,
atb=n b 125 .
Hence,
[2nF,_, +(n-DE,L,+2(F,,,, +n(-1)") =0 (mod 5), n>1,
and

nF,, ;+2m+2)F,, +(-1)"(2InF, +18nF,_) =0 (mod125), n>1.
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