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should inform the Problem Editor of the history of the problem. A problem should not be 
submitted elsewhere while it is under consideration for publication in this Journal Solvers are 
asked to include references rather than quoting uwell-known results". 

B A S I C F O R M U L A S 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 

Fn+2 — Fn+l + En, FQ = 0, F\ = 1; 

En+2 — in+1 + Ln, LQ = 2, Li = 1. 

Also, a = (1 + \ /5) /2, p = (1 - V5)/2, Fn = (an - / 3 n ) / ^ 3 and Ln = an + @n. 

P R O B L E M S P R O P O S E D I N T H I S I S S U E 

B-961 P r o p o s e d by Steve Edwards , S o u t h e r n Po ly technic S t a t e Universi ty , 
M a r i e t t a , G A 

Show that ^£±r + ^g- is a constant for all nonnegative integers n. 
B-962 P r o p o s e d by Steve Edwards , S o u t h e r n Po ly techn ic S t a t e Universi ty , 

M a r i e t t a , G A 
Find 

T T ff2fcffi>fc+2 + i?2fe-li72fc+2 

B-983 P r o p o s e d by Ovidiu Furdu i , W e s t e r n Michigan Universi ty , Ka lamazoo , 
M I 
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Prove that 

?2n + l ~ 1 > 1 
^2n+4 — 3.Fn+2 — Ln+2 + 3 ft 

for all rc > 1. 
B-964 P r o p o s e d by Stanley Rabinowi tz , M a t h P r o , Westford , M A 

Find a recurrence relation for rn = f̂ -. 

B-985 P r o p o s e d by Jose Luis Diaz -Bar re ro a n d J u a n Jose Egozcue, Univers i ta t 
Pol i tecn ica de Ca ta lunya , Barcelona , Spain 

Let n be a positive integer. Prove that 

Fn!(4Fn + 1)! 
( 2F n ) ! (F n _ 1 +F n + 1 ) ! (2F n + 1 ) ! 

is an integer. 

S O L U T I O N S 

W h e n Do t h e y Converge? 

B-948 P r o p o s e d by Mar io Cata lan! , Univers i ty of Tor ino, Tor ino, I t a ly 
(Vol. 40, no . 5, November 2002) 

Find the smallest positive integer k such that the following series converge and find the 
value of the sums: 

t = l t = l 

Solut ion by Toufik M a n s o u r , Cha lmers Univers i ty of Technology, Sweden* 
1. Using Lemma 3.2 in [1], we get 

G(x) - J2 Fn^nXn = x2 — 3x + 1' 
n>0 

It follows that 

d (^ d ^f^\ __ x(x4 + 3x3 - 6x2 + 3x + 1) 
\3 

^ d ( d \ x(x4 + 3 x 3 - 6 x 2 + : 

n>0 \ / v / 
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Hence, the sum J2n>on2^n^JnXn c o n v e r g e if a n ( i o n ty if \x\ < f (3 — \/5), which means k > 

| ( 3 + A/5)- Therefore, the smallest positive integer k such that (1) converges is k = 3. In this 
case the sum (1) equals 354. 

2. Using Corollary 3.5 in [1], we get 

H(x\ - y * F2 n = S ( l - S ) 

It follows that 

r-3 I -.4 I / (_2 
r 2 n _ 9 P M _ ( 1 - 2 S - 2 S 3 + S 4 + 43;2):C 

n>0 

Hence, the sum X^n>o ^ n ^ ™ converges when \x\ < | ( 3 — >/5), which means fc > | ( 3 + >/5)-
Thererore, the smallest positive integer k such that (2) converges is k = 3. In this case, the 
sum (2) equals —-. • 
P.S. It is easy to prove by induction that the sums X^>i imF%LiX% and Yl%>\ imFfx% converge 

for all x such that \x\ < | ( 3 — y/E) (maximum domain), for all m > 1. 

REFERENCES 
[1] P. Haukkanen. "A Note on Horadam's Sequence." The Fibonacci Quarterly 40A (20002): 

358-361. 

Also solved by P a u l B r u c k m a n , Char les Cook, K e n n e t h D a v e n p o r t , L.G. Dresel, 
Ovidiu Purd iu , W a l t h e r J a n o u s , Har r i s Kwang , Dav id M a n e s , J a m e s Sellers, a n d 
t h e proposer . 

In tegra l a n d Nonsqua re ! 

B-947 P r o p o s e d by S tan ley Rabinowi tz , M a t h P r o P re s s , West ford , M A 
(Vol. 40, no . 5, November 2002) 

(a) Find a nonsquare polynomial f(x, y, z) with integer coefficients such that f(Fn, F n + i , Fn+2) 
is a perfect square for all n. 

(b) Find a nonsquare polynomial g(x,y) with integer coefficients such that g(Fn,Fn+i) is a 
perfect square for all n. 

Solut ion by Pau l B r u c k m a n , Berkeley, C A a n d W a l t h e r J a n o u s , Ursu l inengymna-
sium, Innsbruck , A u s t r i a ( separa te ly) . 

We begin with the well-known "Wronskian" identity: 

F n + 1 F B _ i - {Fnf = ( - 1 ) " (1) 

Two alternative forms of this identity are the following: 

( F n + 1 ) 2 - Fn+1Fn - (Fn)2 = ( - 1 ) " (2) 
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(Fn+t)2 - Fn+2Fn = (-l)n (3) 

This suggests the following solution for Part (a): 

f(x, y, z) = (y2 - xz)(y2 - xy - x2) = y4 - xy3 - x2y2 - xy2z + x2yz + x3z (4) 

We see from (2) and (3) that with this / , we have: f(Fn,Fn+i,Fn+2) = 1? which is certainly 
a perfect square for all n. 

