
ON SUMMATION FORMULAS AND IDENTITIES FOR FIBONACCI NUMBERS 

DAVID ZEITLIN, University of Minnesota, Minneapolis, Minnesota 

1. REMARKS ON THE PAPER OF BROTHER U0 ALFRED 

Alfred [ l ] has shown that 

n - i m 

<L1> E^k+r =!^™\.™r+L^m) + C* ' 
k=o i=o 

where Ct is a constant independent of n and Ag(n) = g(n + 1) - g(n), with 
A1g(n) = AfA^gCn)). The following result yields (1.1) as a special case: 

Theorem 1. Let Hn+2 = Hn + I + Hn, n = 0 , l , ° ° ° s with H0 = p and 
Hj = «r. Then for n = l , 2 , - -« , we have 

n - i m 

<"> E ^ r = Hn,rZ 
k=o s=o 

m 

(?) E^^^m-s 

*• Hn+r+i 22 
s=o 

i=o 

J^MJ^-MFji+iGin-s 
1=0 

n + Co 

( r , m = 0, ! , • • • • ) , 

where 

m 
(1.3) C2 - -Hr^(- l) i ( i I )F2 iG1

m - Hr+15]M)1(i!)F2i+1G1
m 

1=0 1-0 

( r , m = 0, ! ,•••)» 

and G (see [2]) are Stirling numbers of the second kind with the properties 
that Gj •= 0 if i ^ 0, G\ = 1, i = 0 5 1 5

0 8 0 * &\ = 0 if i £ 0, and G^= 0 
if i > s. 

1 
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Proof of Theorem 10 We assert that 

n-4 m 
{1A) S ^ k + r ^ ( " l ) W r t ^ m ) + C2 , 

k=o i=o 

We note that if Agfa.) = Ah(n)9 then g(n) = hfa) + C2o Thus9 using the A oper-
ator on both sides of (1.4), we obtain 

m 
A, , -xm 

1=0 

(1.5) n m H n + r = ^ ^ ^ ^ i + n + r t A ^ n + I)1 

HI 

- / ^(-l)1H2i+n+r+i^1(ninX 
1=0 

Since fa + l ) m - n m = A(am), wehave A*fa + l ) m = A 1 ^ ) + Ai+1(nm)o Thus, 
since Hn+2 ~ Hn+i + Hn» do 5) simplifies to 

m 
(1.6) n m H n + r = ^ ( - l ) % 2 J + n + r + 2 A j + 1 ( i i m ) 

3=0 
m 

'i=o 

Let j + 1 = i in the first sum of (106)0 Since A (a ) = 0, the right-hand 
side sums cancels except the term for i = 09 which yields n m H „ 

We proceed now to simplify (1.4). Since [2, p. 9] 

(1.7) A^fa) = ( - D ^ t - l ^ f 1 Jg(D + k) (i - 0,1, — ) , 
k=o x ' 

we have for gfa) = n" 
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(1.8) 
i 

m A V ) = { - l j ^ t - i ^ m & i + k) 
k=o 
i m 

= <-»'£<-»" (0£(") k "~ v 
k=o s=o 

m i 
H1~S Z(T)»s<-»T(-»k(Ot: 

s=o 
HI 

# LmmJ 

since [2, p* 169, (3)] 

s=o k=o 
m 

S=G 

(1.9) ( - l ) 1 ^ =X)( -D k (k)k : 

k=o 

m (i = 0 , l , - , m ) 

Buschman [3, p. 6, (12)] showed that 

and thus from (1.10), with s = 2i and p = n + r + l? we obtain 

(loll) H2i+n+r+i = F2iHn+r + F2i+iHn+r+i . 

Using (1.11), we obtain from (1.4) 

n-i m 

(ia2) £ > % „ = \+x{-i)iF*A%m) 
k=o i=o 

Hn+r+iE(-1 ) i F2i+iA i ( n m ) + °2 

i=o 
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If we substitute for A1^111) in (1.12) by (1.8), we obtain, upon interchanging 
summations, (1.2), Add n H . to both sides of (1.2). Then, for n = 0, 

n+r 
all terms in the sums are 0 except for s = 0, and so we obtain C2 as given 
by (1.3). 

