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1. I N T R O D U C T I O N 

For convenience, in this paper we adopt the notations and symbols in [3] or [4]: 
Let the sequence {wn} be defined by the recurrence relation 

wn+k = a iwn + f c_i H h ak-iwn+i + akwn, (1.1) 

and the initial conditions 

W0 = Co, Ml = C i , . . . , U / f c _ i = Cfc-i, (1 .2) 

where a i , . . . ,ak, and Co, . . . ,c^- i are complex constants. Then we call {wn} a kth- o rde r 
Fibonacci -Lucas sequence or simply an F-L sequence, call every wn an F-L number , 
and call 

f(x) — xk — a\xk~l — . . . — ak-\x — ak (1.3) 

the charac te r i s t i c po lynomia l of {wn}. A number a satisfying f(a) = 0 is called a char-
ac ter i s t ic root of {wn}. In this paper we always assume that ak / 0, hence we may consider 
{wn} as {w^ll^. The set of F-L sequences satisfying (1.1) is denoted by Q ( a i , . . . ,ak) and 
also by Q(f(x)). Let x\,.. .,xk be the roots of f(x) defined by (1.3), and let 

vn = x? + xl + • • • + xl(n E Z). (1.4) 

Then, obviously, {vn} E fi(ai,... ,ak). Since for k — 2 and a\ — a>2 = l,{^n} is just the 
classical Lucas sequence { I n } , we call {vn} for any fc the kth-order Lucas sequence in 
Q(a\,..., ak). In [1] and [2] Howard proved the following theorem: 
T h e o r e m 1.1: Let {wn} E fl(ai,... ,a&). Then for m > 1 and a// integers n, 

k 

W{k-l)m+n = / ^ ( - ^ " ^ m j m ^ f c - j - l j m + n -

T/ie numbers cmjm are defined by 

ra-l fe 
XI [1 - o i ( ^ x ) - a 2 ( ^ x ) 2 afc(^x)fc] = 1 + ^ ( - l ) ^ , , - ^ ' " 1 , 
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where 6 is a primitive mth root of unity. 
Yet in [2] he proved the following result: 

T h e o r e m 1.2: Let {wn} E 0(r , s, t). Then for m , n 6 Z , 

% + 2 m = JmWn+m ~ tmJ-mWn + tmWn-m' (1-5) 

Here {J n } £ 0(r , 5, t) satisfies JQ = 3, J\ — r, J2 = r2 + 2s. 
It is easy to see that {Jn} is just the third-order Lucas sequence in 0(r , s,t). Thus we 

observe that the identity (1.5) involves only the numbers from an arbitrary third-order F-L 
sequence and from the third-order Lucas sequence in Q(r, s, t). This suggests the main purpose 
of the present paper: we shall prove a general fct/l-order F-L identity which involves only the 
numbers from an arbitrary fct/l-order F-L sequence and from the fct/l-order Lucas sequence in 
f i ( a i , . . . , aic). As an application of the identity we represent cmjm in Theorem 1.1 by the kth-
order Lucas numbers. Then to make the identity simpler we give the identity an alternative 
form in which the negative subscripts for the kth-oidei Lucas sequence are introduced. As a 
corollary of the identity we generalize the result of Theorem 1.2 from the case k = 3 to the 
case of any k. In our proofs we do not need to consider whether the characteristic roots of 
the F-L sequence are distinct. Also, we can use our results to construct identities for given fe, 
and the computations are relatively simple. We first give some preliminaries in Section 2, and 
then in Section 3 we give the main results and their proofs. Some examples are also given in 
Section 3. 

2. P R E L I M I N A R I E S 

L e m m a 2.1: Let {vn} be the kth-order Lucas sequence in fi(ai,..., a&). Denote the generating 
function of {vn} by 

00 

V{x) = ^vnxn. (2.1) 
n=0 

Then 

\ri \ - fc ~ (fc ~ l)aix ~ (k ~ 2)a2£2 2afc-2xfc~2 - ak^ixk"1 

1 — a±X — tt2Xz — . . . — QkXK 

Proof: Let x i , . . . , Xk be the roots of the characteristic polynomial f(x), denoted by (1.3), 
of sequence {vn}. Denote 

f*(x) — 1 — a\x — a2%2 Q>kXk-

Clearly, 
f*(x) = xkf{x-x) = (1 - aria;)... (1 - xkx). 

Whence 
In f*(x) = ln(l - xxx) + • • • + ln(l - xkx). 
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Differentiating the both sides of the last expression we obtain 

Prom (2.1) it follows that 

V(x) = v0 

Thus the proof is finished. 
Prom (2.1) and (2.2) it follows that 

(1 — a\x — d2x2 — - - - — akxk) J J vnxn 

n=0 

= k- (k- l)aix ~(k- 2)a2x2 2dk-2xk~2 - dk-ix1"'1. 

