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1. INTRODUCTION

Lattices occur in many different areas of science and engineering. They are used to define
dense sphere packings in n-dimensional spaces [5], and direct applications of them are found in
number theory, in particular, to solve Diophantine equations [1]. There are further applications
found in numerical analysis, for example, when evaluating n-dimensional integrals [5, p. 11-
12]. In modern digital communication systems, lattice constellations are used to send encoded
information through noisy channels, [3, 5, 10]. In this application, lattices with dense sphere
packings are desirable. Recently it has been shown that algebraic lattices (those originating
from rings of integers via canonical embedding of number fields) can be linearly labeled by
elements of a finite field, facilitating the encoding and decoding processes [6]. From the mid-
nineties on, concrete applications of lattices began appearing in cryptography [9]. In particular,
the NP-hardness of the famous lattices shortest vector problem, namely the problem of finding
a lattice point nearest to the origin, was proved by Ajtai [2] in 1997. Similar tools were used
to study the hardness of the most significant bits of the secret keys in the Diffie-Hellman and
related schemes in prime fields [9, p. 14]. Recall the Diffie-Hellman key exchange protocol:
Alice and Bob fix a finite cyclic group G and a generator g. They respectively pick random
a,b € [1,|G|] and exchange g* and g”. The secret key is ¢g°°. An interesting realization
of this public key exchange is based on quadratic number fields with large class number [8,
p- 261] where the cyclic group is provided by the class groups. Proving the security of the
Diffie-Hellman protocal has been a challenging problem in cryptography.

It has long been known that several dense lattices are algebraic and, in particular, originate
from ideals in rings of integers. We refer to these lattices as ideal lattices. Remarkably, the
densest four-dimensional lattice, namely Dy, is generated by the ideal (1 — (3)Z[(s] where (g
is a primitive eighth root of unity. A good measure of packing density is the center density,
defined as the ratio between the lattice density (the proportion of the maximum space that is
occupied by nonoverlapping spheres centered in lattice points) and the volume of a sphere of
radius one [5, p. 13].

Let F be an algebraic number field generated by a root of m(z), an irreducible polynomial
of degree n over Q. Let us assume that m(z) has r; real roots and 27, complex roots. The
center density « of an ideal lattice of F is given by

' (%ﬁ) Ne(J) Z(F)/zm
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where d(IF) is the field discriminant, Ny(J) is the ideal norm, and 42, is the minimum square
Fuclidean distance between lattice points, see [5, p. 10] or [7, Exercise 2.43]. Dy is the only
four-dimensional lattice possessing a center density equal to %, |5, p.9], the maximum achiev-
able in that dimension. On the other hand, in this paper we exhibit a sequence of lattice (Ay)
generated by principal ideals (¥, — (12Fn12)Z[(12] in Z[(52] whose center densities approach &
asymptotically. The sequence (z,) of complex numbers where z, = Fy, — (12Fn12, 20 = —(12,
and z; = 1 — 2(;2 satisfies Fibonacci’s recurrence (see [4]), and so we refer to A, as Fibonacci

ideal lottices. We show that the center density -y, of A, is a rational number 18—6;%: which
approaches —% asymptotically as n goes to infinity, The integers &, and A, satisfy two lin-
sar recurring sequences related to Fibonaeci and Lucas numbers. The theta series [5, p.45]
On, {2} = D pen, ¢°°, where z is a complex variable and ¢ = e™ is an expression made
of Jacobi theta functions. The A, are definitively different from Iy because the respective
kissing numbers are 12 and 24. The kissing number of a sphere packing in any dimension
is defined as the number of spheres that touch one sphere [5]. Given a lattice A in RY with
minimum distance d,,, we can think of the points of A as being centers of equal nonoverlapping
N-spheres of radius d,, /2. Then the kissing number of A is the kissing number of this packing
just described. Notice that the theta series of A provides us with the kissing number 7 of A,
since O(z) = 1+ 7gém +...[5].

The following sequences related to Fibonacci and Lucas numbers will be used in the proofs:

1
an =F.+F._ ,= 5(3L2n+2 +4(=1)"*); (1)
1
b = FpFoye = F2 4+ (-1)" = g(L2n+2 +3(=1)"); (2)
an — 3bp, = (=1)". (3)

The golden section w = 1,,,2+\/g and W = 1 — w are the roots of z2 —z — 1 [11].
2. CENTER DENSITY

An integral basis for the ring Z[(12] is B = {1, (12,¢%,,(3,} where (12 is a root of the
clyclotomic polynomial z* — 2?2 + 1. A real embedding & yields the generator matrix of Ag
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A generator matrix B, of A, is obtained as the product BoM(z,), where M(z,) belongs to
an integral matrix representation of Z[(15) with respect to basis B. We have