If p = 0 and q = 1, then H = F , and C2 (1.3) yields Ct in (1.1). 
For calculation purposes, (1.2) is more suitable than (1.1), since Stirling num-
bers are tabulated. Moreover, (1.2) and (1.3) are in the simplest form possible* Using the properties of F and G , we note that the coefficient of H , in & r *- n n? n + r 

(1.2) i s a polynomial in n of degree m - 1, while the coefficient of H 
is a polynomial in n of degree m. 

The following result is a generalization of Theorem Is 
Theorem 2. Let 

n+r+i 

m 
P(x) = V^a.x^ , 

3=° 

a £ 0 
m ' 

where a., j = 0, ! , • • • , m , are constants. Then for n = 1,2,°°°, we have 

n-i m 
(1.13) X > ( k ) H k + r = \+rJjJj-1)1(Xl)F4 Z a j ( s H -

k=o s=o i=o I i=s+i 

m m 

s=o 
•w^|2>*««)'-«!E'j(iH-

j=s+i 
1=0 

nS + C3 

where 
( r ,m = 0 ,1 , •• •) , 

m m 
(1.14) C3 = 

- H r Z < - 1 ) i ( i : ) H Z a 3 G j ! 
1=0 3=1 

H r + i Z ( - 1 ) i ( i ! ) F 2 i + 1 E a J G S i=o (j=i 
( r ,m = 0, ! , • • • ) 
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Comments., If a. = 0, j = 0,1,° • • , m - 1, and a = 1, then (1.13) 
and (1.14) reduce to (1.2) and (1.3), respectively,. A special case of (1,13) 
occurs when 

m 
P(k) = k ( m ) = k(k - 1)««* (k - m + 1) = Y V kj , 

/ J m 

where (see [2, p. 142]) S-1 are Stirling numbers of the first kind. Then, since 
, (m) , / k \ , 0 m 

k = m! I I , we have 

-i 

^ k ( m ) H k + r = HI! ] T P\ H k + r <n = in + 1, m + 2 , ; - . ) 
n-i n-l 

k=o k=m 

Moreover, since a. = S** , j = 0 , l , O 8 o , m , we have j m J 

m m 
V a . G S f s ^ = / ° .)=\l if

f ! = m l 
JL*J 3 3 £—d m 3 \ m - x / L° if i f m j 

(see [2, p. 182, (1)]). Using (1.10), we obtain from (1.14) 

(1.15) C3 - (~l)m+1(m!) (F 2 m H r + F 2 m + 1 H r + 1 ) = (-l)m + 1(m! ) H 2 m + r + 1 . 

It should be noted that C3 in (1.14) was obtained from (1.13) for n = 0. For 
P(k) = k , the same value of C3 (1.15) is also obtained from (1.13) for 
n = 0, l , - - « , m - 1 (m > 1). Let P(k) = k ' m ' in (1.13), where a. = S3 , and 
let (1.13) be written as follows: 

«.16, f V » > H k + r - • > < » % „ 
k=o 

- Li(m,n)H ^ + L2(m,n)H ^ ^ ~ (-l)m(m!)H _,_ ^ n+r . n+r+i 2m+r+i 
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We obtain f rom (1.16) 

[Feb. 

(1.17) vUl/ (-1) Cm!)H2m+r+i = L;i(m,n)Hn+r + L 2 ( m 9 n ) H n + r + 1 

(n = 0 , l , * « - , m ~ 1). 

F r o m (1.10) with p = n + r + 1 and s = 2m - n5 we obtain 

(1.18) H2m+r+i ~ F 2m~n H n+r + F 2m+i-nH n +r+i • 

If we subst i tute for H2:m-fr+i in (1.17) by (1.18) and then equate coefficients of 

H n + r and H n + r + i in ( I d 7), we obtain the following ident i t ies : 

(1.19) ( - l ) m ( m ! ) F 2 m „ n = ^ 

s=o 

m / m 

Z(-1)I(L')r« E ( J B ) Si°M 
i=o (j=s+i 

(n = 0, ! , • • • , m - 1; m = • 1 ,2 ,« - - ) , 

(1.20) ( - l ) m ( m ! ) F 2 m + 1 „ n = ^ 

s=o 

m 

£<-i>w2i+I £ P W Gji 
i=o j=s+i 

(n = 0 , l , a , - , m - l ; m = 1 ? 2 9 ° * ° ) . 