Also, using (2), we may take the following solution for Part (b): 

# 0 , y) = (y2 -xy-x2 -{- l)(y2 - xy - x2 - 1) = y4 - 2xy3 - x2y2 + 2x3y + x4 - 1 (5) 

It is easily checked that g(Fn, JPW+I) — 0 f° r all n, which is again a perfect square. 
Also solved by P e t e r Anderson , Michel Ballieu, LeG« Dresel , Ovid iu Furdu i (par t 
(a)) , Dav id M a n e s , a n d t h e p roposer . 

A Series Inequal i ty 

B-948 P r o p o s e d by Jose Luis Diaz -Bar re ro a n d J u a n Jose Egozcue, Univers i ta t 
Pol i tecn ica de Ca ta lunya , Barcelona , Spain 
(Vol. 40, no . 5, November 2002) 

Let £ be a positive integer greater than or equal to 2. Show that, for x > 0, 

logF£+lFi+2...Fe+nxn2 < J ] l o g F 4 X. l+k 
fc=l 

R e m a r k . The condition on x should be x > 1. For example, the inequality fails when 
n = t — 2 (try, for instance, x — 1/6). The proof below shows why we need x > 1. 

Solut ion by Har r i s Kwong, S U N Y College a t Fredonia , Fredonia , N Y . 
It follows from Cauchy-Schwarz inequality that 

'^-(t^^-^kr^-it'^Mt^. 
\k=l 

For x > 1, we have Inx > 0. Hence 

n2 In x ^ In x 
In Fi+1Fi+2 • •• Fi+n ^ In Fi+k 

which completes the proof, because In xj In a = logax for any a > 0. 

2003] 377 



ELEMENTARY PROBLEMS AND SOLUTIONS 

Also solved by P a u l B r u c k m a n , Mar io Cata lan! , L.G. Dresel , Ovidh i Furdu i , 
W a l t h e r J a n o u s , H. -J . SeifFert, a n d t h e p roposer , 

Couples Congruence 

B-949 P r o p o s e d by N . Gau th i e r , Royal Mi l i t a ry College of C a n a d a 
(Vol. 40, no . 5, November 2002) 

For I and n positive integers, find closed form expressions for the following sums, 

Sl=22^n kFl*.2l a n d 2̂ = /2^n kLlk-(2l+l)-
k=l k=l 

Solut ion by Mar io Cata l in i , Univers i ty of Tor ino, Tor ino, I t a ly 
We will use the following identities: 

5F* = F3n-3(-l)nFn, (1) 

L3
n = L3n + 3 ( - l ) " L n . (2) 

71 

E on — k Z7>3 on — ljp3 _i_ on- 2 ZT»3 , on - 3 TTI3 I I op3 • jp3 
6 r 3 k - 2 l ~ 6 *3>2l^~6 ^32-2l^~6 ^33-2|H r dTgn-i^j +-*V-2l" 

k=l 

Using identity (1) and the fact that the subscript is always an even number we get 

bS1 = 2>n-l[Fv.2l - 3F3.2l] + 3n~2[F33.2l - 3F32.2l] + 3n-3[F34.2, - 3F3s.2l] 
+ h 3 [ F 3 n . 2 j — 3F3n-1.2l] + [F3n+l.2l ~ 3 F 3 n . 2 / ] . 

Because of a telescopic effect we obtain simply 

55i = — 3nF3.2i + F^n+i.21-

For the second summation we have 

n 

E nn-kj-3 _qn-lr3 , on-2r3 j _ o n - 3 r 3 , 

* lj3k-(2l+l) — * iy3-(2«+l) + 6 ^32.(2i+l) + 6 L3S'{21+1) + • • • k=l 

+ 3i3n-i .(2 |+i) +i3».(2«+l)" 
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Using identity 2 and the fact that the subscript is always an odd number we get 

S2 = 3 n p32.(2Hi) ~~ 3£3-(2j+i)] + 3 n ~ 2 [L^.(2i+i) - 3L32.(2H-i)] 

+ 3 n ~ [ l r 3 4 . (2 i + l ) - 3Zr33.(2J+l)] + - • • 

+ 3 [Lsn.ty+l) — 3 i 3 n - i . ( 2 i + i ) J + [1^3^+1.(21-1-1) — 3L 3 n . ( 2 j+ i ) J • 

Because of a telescopic effect we obtain 

S2 ~ — 3nL3.(2j+i) + £3n+i.(2J+l)-

Also solved by P a u l Bruckman, H.-J. Seiffert, a n d t h e p roposer . 

P r i m e s • • • Again 

6-950 P r o p o s e d by P a u l S. B r u c k m a n , Berkeley, CA 
(Vol. 40, no . 5, November 2002) 

For all primes p > 2, prove that 

]C~r = ° (modp)> 

where ^ represents the residue fc-1(modp). 

H.J. Seiffert refers the reader to part (b) of problem H-545 in The Fibonacci Quarterly 
38.2 (2000): 187-188 and Kenneth B. Davenport quotes Corollary 4 of "Equivalent Conditions 
for Fibonacci and Lucas Pseudoprimes which Contain a Square Factor," Pi Mu Epsilon Journal 
10.8 Spring 1988, 634-642. 

Also solved by L.G. Dresel a n d t h e proposer . 
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