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1. INTRODUCTION

In the notation of Horadam [2], let W,, = W, (a,b;p, q), where
Wo =pWy—1 —qWp_2 (n2>2) (1)
Wo =a, Wi =b.

I o and B, assumed distinct, are the roots of

A —pA+g=0,
we have the Binet form
Aa™ — BB"
Wp= ——— 2
n a-B8 ’ (2)

in which A=b —af and B = b — aa.

The n** terms of the well-known Fibonacci and Lucas numbers can be denoted by F, =
Wn(0,1;1,—1) and L, = W,(2,1;1, —1), respectively.

We also denote

aTL _ﬂn
Un = Wa(0,1;p,q) = a g "= Wn(2,p;p,9) = o™ + B". ©)

By simple computing, we have

o0
n 0+ (0Up —aUpy1)x
Z mn® 1-— V;nx + qm$2 ( )

n=0

Let W = {W,} be defined as above, with Wy = 0. For any positive integer k > 2, W.
Zhang [3] obtained the following summation:

bk—l
@ — 4 (k- 1)

z Wo,We, ... T/Va,,c = [gk_l(n)W —k+1+ hk—l(’n)Wn—k],

a1+az+--tag=n
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where the summation is taken over all n-tuples with positive integer coordinates (a1, ag, . .., ag)
such that a; +-as+- - -+a; = n. Moreover, gr—1(z) and hy_;(z) are two effectively computable
polynomials of degree ¥ — 1 with coefficients only depending on p, ¢ and k.

Recently, Z. Zhang and X. Wang [4] gave explicit expressions for gg_1(z) and hx—1(z).
P. He and Z. Zhang [1] discussed generalized Lucas numbers. The purpose of this paper is to
generalize the above results, i.e., to evaluate the following summation:

> Wonas Winas - - - Winag -

a1 +ag+--+ar=n

2. THE CONVOLUTED FORMULA OF GENERALIZED
FIBONACCI NUMBERS

Throughout this section, with Wy = 0, if we let

bUpn, -
010~ (17 ) = 3 W™ ®)

then we have ®
> Wina, Winas - - Wnar = Wi _i11)- (6)

a1+az+:+ag=n

Theorem 2.1:
WU m
WD = prom gy (VW) — 20+ 26 - W} (7)

Proof: Noting that

L (G4(@)(Vin ~ 20™0)") = Gh(a)(Vim — 24™0)* + Gi()(Vin — 20™2)* (= 24™)

and

d (bUp (Vi — 2¢™x b
_ ky —
_(G’k(m)(V 2q™x)") = (I—sz-i-(]m:Ez)

m

_ 1 (PUm(Vm — 24™2) k-t s 20 (L= Vmz +q™a?) + V2 — 4q
U\ 1~ Vi + g™z? " (1 — Vinz + g™z?)?
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we have

G (2)bUp (Vi — 2¢™ ) — 2bkU, g™ G () = 26kUpng™ G () + k(VZ — 4¢™)Gr41(x).

Comparing the coefficients of both sides of the equation, our theorem holds.

We denote by o;(n, k) the summation of all products of choosing 7 elements from n+k —
i+1, n+k—:+2,...,n+ 2k — 1 but not containing any two consecutive elements, i.e.,

i
oi(n,k) =Y [[(n+k—i+3) (8)
t=1
where the summation is taken over all i-tuples with positive integer coordinates (j1, ja,. - -, Ji)
suchthat 1 <j1 <je<---<ji<k+i—1land |j,—js| > 2for1<r#s<i.
We note that og(n, k) = 1. It is easy to prove that
(n+ 2k — V)og—1(n,k — 1) = ox(n, k), 9)
and
(n+2k - 1)oi—1(n, k- 1)+ oi(n+ 1,k — 1) = 0i(n, k), (10)
which yields
Theorem 2.2:
(k+1) (bUm)* - myiyrk—i
Wan = RV — agm)F ;(_2‘1 ) Vi () k—ioi(n, K) Wi (ntk—i), (11)

where (n)y =n(n+1)(n+2)...(n+k—1).
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Proof: We prove the theorem by induction on k. When k = 0,1, the theorem is true by
applying Theorem 2.1. Assume the theorem is true for a positive integer k — 1. Then

bU
k1) _ ™ (k) — 9™ _ (k)
Wik ~M%_Mﬂ{mmmmﬂ)zqm+% HWE

k-1
D (—2¢™)VES T 0+ 1)1 x

1=0

_ WU, (bUm)k"1
= R2 g "V DIVE —dgryET

(bU )lc—l
ai(n +1,k— 1)Wm(n+k—i) + (—qu)(n -1+ 2k) = 1)'(VT; — 4qm)lc—1 X
Vi

k-1
Z(_2qm)iV7ﬁ_i_1(n)k-i—10'i(n’ k— 1)Wm(n+k—i—1)}

=0

(bUm)"

k —-—
(KN (V2 — 4qm)* {Vmn(n + Di-100(n + 1,k = Y Wn(a+r)

k-1
+ Y (-2q™ Ve n(n + 1)i—ioi(n + 1,k — D) Win(ask—i)

=1

k
+) (=2 Va4 2k = D)(n)e—i0i-1(n, k — DWon(nrk—n}

i=1

(bUm)E

= Tz - gy el ) Wi

k-1
+3 (=20 VE ) h— i Win(nah—s) [03(n + L,k — 1) + (n + 2k — 1)oi_1(n, k — 1)]

i=1

+(—2qm)k(n + 2k — V)og—1(n, k — 1)W1 }
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(Apply (9), (10))