By repea ted addit ions, one obtains (interchanging summat ions in the final resul t ) 

m / m 
\ H 1 / (1.21) (-lrCm! )F2m+k_n = ^ T W t t )F2i+k ^ \ J ^ (J

s)SiGjls ^ 
i=o s=o lj=s+i ' 

(k = 0 , 1 , • • • ; n = 0 , 1 , • v , m - 1; m = 1, 2, • • • ) . ' 

Proof of Theorem 20 Noting that A P(n) = 0, we find, imita t ing the 
proof of Theo rem 1, that 
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m 

jLmd 
k=o 

P(k)H. k+r J ( -D^j+n+r+i ^P(n) + C3 

1=0 

= H 
- " J L i l 

i=o 1=0 

Since .Hi. H i 

>(n) = X / j n 5 ' Aip(n) = y^^ 
3=0 j=o 

and using CL8), we have 

m m 
]TVD^aiAW) = ^ ( - D ^ i ^ a A1^) 
i=o i=o 3=0 

m m j 

-E -̂EvEOK"" 
1=0 j=0 S=0 

-E^>'-EE^(H.k 

m 

i ~ 0 

y 
s=o 

S=0 * }=S 

I JLmsJ 3 \ ^ / 3" 
i=o 1 i=s+i 

since 
m 3 ni m 

y^y^f(s9j) = X ^ i C f ^ ] ) a n d G j - s = ° i f .i - s < i . 
j=o s=o s=o j=s 

The value of C3 Is obtained from (1.13) for n = 0o 

2e REMARKS ON THE PAPER BY R, REICHMAN 

The operator A9 where Agfa) = g(n+ 1) - g(n), is referred to as the 
forward difference operator, while the operator V, where Vg(n) = g(n) -g{n- 1), 
is referred to as the backward difference operator,, Indeed* 

(2, J) V f̂a) = ]T\-1)S (X
s) g(a - s) = (- l ) i^(- l ) k ( i) g^'- i 

s=o k=o 
i + k ) . 
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If we compare (2,1) and (1.7), we note that 

(2.2) V*gCn) = A*g(n - i) (i - 0 ,1 , •• •) ; 

and if g(ja) •= n , we have 

(2.3) V%m) = A*(n - i ) m (i = 0 , l , - - - , m + l ) . 

Reichman [4] gave the following results: 

m 

(2.4) X^X = 2 ^ ( " 1 ) i ] F n + 2 + i V i ( n m ) + ° 4 ' 
k=o î o 

(2.5) ] T k m F 2 k = ^ ( - D ^ + M V ^ n 1 1 1 ) + C5 , 
k=o i=o 

(2o6) ^ k ^ z k - i = ^ W ^ ^ i V V 1 1 1 ) + C 
k=o i=o 

Rao [5] generalized (2.4) and gave 

m 
(2.7) S k m H k = X i (-^Hn-^+iV^n111) + cf . 

k=o i=o 

The following results contain (2.4), (2.5), (2.6) and (2.7) as special cases. 
The notation is consistent with Theorems 1 and 2. 

Theorem 3. For n = 0, ! , • • • ; r = 0, ±1, ±2, • • • ,• we have 
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J 

[Feb . 

vV - (. 
s=o 

Since 

m 

j=o 

we have 

ra m m j 

1=0 i=Q j=0 S=0 

m m m 

i=o s=o j=s 

2} c~ir 
s=o 

m / m 

£"_, Z <-«S (i) °i-
1=0 \ j = s + i 

a+i T Additional simplif icat ions a r e obtained by noting that F . = (-1) F . and 
F~(i.-.i) " ^ 1 ) 3 ' : F -» i 9 The value of C7 i s obtained from (2.8) for n = 0. 

