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1. INTRODUCTION 

In this paper, we are interested in the generalized Fibonacci and Lucas numbers 

where a = (p + ̂ p2-4q)/29 fi = (p-^p2-Aq) /2, andj? and q are real numbers with pq^O 
and p2 - Aq > 0. For p = -q = l, {UJ and {VJ are the classical Fibonacci sequence {i^}and the 
classical Lucas sequence {Ln}, respectively. It is obvious that the sequences {U„} and {Vn} satisfy 
the linear recurrence relation Wn = pWn_l-qWn_2, n>2. In [1], Zhang discussed the calculation 
of the summation 

I UaUa2...Uak. (2) 

This problem is very interesting and can help us to find some convolution properties. Zhang [1] 
gave a method for calculating (2) and obtained a series of identities involving the generalized 
Fibonacci numbers. For instance, he proved that 

I UaUb = - j ^ j -Kn - \)pUn - 2nqUn_(\, n>\, (3) 
a+b=n P ~^<i 

X UaUbUc= f \ , 2 [ ( ( ^ 3 - 4 ^ ) H 2 - ( 3 / ?
3 - 6 ^ ) » + (2p3 + 4^))[/„_1 

a+b+c=n Z\P ~49J (4) 
+ ( ( V - P2q)n2 + 3p2qn - (2p2q + Aq2))U.n_2\ n>2. 

For the powers of the generalized Fibonacci numbers, are there results similar to (3) and (4)? 
It seems that this has not been studied. The purpose of this paper is to investigate the calculation 
of the summation of the forms 

£ UlU\...U\ and X ^ X - ^ -

Using Zhang's method, we will establish some identities involving the squares and cubics of the 
generalized Fibonacci numbers. 

2. MAIN RESULTS 

Consider the generating functions of {U2} and {U*}: 

G(x) = Y,U2xn and H(x) = £ U „ V . 

By using (1) and the geometric series formula, we have 
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and 

H(x) = -

(x)- l ax px 
w a-p\(\-a2x)(\-apx) (l-J32x)(l-aj3x) 

1 
(a-p? 

U3x 3qx 
Lo - a3x)(l - /3\) (1 - aqx){\ - fiqx) 

ivl ^ • ( i i 0 
'W<uuu(}a>\'\fnq\)' 

, \x\ <min ( 1 1 1 1 
[\c?\'\/F\'\a9\'\fi9\ 

Define 

F(x) = ^ - = ±U2x-\ F1(x) = -^fda"U„x"-\ F2(x) = -^±P"U„x"-\ 
«=1 

w=l 

For F(x), Fx(x% F2(x), E(x), Ex(x), and E2(x), we have the following lemmas. 

Lemma 1: If F(x), Fx(x)9 and F2(x) are defined by (5), then they satisfy: 

F\x) = J^pffo ~ 2«2 W ( * ) - 4a2pFl(x) + (p- 2apx)F{(x) - 4a0%(x)] 

2aP 
(a-p? 

a P4 ap ap 
(a2-p2)(\-a2x) (a2-p2)(l-p2x) 1-aPx (\-apxf 

(5) 

E{x) = !M. = fJUlx"-\ El(x) = —L^fdU3nx"-\ E2(x) = -^YU„q"x"-\ (6) 

(7) 

pi( ,_(P~ 2a2pxfF{'{x) - \4a2p(p - 2a2px)F1'(x) + 32a4p2Fl(x) 
W " 2(a-/?)6 

(p - 2ap2x)2F2"(x) - Uap2(p - 2ap2x)F{(x) + 32a2p%(x) 
2(a-P)6 

3aP 
(a-pf 

a 4a6p 
(a2- P2)(\ - a2xf (a2 - p2)(a - P)(l - a2x) 
4ap6 4a5p2 + 4a2ps 

(a2-p2)(a-P)(l-p2x) (a2-p2)(a-P)(l-ccPx) 
„2tf2 

(8) 

pb 3a2p2
 | 2a2p 

(a2-p2)(l-p2x)2 (l-apx)2 (l-apxf 

Proof: It is clear that 
F\x) = F2(x)+F2(x) - 2Fl(x)F2(x) and F\x) = F,3(x) - F2

3(x) - 3F1(x)F2(x)JF(x). 
Using the definition of Fx(x) and the derivative of Fx(x), and noticing that a+/? = /?, we get 

F,2(x) = - 1 

Following the same pattern, we get 

r 3 - 1 i?(x) = («-/?)2 

[(p - 2a2px)F{(x) - 4a2pF1(x)}. 