0 100 Fn —Lp42 0 0
- 6 0 1 0 0 F, —F, 0
MGa)=1 ¢ o ¢ 1> MeE=)=| 4 0 Foo +2
-1 06 1 0O Foio 0 —Fpis E,
and
F” —Ln42 Fn —Fui2
B, = BoM(z,) = '\‘/TEFn + —;—Fm—z ——‘é—g n+2 + %Fn —F,_o— @Fn @ Th2t %Fn
n — n) —
‘3@Fn+2 + %Fin an - %Fn+2 %Fn _E@Fn - %Fn-f-z
Fn+2 Fn _2F'IL+2 Fn

The squared Euclidean norm in A, is given by the quadratic form Q(z) = 7 BT B,z with
x € Z*. The positive definite symmetric matrix of this quadratic form results in

2(F3+F§+2) —3ann+2 Fr% +F1%+2 0
A, = BTB, = ﬁFJTZ 2(F2 + F2.,) —3FuFosa FZ4+F2,.,
ol S oy —3FaFrnya 2F:+F7,) —3F,Fui
0 Fi + F-r%-{-z ‘"3FnFn+2 Z(Fg + F73+2)

Writing Q(z) = T Apz = cT (U HUTA,UU 'z = sT(U1)TC, Uz, we consider the
transformation of A, by the matrices

1 0 -1 0 10 20
Jjo 1 o0 0 1 _ |01 00
U=1o o 1 o and U™ =14 o 1 of°
0 -3 o0 1 0 2 01
to produce a block diagonal matrix

UFR+FRp)  —3FuFais 0 0
o — | “3FuFup JF2+FZ.,) 0 0

" 0 0 S(F2+ F2.,) —3F,Fni,

0 0 ~3F,Fryy  2F2Fuy42)
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Thus, setting g, = 2a2 + 2(—1)"a, — 1 and making use of the identity (3), Q(z) is written as
a linear combination of four squares

Q(z) = i{[an@m+xs—$2)+(~1)”fv2]2+ynw§+gnw§+[an(2w4+zz—ws)+(—1)"ws]2}- 4

This expression is conveniently written as Q(z) = Q(z1,z3,z2) + Q(z4, T2, x3), by defining

1
Q(u1,usz,u3) = 5a- {lan(2u1 + ug —ug) + (—1)"u3]2 + gnug}
n

. . .. s _ d _
The center density v, of a Fibonacci ideal lattice is v, = m, where d(F) = 144, the

norm of the principal ideal z,Z[(12] is the field norm of z,
Ny(zn) = Ay = Ft — F2F2 4+ Fa = a2 — 3b2,

and, given (4), the squared minimum distance is

i = 0n = 2(F3 + F,5) — (1= (-1)") = 2a, — 14 (-1)™. (5)
Therefore,
_ e -(0-CD"P? e -(1-(D™P* & Lo _1_>
T 16 [3a2 — 9b2] 48 [2a2 + 2(-1)"an —1]  48-A, 8 an )’

where the asymptotic expression shows that the convergence is exponential as n goes to infinity.
Some initial terms are

1 4 25 196 5329 37249 9255025
VW= 1M T 39T 519~ 162377 T 13212 7% T 209532’ 7% T 2044236

Sequence A,. The sequence A, = Fr — F2F2 ,+ F& , = (F2+ F2,,)> —3F2F?_, satisfies
a fifth order linear recurrence

A'n,+5 = 5A'n.+4 + 15An+3 - 15A'n+2 - 5A~n,+1 + A,

with initial values Ag = 1, A; = 13, Ay = 73, A3z = 541, and A4 = 3601. In fact, the
equation

1
A, = 2—5—[6L§n+2 + 6Lapta(—1)"11 4+ 25]

1 |
= 6™+ 6(@ " + 6(-w?)™ ! + 6(—w 2" +27)
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shows that w*,@ %, —w?, —w 2, and 1 are the roots of

ga(z) = (2% — Lz + 1)(2° + Loz + 1)(z — 1) = £° — 5z* — 152° + 152% + 5z — 1,

which is a characteristic polynomial of a fifth order linear recurrence.
Sequence d,. The squared minimum distance dZ,(n) = &, = 2a, — (1 — (—1)") satisfies a
fourth order recurrence

Onta = 30p43 — 30p41 + 0n,

with initial values §p = 2,41 = 8,62 = 20, and 63 = 56. In fact, the equation

6 3
(Sn == —L2n+2 - g(-—l)n -1=

E [6(w2)n+1 + 6(5 2)n+1 _ 3(_1)n _ 5]

U =

shows that w?,@ 2, —1, and 1 are the roots of
gs(z) = (> — Loz + 1)z + 1)(z — 1) = (x> -3z + 1)(z+ 1)(z — 1) = 2* — 32° + 3z — 1,
which is a characteristic polynomial of a fourth order linear recurrence.
3. THETA SERIES
In Chapter 4 of [5], Conway and Sloane describe basic techniques for theta series manip-
ulations. Their enlightening example of the hexagonal lattice [5, p. 110] helps us to study Ao.
This lattice has the following theta series