Comments,, We note that (2*5) and (206) a r e spec ia l c a s e s of (208)* Suppose 

now 

P(k) = ( - k ) ( m ) = y ^ C - D ^ S ^ k J 

Since (~k)*m) = (~k)(~k-l> • • (~~k-m-fl) = (- . l)mk(k + 1)- • • (k + m - 1), we have 

^ ( - k ) ( m ) H 2 k + r = (~ l ) m (m! ) 

k=o 

_—^ / k + m - 1 
H 2 k + r 9 
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m m 

(2.10) y w ^ G - =YsiGi = r; 5 i zm] 
L-J 3 3 Z ^ m j [0 if I £ m j 

Thus, from (2.9), with a0 = 0 and a. = (-1)JS J , j = l / " , m 5 we obtain 
(using (1.10)) 

x H l (2.11) C7 = (-l)111(m:)(F H - F ,KT ) 
' m r m-i r+i m r m-i r+i 

= -Cmi)(F H + F H ' ) = -(ml)H , 
-m r i-m r+i r+i-m 

The following result, derived via forward differences, is an alternate 
form of Theorem 3, which was derived via backward differences. 

Theorem 4. For n = 0 ,1 , • • •; r = 0, ±1, ±2, • • • , we have 

(2.12) y^P(k)H2k+r 
k=o 

H< 

m 

2n+r / ^ 
s=o 

"m 

i i=i 
m 

H2n+r+l / J 

£ >=o 1 

E ( - i ) i ( i ! ) F i - 2 E a j ( J s ) G j -
J=S+1 

m ( m 

E(- l ) i f e ) rHlai(!)Gi-
i=o \ i=s+i j=s+i 

(m = 0 ,1 , • • •) , 

nS + C7 

where 

(2.13) C7 = H 
m 

a0 -X]("1) iw)Fi-2EaJGi 
i=i (j=i 

m 

- Hr+iX!"i)i(ii)Fi"iEa3G31 
1=0 J=i 

Comments. If we compare (2.8) with (2.12), we conclude that for arbi-
t rary a , j = 0, l , « ° ° , m , 
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i=o Ij=s+L ! 
m | m 1 

p-^wj £.,('.)< 
i=l *j=s+i 

. (s• = 0 , ! , • • * , m - 1) ; 

m / m 
(2.15) (-D^C-DWi-i E ^ S (i) G3-S 

i=o ' j=s+i ' 
(s = 0, !,-•••, m) . 

For a. = S_ ,̂ j = 0,1, • - • , m, (2.14) and (2.15) with s = 09 yield (noting (2.10)), 
respectively, 

(2.16) ( - l ^ ' V l )Fm„2 = ^ ( - D ^ ! )FiX]("1)JSmGj Xm = 1, 2f • • •) ; 
i=o j=i 

m m 
(2.17) ( - l )mem!)Fm_1 = ^ ( - l ) i ( i ! ) F i _ 1 ^ ( - l ) j S ^ i G J (m = 0 ,1 , • • •) . 

i=o j=i 

Addition of (2.16) and (2.17) gives 

m m 
(2.18) (-l)m(m! ) F m _ s = ^ ( - l ) i ( i ! ) F i + 1 ^ ( - l ) J S ^ G J (m = 1,2, — ) . 

i=o j=i 

Since L R = F n + 1 + F , addition of (2.17) and (2.18) gives 
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m HI 

(2.19) <-l)m(m2)Lm„2 = 2 ( - l ) i a ! ) L i ^ ( - l ) j S ^ G J (m = lf 2, • • •) . 
i=o j=i 

We note that (2.17) may be written as 

m-i m 
(2.20) (nU)F m _i [ - l + ( - l ) m ] = ^ ( - D i ( i l ) F i . 1 ^ H ) i S ^ G J 

i=o j=i 

(m = 1,2,---) o 

Thus, for m = 2n, n .= l 5 2 , - o o
s (2o20) gives 

2n-i 2n 
(2.21) ^ ( - l ) i ( i ! ) F i , 1 ^ ( - l ) j S ^ G | - 0 (n = 1, 2, • • •) . 

i=o- j=i 

Since ([2, pp. 149, 17l]) 

Q m-i _ b2n 

(2.21) may be written as 

- ( * ) • 

~ -G2n 

2n-2 2n 

(2.22) (2n)! (2n - l)F2 n_2 = ^ (-1)^1 )Fi_t ^ ( - D ^ G J 
i=o j=i 

(n = 1, 2,« 

Suppose now 

p(k> H k
(m) =^]sikj 

m 

3=1 
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in (2.12). Noting (2.10), we obtain from (2.13) 

[Feb. 