Comparing the coefficients of x% in the both sides of the last expression for i = 1 , . . . , k we get 
the well-known Newton's formula: 
Corol la ry 2.2: (Newton ' s formula) Let {vn} be the kth-order Lucas sequence in 
fi(ai,.. ., ,ak)- Then 

diVi-i + d2Vi-2 H h a»-it;i + iai = Vi (i = 1 , . . . , k). 

L e m m a 2.3: [4] Let {wn} E fi(ai,... 3a&) = Q(f(x)), and x i , . . . ,xk be the roots of f(x). For 
rn E Z + , let 

fm(x) = ( i - ^ ) . . . ( x - x%) = xh- b1xk~1 - . . . - bk-Xx - bk. (2.3) 

Then {wmn+r}n E 0 ( / m ( x ) ) . 27WJ£ is, 

Wm{n+k)+r — M m ( n + f c - l ) + r + ' " 8 + 6 f c - l ^ m ( n + l ) + r + bkWmn+r. 

-Xi 

+ ••• + 
~Zk 

xkx 1 — XiX 

oo 

- Ew+1 + • • •+*r V = - E v-+ixn. 
n = 0 n = 0 

/* (a?) _ , ar(ai + 2a2# + • 
' X * „ , ,—— — f£ ~T~ 

+ fcafcxfc *) 
/ • (*) a ix — &2# a&x* 

D 
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3. T H E M A I N R E S U L T S A N D P R O O F S 

T h e o r e m 3.1: Let {wn} be any sequence in 0(a i , . . . ,afc) = fl(f(x)), and let {vn} he the 
kth-order Lucas sequence in Q(f(x)). Let xi,... ,Xk he the roots of f(x) and fm(x) he defined 
by (2.3) for m E Z+. Then for nEZ, 

Wm(n+k)+r = hwm(n+k-l)+r H H ^ - l ^ m ( n + l ) + r + bkWmn+r, (3 .1) 

and b\,.. .,bk can be obtained by solving the trianglular system of linear equations 

M m ( z - l ) + hvm(i-2) H f- bi-lVm + * i = Vmi ( i = 1, . . - , fe). (3 .2) 

In other words, for i — 1 , . . . , fc; 

6» = 6 i ( m ) = 77 
z! 

1 

^3m V2n 

V(i-2)m V(i-3)m V(^_ 4 ) m . . . l / m 

V(*-l)m V(i_2)m V(t-3)m ••• v2m 

V2m 

V4m 

% - 1 V(i-i)m 

Vm Vim 

(3.3) 

Proof: In fi(/ro(x)) the fct/l-order .Lucas sequence is 

K = CT + - + ( i? r=U«eZ) . 
Thus (3.1) and (3.2) follow from Lemma 2.3 and Corollary 2.2. We use Cramer's Rule on (3.2) 
to obtain (3.3) • 
R e m a r k : In (3.1) taking n = —1 and then taking r = n we get cmjm = bj(m). Then cmjm 

can be represented by the fct/l-order Lucas numbers and it is more easy to caluclate cmjm's. 
For example, by using (3.2) or (3.3) we can obtain: 
For k = 3, 

For k 

% + 2 m = VmWn+m + (^2m ~ ^ m ) / 2 ' wn + ( 2 ^3m ~ 3?/m?;2m + ^ m ) / 6 

^n+3m = % ^ n + 2 m + (^2m ~ * 4 ) / 2 ' wn+m + ( 2 ^3m ~ %VmV2m + ^ m ) / 6 ' ^ n + 

(6v 4 m - $VmV3m ~ 3v%m + 6 t / ^ l / 2 m - * 4 ) / 2 4 • W n - m ; 

For fe = 5, 

(6v4m - Svmv3m ~ 3t/fm + 6t4t / 2 m - vm)/2A • n/n+ 
(24^5m - 30vmV4m ~ 20v2mv3m + 20t4t/3 m + 15vmt;|TO-
1 0 ^ 2 m + ^ ) / l 2 0 • Wn—m. 
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Theorem 3.2: Under the conditions of Theorem 3.1 we have 

bk-i{m) = ( - l ) ^ + 1 ^ m + 1 ) + 1 a ^ 6 , ( - m ) (t = 1 , . . . , fc - 1), 

and 
bk(m) = ( - l ) ^ 1 ) ^ 1 ) ^ . 

Therefore for odd k we have 

(3.4) 

(3.5) 

wm(n+k)+r =^l(m)wrn(n-\-k-l)+r + & 2 ( m ) w m ( n + f c - 2 ) + r H h 

6 ( i b _ l ) / 2 ( ^ ) w m ( n + ( f c + l ) / 2 ) + r - ^ f c l ( ^ ( f e - l ) / 2 ( - ^ ' ) ' ^ m ( n + ( i f c - l ) / 2 ) + r + 

h 6 2 ( - ^ ) w m ( n + 2 ) - j - r + &l(-m)tl /T O(n+i)+ r - W m n + r ) ? 