O, () = 1 +12¢% + 36¢* + 12¢° + 84¢® + 72¢"° + 36¢" + ...

which is obtained using the quadratic form with symmetric matrix

2 010
0 2 01
=11 9 2 0
01 0 2
A direct computation yields
2
O, (9) = Z D E q2(93§+1’§+$1$3+$§+1‘§+$214) — Z q2($f+$§+$1$3) — @iem(qz)_
€M z€Ao T1,53€7Z
Furthermore, it is known [5, p. 111] that
Oh.oa (@) = 02(2)02(32) + 05(2)65(32), (6)
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where 8;(z) = 6;(0|2),7 = 2, 3, are Jacobi theta functions with g = ™.

Theorem 1 For every n, the theta series of A,

@An (q) — Z q[ETU“lcn(UT)_Xz: — z qQ($1,$3,$2)+Q((B4,w2,1§3)

zE€Z* T1,22,%3,T4 €L

can be written in the following form

O, (g) = Boo(n,q)* + Bo1(n,q)* + 2011 (n, q) - ©10(n, q), (7)

where By, (n,q),72,75 € {0, 1} can be expressed in terms of Jacobi theta functions

01(612) = 026 — T12), Oa(€le) = Y elemriictimsmryy?

m=—00

(oo
(els) = 3 T and y(ele) = O3( + T2,

m=-—Cco

Proof: In Q(z1,z3,z2) and Q(z4, T2, T3), the expressions 2z1+x3—1x3 and 2z4—xz 3+ are
even numbers if x3 and z2 have the same parity, otherwise they are odd. Setting zo = 225 + 79
and x5 = 223 + 13, where ro,73 € {0,1} and 23, z3 € Z, we have

1
Q(z1,3,22) = 5{;—[(%(2[.@1 + 23 — 23] + 73) + 220 + 12) + gn (222 + 72)?]
n

1
Q(.Z'4, T2, -'1;3) = éﬁaf‘[(an(Q[w;l + 29 — Zg] + 7‘2) + 223 + 1"3)2 + gn(223 + 7‘3)2].
n

The transformation my = 14 23 — 22, M2 = 23, M3 = 23, and M4 = T4+ 22 — 23 is unimodular,
thus for r3 and 7 fixed in

1 . .
Q(-Tlax37 552) = ﬂ{(an<2ml + 73 — 7'2) + 2ms9 + 7’2)2 + gg(ﬁmg —+ 7"2)2]
20

1 T A 3 ¢
Q(z4, T2, 73) = T [(an(2my + 12 — 73) + 2mg + 73)° + gn(2m3 + 13)?],
K13
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the four variables m1, mg, ms, m4 range independently over Z. Therefore (7) is obtained defin-
ing

rara (10,0) = Z gTew [(0n@matrs—ra)+2matra)®hn 2matra)®] L L g 4
3 i
mi,ma €L
Now, setting mg = apm +r and £ = m; +m, with r € {0,1,...,a, — 1}, we obtain
an—1
67‘37“2 (’I’b, q) - Z Z q2an [(@n (28473 —12)+27+72)% 49 (28, m+27+12) %] 79,73 = 0,1
7 =
r=0 mi,L€Z

The infinite sums

_ 2
'Z: qzan [(an (284+r3—T2)+2r+73)° +gn (2anm+2r+72)7] ro,r3=0,1, 7r=0,...,a, — 1

my,L€7

are actually products of Jacobi theta functions. This will be proved considering the exponent
of g as a sum of three terms

By = 2a,02 4 2(anrs + 2r +1r2)f

Ey = 2an,9n,m? + 29, (2r 4+ 12)m

[£7%) 1"3

By = 5

+ (an + (=1)™")(2r +72)® + r3(2r +72).

Assuming g = ¢"*, from [5, p. 103] we have

oo 00
omB+Am? _ 2rimBz+nizAm? _ — (s -1/2 ?2 KE__}_
m;wq m m° _ m;we mimBz+wizAm® _ 93(7!'32!.42) — ( ZAZ) e“‘?‘igs < a1 i)

Therefore, two forms for ©,,.,(n,q) are possible, based on either of the two forms occurring
in Poisson-Jacobi identity, that is,

an—1
= anr3+2r+r2 -1 2r+ry, —1 >
é
Zan G2 E 93( an IQanz) 3 (W 2a, |2angnz

and

an~—1
3 01 (r2(anrst 2r-+72)|202)0s (10 (2r-+r3) Zangaz) e FHonH (I Grtra) 4ra(arar), g