(2.23) C7 = ( - l ) m + 1 ( m ! ) ( F m _ 2 H r + F m ^ H r + i ) = ( - l ) m + 1 ( m ! ) H r + m _ i . 

If we r ewr i t e (2.12) as 

n 

(2.24) y V m ) H 2 k + r = L*(m,n)H2n+r + L*(m,n)H 2 n + r + 1 + C7 , 
k=o 

we obtain f rom (2.24) 

(2.25) ( - l ) m ( m ! ) H r + m „ 1 = Lf(m,n)H2 n+r + L*(m, n ) H 2 n + r + 1 ( n = 0 , l v , m - 1 ) 

F r o m (1.10) with p = 2n + r + 1 and s = m - 2 - 2n, we obtain 

(2.26) H r + m - i = Fm-2-2nH2n+r + F m- i -2n H 2n+r+i 

If we subst i tute for H r + n i _ 1 in (2.25) by (2.26) and then equate coefficients of 

H2n+r a n d H2 n+r+i in (2.25), we obtain the following ident i t ies : 

(2.27) ( - l ) m ( m ! ) F m _ 2 _ 2 n = 

s=o 

m 

i=i I j=s+i 

(n = 0 , 1 , • • • , m - 1; m = l , 2 , ' - # ) , 

(2.28) (-l)ni(ml)Fm_^ 2n £ s=o 

1 1 1 I 1 1 1 

i=o ''j=s+i V / 

(n = 0 , 1 , • • • , m - 1; m = 1, 2, • • •) . 

Proof of Theorem 4„ It i s readi ly verif ied that 
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n-i m 

^ P ( k ) H 2 k + r =y^( -D 1 Hm+r- i+ i A*P(n) + C7 

15 

k=o i=o 

H-2n+r 

m 
P(n) + ^ (-D1Fi_2 ^Pfo) 

i=i 
m 

H g n + r + l ^ ( - 1 ) ^ 1 A*P{n) + C7 , 
i=o 

since H2n+r_i+i = F ^ ^ n + r + Fi_iH2n+r+i5 which is obtained from (1„10) 
where s = i - 2 and p = 2n + r + 10 The simplification of (2.29) to the form 
(2*12) proceeds in the same manner as in the proof of Theorem 2. The value 
of C7 (2.13) is obtained from (2.12) for n = 0. 

The following result , derived via backward differences, is an alternate 
form of Theorem 2, which was derived via forward differences. Since 

n m 
(2.30) y^P(k)H] 

k=o 
*k+r = yYl )X^r+24 jVW) + C3 

m 

P(n) + ^ < - l ) i F i + 1 V i P ( i i ) 
i=i 

m 
+ H a + r + ^ ^ D V i ^ V ^ f c i ) + C3 

- H, 

i=o 
we may now state 

Theorem 5. For m = 0 5 l 9
e o o ; n = l 925

c 

n-i m 
(2.31) X > ) H k + r = H n + rE C"1)£ 

k=o s=o 

B 
m 

-n+r+i 2 , ^~1^ 
s=o 

E,!'"|E<-uS(l)Qi1-
I j=s+i 

"m | m s v 

I j = S + l 

+ C3 
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m 

[Feb. 

m 

°3 = "Hr]£«Fi+i Z{"1)JajGJ - H ^ E i ! F i + 2 Z(-1)JajGJ 
i=i Ij=L 1-0 \ j= i 

(r, m = 0 ,1 , • • •) 

Comments,, If we compare (1,13) with (2„31), we conclude that for arbi-
t rary aJf J = 0 , 1 , . . . ,m , 

(2.33) 

> j=s+i ' ' " :s+i ) 
m / m 

<-«sZ"<« E . <-l,S(i)GJ-
j=s+i 

(s = 0,1, • • • , m - 1) ; 

m 
(2.34) X M ^ O F ^ J £ a / n G H 

i=o I j=s+i ^ ' ' 
m | m 

= (-i)s5>Fi+2 x;_ <-«s (i) < 
j=s+i 

(s = 0, ! , • • • , m) . 