(3.6) 

and /or even fc we ftave 

Wm(n+k)+r = & l ( m ) w m ( n + f c - l ) + r + 6 2 ( ^ l ) w m ( n + & _ 2 ) H - r H K 

^ f c / 2 - l ( ^ ) ^ m ( n + f c / 2 + l ) + r + & & / 2 ( ^ V m ( n - f f c / 2 ) + r + 

( - ^ ) m ( f c & / 2 - l ( - ^ ) ^ m ( n + i b / 2 - l ) + r + 

h 6 2 ( - ^ ) ^ m ( n + 2 ) + r + & l ( - m ) w m ( n + l ) + r ~ ^ m n + r ) -

(3.7) 

Proof: Clearly, 

6, = 6 f c(m) = -(-l)kx? . . . * ? = ( - l ) * + i ( - ( - l ) * a f c ) " \ 

Whence (3.5) holds. Let 

/m(*) = ^ / m O O = (1 " X?X) . . . (1 " X ^ ) 
= 1 - bxx -b2x2 fefe-i^"1 - bkxk. 

Then the kth-oidei Lucas sequence in fi(/^(x)) is 

K = (xlm)n + ••• + ( * * T = «-mn(» e z). 
By Newton's formula we have? for i = 1 , . . . , k — 1, 

^ f c - l ^ - m ( i - l ) + 6 fc -2V_ m ( t -2 ) + r &Jfe-(i-l)t/-m + * * - » = -^k^-mii 

where 6* = &i(ra). It follows from Cramer's Rule that 

6fc_; = bk-i(rn) = 
-bk(rn) 

1 
V - m 
^ - 2 m 

V-3m 

V-rn 

V-2m 

V-{i~2)m ^ - ( i - 3 ) m v-(i~4)m 
V _ ( j _ l ) m V_(<_2)m V-(»-3)m 

V-2m 
V-3m 

V—2m V—m V—im 

(3-8) 
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Noticing (3.5) and comparing (3.8) with (3.3) we see that (3.4) holds. This completes the 
proof. D 
Corol lary 3.3: Let {wn} he any sequence in fi(ai,...,afc} = £l(f(x)), and let {vn} he the 
kth-order Lucas sequence in ft(f(x)). Assume that n,m E Z and m / 0. Then, for odd k we 
have 

w, n+m(Jb_1) =hi{m)wn+m(k-2) + l>2(m)wn+m(k„3) H h 
fyfc-l)/2(ra)wn+m(fc_i)/2 - afc l (6(fc-l) /2(-^)^n+m(fc-3)/2+ (3-9) 

h h2{-m)wn+m + bi{-m)wn - wn-m), 

and for even k we have 

^;n+m(&_i) =&i(ra)wn+m(fc_2) + 62(ra)wn+m(fc_3) H h 
bk/2-l(™)Wn+mk/2 + ^fc/2(^)^n+m(fc/2-l) + 

{-ak)m(bk/2-i(-m)wn+m{k/2-2)+ 
h h2{-m)wn+m + h1(-m)wn - wn-m)-

(3.10) 

Proof: For m > 0 the conclusion is shown by taking n = — 1 and then taking r = n in 
Theorem 3.2. Now, assume that m < 0. Then, — m > 0, and, by the proved result, for odd k 
we have 

wn-m(Jb-i) =hi{-m)wn_m{k_2) + M-ra)t£/n_m(fc_3) + h 

fc(Jfc-l)/2(-w)tt/n-TO(fc-l)/2 - ak m ( & (fc~l) /2(^)^n-m(fc-3) /2+ 
h b2(m)wn-m + 6i(m)wn - wn+m), 

(3.11) 

and for even & we have 

wn_m(fc_i) =M-ra )w n _ m ( A ._ 2 ) + h(-m)wn„m(k_3) + • • • + 
h/2-i(-m)wn_mk/2 + 6Jb/2(-m)w;n_m(ib/2-i)+ 

( - a f c ) ~ m ( ^ / 2 - l M ^ n - m ( f c / 2 - 2 ) + 
h 62(m)wn-m + hi(m)wn - u / n + m ) . 

(3.12) 

Multiplying both sides of (3.11) by a7^ and replacing n by n + ra(& - 2) we can get (3.9). 
Multiplying both sides of (3.12) by (—ak)m and replacing n by n-\-m(k — 2) we can get (3.10). 
Thus the proof is finished. D 
R e m a r k : Corollary 3.3 is a generalization of Theorem 1.2 (for k = 3). By using the corollary 
we can easily give the following examples: 
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For k = 4, 

^n+3m = VmWn+2m + (^2m ~ * 4 ) / 2 • W n + m + ( - a 4 ) m ( ? / - m ? % - t l / n _ m ) ; 

For A; = 5, 

a^((t;_-2m ~ vim)/2 • wn+m + v-mwn - wn„m)] 

For jfe = 6, 

Wn+5m =VmWn+4m + (^2m ~ * 4 j / 2 ' wn+3m + (2t>3m ~ 3vmV2m + ^ m ) / 6 ' % + 2 m + 

( - « 6 ) m ( ( ^ - 2 m - V-m)/2 ' ™n+m + ^ - m ^ n - W n -m)-
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