(U )k

— k
= FVZ = agryF Lm0 ) Wmin

k-1
2 VE )03 ) Wity + (207040, £) Wi
i=1
bUm k u myi —1
— T o2V i Wi

=0

Hence the theorem is also true for k. This completes the proof.
Theorem 2.3:

> Winas Winas - - - Wina,

a1tagz+--tar=n

= ()" S 2¢™) VE 1" k41 k+1,k—1)W,
T (k- D)Y(V2 — 4gm)k-1 }:(_ q") Ve (n—k+1)g—1-i0i(n—k+1,k—=1)Wp,(n_;). (12)
=0

Proof: Use (6) and Theorem 2.2.
Lemma 2.4:

UnWik+n) = UnnWmk+1) — € Unin—1) Wik (13)
Proof: Use (2), (3).
Let
k-1 . '
91(:)1("") = Z(—2qm)’vn’i_1—l(" —k+1g—1-i0i(n —k+ 1,k — 1)Up,(5—s) (14)
i=0
and
k-1 ' .
h{™, (n) = —qM D (—2¢™) VE 0 — K+ Dg—1-i0i(n — k+ 1, E) U rm1-4)- (15)
=0

Then we have the following theorem.
Theorem 2.5:

> Winas Winas - - - Winay

a1 taz+t--+ag=n
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_ G (m) m
~ (k- 1)I(VZ — 4gm)k-1 {%-—1(")Wm(n—k+1) + hgc—i(")Wm(nv-k)} . (16)

Proof: Use Theorem 2.3 and Lemma 2.4.
Corollary 2.6:

Z Wmanb
a+-b=n
b
- w{[(n - l)VmU2m - 2q'n’"'n'l-]m]Mfm(n—l) - qm(n — 1)VmUme(n—-2)}7
m
Z Wmanmec
a+b+c=n
U (0= D)0~ 1)V2Uss — 2 — D@0+ DV + 47~ )
2(V2 - 4q™)’ m3m = g mUzm +4q

(’I’L + 1)Um]K'Vm(n—z) - qm[(n - 2)(” - 1)V72.U2m - 2qm('"' - 2)(2n + 1)VmUm]Wm(n—-3)} .
Proof: Take k = 2,3 in Theorem 2.5.
From (16), we have
Corollary 2.7:
b 102 { gy (0 Wity + BT (1) Wimaiy } =0 ( mod (k — DIV, - 4g™)*).
(17

3. THE CONVOLUTED FORMULA OF GENERALIZED
LUCAS NUMBERS

Let A = 2Up, 1 — pUy,. Taking a = 2, b= p and using (4) we have

(o]

E 2—-A
anwn: wm 2"

prd 1 —-Vapz+q¢mx

Let

2-—- Az g
Vinx +qmx2 )

Hy(e) = Y Vile" = (=

n=0
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Obviously, Vn(;l,z = Vin. From these, we have

> Viw Vimas - - Vimar = V- (18)

a1 +az+--+ar=n
Theorem 3.1:
KAV — 4™V, = 4(n+ 2)VE) L — 2020+ k+2)AVS o+ (n+ K)A2VE. (19)

m(n+2) m(n+1

Proof: Noting that

2 (b (0) = & (

2 - Az k
1— Vi + gqma?

— 2— Az k=1 _A +2V;, — 4¢™z + g™ Az?
U\ = Vipo + gma? (1 — Vipz + g™ z2)2

L 2— Az AL = Vipz + ¢ 22 + [AVi, — 4g™
1 - Vpz + gmz? (1 — Vipz + q™z?)?

k A 2— Az k+kAVm—4q"‘x 2—- Az k+1
T 72— Az \1 -V + qma? (2-Az)2 "\ (1 - Vipz + g™z2) ’

we have
(@2- Aw)zad;Hk(z) — k[AV,, — 4™z Hyr1 () + kA2 — Az)Hi(z).
This implies
K[AVin — 4™z Hi11(z) = (4 — 403 + Azxz)j—ka(:c) — kA(2 — Az)Hi(s).

Comparing the coefficients of both sides in the above equation, the theorem holds.

Theorem 3.2:
Z Vmanb
a+b=n
1
= AV —dgn {4(n +2)Vin(ns2) + 2020+ 3)AVinnin) + (n+ 1)A Ve } . (20)
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1
VmaVmoVime = s 116(n + 4)(n42)V
a+§=n ma YmbYmc 2(AVm—4qm)2{ ( )( + ) m(n+4)

+8((n +2)(2n +7) + (n + 3)(2n + 4)) AV (ny3) + 4((n + 2)(n + 3) + (2n + 4)(2n + 5)

+(n+2)*) AV (ng2) + 2(n + 2) (40 + 1) A3V g1y + (0 + 1) (n + 2) AW, ). (21)

Proof: Use (18) and Theorem 3.1.
In Theorem 3.1, taking m = 1,2 gives the main results of paper [1].
Corollary 3.3:

k(p? — 4q)V, 5D = 4(n + 2)VE), — 2p(2n + k+ 2V, 4 p?(n + K)VP), (22)

kP2 (02 —4q)Var ™ = An+2) V) —2(2n+k+2) (02 —2q) V3, 1y +(ntK) (07 —20)° V. (23)
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