For a. = (-1)JS^, j = 0, l , - - « , m , (2.33) and (2.34) with s = 0, yield (noting 
(2.10)), respectively 

m m 
(2.35) m ! F m + 1 = £ (-!)*(!! )F2 i £ ( - D ^ G * 

i= l J=i 

Cm = 1, 2, • • •) ; 
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m m 

(2.36) ml F m + 2 = J^ {-I)1*!! )F 2 i + 1 ] T ^SLG] (m = 0 ,1 , • • •) . 
i=o j=i 

Suppose now 

m 
P(k) = (-k)(m) = S(-D5s4kj 

in (2.31). Then 

n-i n-i 
/ k + m - 1 \ T-

xk+r ' 
k=o k=i 

and from (2,32) we obtain 

(2.37) C3 = - (m!)(F m + 1 H r + F m + 2 H r + 1 ) - - (mI )H m + r + 2 

We note that (2.4) and (2.7). are special cases of (2.30).. 

3. ADDITIONAL RESULTS 

In terms of forward differences it is readily verified that 

n-i m 

(3.1) J2 p<k>H3k+r = J^ ^1) l2"1"lH3n+r>l+2i ^ W + C8 

k=o i=o 
m 

= H 3 n + r ^ (-l) i2- i"1F2 i_2 A^tn) 
i=o 

m 

+ H3I1+r+i 2 (-1)1 2"1 ^ i - i ^ ( D ) + C8 

1=0 
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Moreover5 in t e r m s of backward differences, it i s read i ly verif ied that 

m 
(3.2) 2 POOHsk+r 

k=o 

] T (-1)X2 x ^ n + r ^ i V ' P W + C8 

i=o 

m 

H 3 n + r ^ ( - D V ^ ^ ^ i V ' p W 

i=o 
m 

+ H 3 n + r + i J ] (- l) i2-1"" iF2„ iV1P(n) + C8 

1=0 

The following resu l t i s a r e s t a t emen t of (3.1) and (3.2): 

T h e o r e m 6. F o r n = 1 ,2 , °»° ; r = 0 , ± 1 , ± 2 , « " ° , we have 

n - i m 
( 3 « 3 ) X ) p ( k ) H 3 k + r = H s n + r S 

k=o s=o 

m 
+ H3 n+r+i 2^ 

s=o 

m | m 

£ ( -DW-V, £ a. (J) 
i=o ' i=s+i 

G 

J=S+1 

m 

' j=s+i 1=0 

(m - 0 , 1 , — ) , 

where 

m 
(3.4) C8 = -Hr Y, C-Di(i02"i"1F2i„2 £ aiGS 

1=0 J=i 

m 
" H r + 1 E (-Di(i02-i-1F2i-1 J ] ajGi 

1=0 • J = l 

F o r n = 0 3 1 , • • *; r = 0, ±1, ±2, • • * , we have 
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HI 

]Tp<k)H3k+r = H 3 n + r ] T (~1)£ 

k=o s=o 

m 

+ H. 3n+r+i E <-«' 
s=o 

lj=s+i ; 

"HI I m 

^j=s+i 

+ C8 (m = 0, ! , - • • ) , 

where 

(3.6) C8 = H r 

m 

i=o 

HI / 

HI 

I>>S G J 
3=1 

HI 

^iZ^^VE'-^f! J 3 
1=0 3=i 

Comments,, Add P ( n ) H 3 n + r to both s ides of (3.3), Then, compar ing (3.3) 

and (3.5), we conclude that for a r b i t r a r y a., j = 0, 1, ° ° - , m, 

(3.7) as + J ] (-l)i(iI)2-i-1F2i_2 £ a ^ G * 
i=o I i=s+i j=s+i 

m 

^ T » f % E (-»S(lK 
1=0 \ j=s+i 

(s = 0 , 1 , • •• ,m) ; 

m 

(3.8) j ; w w % j ; a lu; 
1=0 1 j=S+l 

HI / H I J 

( _ D s ^ ^ - - V i E <-1)Jaj(i)G
3-s

 (s = o.i.-.»> 
1=0 li=s+i 
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F o r a. = S^ , j - 0 , 1 , • - • , m, (3.7) and (3.8) with s - 0, yield (noting (2.10)), 

respec t ive ly 

(3.9) m! 2-m"1F2m_2 = J ] i! 2"i"1F1-i ]T t -D^GJ (m = 1, 2, • • •) , 
1=0 3=i 

m 

(3.10) m!2 m hf^-i = £ il 2 ^ - i E ("1)Js
m

GJ <m = 0,1, • • •) , 
1=0 13=i 

I I > l 
which m a y b e simplified by noting that Fi_j = (-1) Fi_i and F2_i = (-1) Fi_2-