[(p - 2ap2x)F{(x) - 4ap2F2(x)]. 

(9) 
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In the meantime, it is very easy to show that 

^ w = < ^ 
a* P4 ap ap 

(a~P)(l-a2x) (a2 - p2){\-p2x) l-apx (l-apx)2 

where 

\x\ <rmn 
1 1 1 

\ar\fir\9\ 
Thus, (7) holds. 

Differentiating in (9), we have 

2Fl(x)Fl'(x) = 
(a-fiy 

-[(p-2a2pX)F1"(x) - 6a2pF{{x)\ 

Applying (9) again, we have 

F\X) = (^ " 2a2Px)Fl"(x) - Ua2p(p - 2a2px)Fl'(x) + 32a*p2Fl(x) 

Following the same way, we have 

~2a<- - V ' 
2{a-pf 

Fi(x) = (p - 2aplx)F2" (x) - Uap2(p - 2ap2x)F{ (x) + 32a2p*F2(x) 
2{a-pf 

On the other hand, after careful calculus, one can verify that 

Fx{x)F2{x)F{x). ap 
(a-pf 

a 4a6p 
(a2-p2)(\-a2xf (a2 -p2)(a-p)(l-a2x) 

4ap6 4a5p2 + 4a2p5 

-+-(a2-p2)(a-p)(l-p2x) (a2-p2)(a-P)(l-aPx) 
2o2 3a2f$2

 f 2a2/? 
(a2 - ^ 2)(1 - ^2x)2 (1 - apxf (1 - a fix)3 _ 

Therefore, (8) holds. D 

Lemma 2: l£E(x), El{x)9 and E2(x) are defined by (6), then they satisfy: 

E\x) = {-2q3x + V3)E[{x) 4q3E1(x) [6g2x + 3p(q + 2)]E2-(x) 
(p2-4q)2U3 (p2-4q)2U3 {p2q + 2p2+4)(p2-4q) 

12qE2(x) 6q 
(p2q + 2p2 + 4)(p2-4q) p(p2-4q) 

P2g(V2+q) P6 

7/2 
a6 a2q(F2 + q) 

l-a3x l-aqx 

3tv\ -E\x) 

+ 

2Xp~2-4qfUl 

l-Pqx l-p3x 

1 W - 2q3x)2E['{x) - \4q3(V3 - 2q3x)E( (x) + 32q%(x)] 

1 -{[3p(q + 2) + 6q2x]2E2-'(x) 2(p2q + 2p2+4)2(p2-4q)2 

+ [ip(q + 2) + 6q2x](6q2 + l2q)E$ (x)+2&Sq2E2(x)} 

(10) 
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9q a 
p(p2-4qf Ul-a3x) 3V\2 

g V ( r a + g ) a6q(V2+q) a3q% 
2 Ol a2-f$ a-P a3-j3 3 /?3 I-ax 

(aV agA Va+g f/?V , /V H + g 
a - / ? a 2 - / 9 2 J l - a # c [a-fi a2-p2)l-pqx 

a-fi a2-p2 a3~p3 ^ - + ^ - .+ 2 V (11) 
l-y03JC ( l - £ V f />(/>2-4?)5 

a 
(a2-y92)(l-a ; 5x) 

6„ air ^ii 

- + 
aVlq2(V2+q)-a6q P3q3 

a-fi a2-p2 
1 a3?(F2+?) 

„3/?3 Pbq-pViq
2(V2+q) a3p~ 

a-p a2-p2 
1 M + ? ) 

l-a<7* (1-aga:)2 

/?9 

11-^gx (I-Pqx)2 (a2 - p2){\-p3x)\' 

The proof of Lemma 2 is similar to that of Lemma 1 and therefore is omitted here. 

From the lemmas, we can obtain the main results of this paper. We now state and prove the 
following new results. 

Theorem 1: Let {U„} be the generalized Fibonacci sequence. Then we have 

hUaUb~ 7^ V^{~uT~nq r ' ( } 
a+b-

I *##>? = 1 [/>2«(» - l)t/„2
+1 - 2^ (2» + 3)U„U„+1 

a+b+c=n 2(p2-4qf 

+4q2(n2+l0n-9)U„.lUn+l] 

4g(q"-%-V2n+1) 

3q ( " - ^ 2 
(P2-4^)3L ^2 

, «>2. 