7=0
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For example, taking n = 0,1 mod 3 we get four fairly symmetric expressions for ©;;(n,q)
in terms of Jacobi theta functions. With the restriction on n,a, is odd, therefore —(2r +
1)[(arn —1)/2] runs over a full remainder set along with 7. Thus, using the properties 04(¢|z) =
03(€ + %|z) and 03(& + w|z) = 03(¢|z) [12], we obtain

an—1
n T -1
fs | m— O3 | m—
Ooo(n,q) = anSGnz ; 8 (“ |2anz) ? ( an]2angnZ>
-1 % r, -1 (1, -1
©01(n,q) 2an/Gnz 4 (71' nlganz) 4(7"anl20n9nz>
_1 an—1 r -1 r -1
@10(”,9) 20'71. On? ; 4 (ﬂ'a,n|2anz) 3 (ﬂ—an 2ang’n.z>
1 an—1 r o —1 r -1
O11(n,q) = % 03 (W_I ) s (ﬂ-‘ )
An+\/9n? r=0 an 2an2 O 2angnZ

4. CONCLUDING REMARKS

We conclude with an example and a few remarks on open problems related to the con-
struction of n-dimensional lattices with maximum center density.

Fibonacci ideal lattices have been used to design good signal constellations for sending
information over communication channels [6]. The goal is to choose a constellation of M
points in a space of dimension n with maximum normalized minimum squared distance k =

2
%’3 log, M, where E,, is the average squared norm of the points of the constellation, and
dfmn is the minimum squared distance between points of the constellation. For example, the

ideal (2 — 5¢12)Z[(12] may be used to construct a constellation of 37 points. A basis for A, the
lattice generated by Z[(2), is given by the rows of the following matrix:

SN'H (en]
[N

O “l&'—‘
Olm —
S

h—'w'&wlr—n [en]

286 [JUNE-JULY
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whereas a basis for the Fibonacci ideal lattice Az is obtained by left multiplying B by the
matrix associated to the ideal (2 — 5(;3)

2 -5 0 0
0 2 -5 0
0 0 2 -5
5 0 -5 2

The center densities of A and Az are v = 0.0833 and 3 = 0.1207 respectively.

The rational prime 37 splits in Z[(12] as 37 = p1papsps, where p; = (—1 + 2¢32 + 2¢5),
and the other primes p,,ps, and ps are obtained by conjugation, namely, substituting (i3
with (3, (75, and ({3 respectively. Thus, the set of 37 elements modulo p; is Z[(y2] is a field
isomorphic to Zgy the set of remainders modulo 37. The following table

{l xy xo 3 x| €| 21 390 T3 4| €| T To T3 I4
o 60 o 0o o061y 1 0 0 0] 2]-2 -1 1 1
3|-1 -1 1 1|4, 0 0 -1 -1]5] 1 0 -1 -1
6/ 6 0 0 1y7;-1 -1 0 08 0 -1 0 O
9({-1 -1 1 2f10f 0 0 -1 Oj11{ 1 O -1 O

20 -1 -1 -1}j83}j-1 -1 0 1|14 0 -1 0 1
5 1 0 -2 —-1}j16y 1 2 O —-1|17|-1 -1 -1 O
8}, 0 -1 -1 Q19| 0 1 1 020] 1 1 1 0
21j-1 -2 0 1122|-1 O 2 1]|23| 0 1

241 1 1 0 -1|25) 0 1 1 1(26(-1 0 1 O
271 0 0 1 o0}28] 1 1 -1 -2y29f 0 1 O O
30, 11 0 o0f31f 0 0 O -1(32|-1 0 1 1
33/ 0 0 1 1134 1 1 -1 -1¢3) 2 1 -1 ~1
J6(-1 0 0 O

identitifies the constellations where a point with coordinates (1, z2, z3, z4) in different bases,
namely, Bi = {1,C12(P5, () and Ba = {~1+ 2012 + 2(F5, —Ciz + 2¢F5 — 20T + 2¢,, -2 +
2y 4+ 2¢35, —2 — 2C12 + 2¢2 + (3.}, receives the same label £ = z; — 8z + (—8)%xy — 8373 =
z1 + 2929 + 27x5 + 6z3 mod 37. The maximum normalized minimum squared distances of
constellations with 37 points in A and A3 are x = 3.21 and w3 = 3.98 respectively.

In dimension four, we have seen that an ideal lattice with maximum center density exisis
along with a class of ideal lattices achieving the same maximal density asymptotically. For a
given m-dimensional space, it would be interesting to ascertain whether the maximum center
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density is achievable finitely or asymptotically. The theta series ©4,(q) of a Fibonacci ideal
lattice can be expressed by means of Jacobi theta functions. It is also of interest to know
whether ©,_(g) can be expressed in terms of a finite initial set of theta series Gp,,...,0a,.
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