(13) 

Proof: To show that this theorem is valid, comparing the coefficients on both sides of (7) 
and (8), and noticing that (1), a+P = p, ap = q, and (a~P)2 = p2-4q, we get identities (12) 
and (13). D 

Corollary 1: Let {U„} be the generalized Fibonacci sequence and k be a positive integer. Then 

y rprp = l-lnqkUnk-k +("-WkU*Y*Uk
 2(ful (Ui**k no*-*) „>\ ( i 4 ) 

E UlkU2
bkU2

k = 2(p2 _\qful {n{n - l)V2U2„k+k 

-2Vkqk(2n + 3)U„kU„k+k+4q2k(n2 + \0n-9)Unk_kUnk+k] (15) 

A(nnkV.. -nkV. . A 

a-¥b+c=n 

U2k(p2-4qf »-W2*M + * y ^ 

for n > 2. 
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Proof: Let 

UL = (<xky v y = u*.t v,=ank+pnk=Vnk (16) 
ak-pk Uk 

It is clear that the sequences $U'n) and { '̂} satisfy the linear recurrence relation 

W^V.W^-q'W^n^l. 
Now, we apply Theorem 1 to the sequences {U'„} and (F„'}. In (12), if U„, V„, p, and q are 
replaced by U'„, VJ, Vk, and qk, respectively, one has that 

Due to (16) and V2-4qk = U%(p2 -4q), we get (14). Using a similar method, we get (15). • 

Theorem. 2: Let {Un} be the generalized Fibonacci sequence. Then 

V Tar* = -TntfU^+jn-WJJ* 9q"(2nqU„_1-pUn) 
atn ' " (F2-4q)3U3 (p*-4q? 

6g[^w-(^+g)<r1^] 
p(p2-4qf 

V f/3„3f/3 _ (»-2)[(»-l)F32t/3„-2(2» + l)gV3^„_3] + 4 (» 2 - l )^3„_ 6 
^ U°U>U°- 2(p2-4q)5Ui 

(17) 

a+b+c=n 

~ T T T ^ t V l " 2 - W„-2 - 2pq(7n - 12)C/„_1 +p\n -1)(» - 2)C/J 
(P ~4q) 

9q 
PiP -MY 

(»-2F3„ + (V2+q)q3U3n_6 -q(V2+q)U3n_3~^^ 
U, 

+ (V2 + q)q" lUn+l + V 2 H" a-2- + -
27g2 

/>(/>2-4<7)5 
K 3" _ „"-2 - ^ t / , «+3 

Vl(y2+q)q"-1U„_2-^-^-(ri-2)(V2+q)q"+1Vl1+l 

Proof: Comparing the coefficients of xn 2 and xn 3 on both sides of (10) and (11), respec-
tively, we get Theorem 2. • 

Corollary 2: Let {UJ be the generalized Fibonacci sequence and k be a positive integer. Then 

V Tr3Tr3 _ -2»g3*t/3*(W-i) + (n - W3lcU3kn 9qk>\2nqkV'„k_k -VkV^ 
akn"kbk~ U3k(p*-4qf - Uk(p*-4qf 

UkVk(p2-4qf 
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E U*U2*U*-2U2k(p2_4qy 
a+b+c= n 

[{n-\){n-2)V3\U3kn-2(n-2)(2n + \)q'kU3kn_3kV3k 

ngnk 

+ 4(«2 - l)q6kU3kn-6kl- U2^2_4q)5 [ W " Wto-2* 

-2F^(7«-12)C/fe,_tH-^2(»-l)(«-2)C/„,]- 9qk 

WW-*4f 

u3k uk ukvk 
21q 2k 

Um-q*"-*Ukn+3k-Vk<y2k +qk)qkn-kUkn_2k UlVktf-4q)\Vk 

.^^-{n-2W2k + qk)qk"+kVkn+kUk 

We note that Corollaries 1 and 2 are generalizations of Theorems 1 and 2, respectively. 
Finally, we can find some congruences from Theorems 1 and 2 according to the particular 

choices ofp and q. For example, setting p = -q - 1 in (12) and F2 = 1, we obtain 

i w=[ 2^- i + (r l ) F j 44(^+ 2+»(-D"). 
Setting /* = - ^ = 1 in (17), we have 

V J*.»* = ^ - 3 + 2 ^ + ^ + 21(-1)* fi + l«(-l)"/W-i 
o+fe=» 125 

Hence, 

and 
[ 2 ^ _ 1 + (^-l)FJLw + 2(F2 M + 2+K-ir)^0 (mod5), w * l , 

^ - 3 +2(^ + 2)F3w + (-l)w(21^Fn + 18HF„_1)SSO (mod 125), ^ I > 1 . 
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