If a. = ( - l ) V , j = 0 , 1 , ° ° ° , m , (3.7) and (3.8) with s = 0 yield, 
respec t ive ly , 

(3.11) (ml)2~m V J 
m 

^C^i) i ( i : )2" i -Si-2E(- 1 ) J smGj (m = 1 ' 2 ' o o o ) 

1=0 [ 3 = i 

(3.12) - (m! )2 m ^ m ^ a 

m m 
= ^(- l ) i ( i ! )2- i - 1F2 i_ i i ; ( - l ) J s iGi 

i=o 3=i 

(m = 0 , 1 , • • •) 

By repea ted addit ions, (309) and (3.10), a s well a s (3.11) and (3.12), give s im i l a r 

identit ies for Lucas n u m b e r s , L • . 
9 n 

Suppose now 

po s k
(m) = 2smkj 

j=i 
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in (3o3)„ Then, from (3.4), we obtain 

21 

C8 = ( - l ) m + 1 (mS )2 H 1 - 1 ( F 2 m _ 2 H r + F 2 m _ i H r + 1 ) 

F r o m (1.10) with p = 3n + r + 1 and s = 2m - 2 - 3n, we obtain 

Efem+r-l ~ F2m-2-3nH3n+r + F2m-l-3nH3n+r+i 

If we subst i tu te for C8 in (3.3) and then equate coefficients of H 3 n + r and 

H 3 n + r + i , we obtain the following ident i t ies : 

(3.13) ( - l ) m ( m l ) 2 - m " 1 F 2 m _ 2 „ 3 n 

m 

-z s=o 

m m 

i=o ' j=s+i 

(n = 0 5 1 , •• • , m - 1; m = 1, 2, • • •) , 

(3.14) ( - l ) m ( m ! ) 2 m " 1 F 2 m - l - 3 n 

E 
s=o 

m 

Ij=s+i 1=0 

(n = 0, V » n i . - l ; m = l , 2 , - - « ) 

Suppose now 

m 
P(k) = (-k)(m) = £ < - l ) j S ^ 

3=i 
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in (3.5). Then from (3.6), we obtain 

C8 = - ( in i )2~ m ~ i (F 1 _ 1 I 1 H r + F 2 _ m H r + 1 ) = -(m!)2~m"1Hr-f2-m . 

4. GENERALIZATIONS 

Let a, b , U0 and Ui be a r b i t r a r y rea l n u m b e r s , and consider the follow-

ing t h r e e sequences : 

(4.1) U n + 2 - a U n + 1 + bUn , ab = 1, a f - 1 9 (n = 0 , 1 , - - ) , 

(4.2) U n + 2 = aUn+i + U n , a f 0, (n = 0 , 1 , - - •) , 

(4.3) U n + 2 = U n + i + bU n , b = 0, (n = 0 , 1 , - ) , . 

We note that (4.1), (4.2), and (4.3) r educe to the Fibonacci sequence for the p rope r 

choices of a and b„ We shal l obtain summation fo rmulas , us ing both forward 

and backward differences, for each of the t h r e e sequences , a s defined by (4„1), 

(4.2), and (4.3), which yield the previous r e s u l t s , i . e . , T h e o r e m s 2, 3, 4, 5, 

and 6, a s special c a se s for the p r o p e r choices of a and b„ We have a l ready 

seen how ce r t a in p rocedures may be used to obtain var ious ident i t ies from our 

T h e o r e m s 2, • • • , 6„ In view of space l imi ta t ions , no at tempt will be made to 

u s e t h e s e p rocedu re s to fully exploit the genera l r e s u l t s obtained in th is sectionB 

Ident i t ies given in the proofs of T h e o r e m s 2 and 3 will be u sed to obtain the 

explicit formulas ci ted in our genera l t h e o r e m s , whose proofs a r e s im i l a r to 

that used for T h e o r e m 2 (if forward differences a r e involved) o r to that used 

for T h e o r e m 3 (if backward differences a r e involved). We shal l u s e repeatedly 

the following identity [3, p . 6, 12] 
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(4.4) Up+S - b ^ g U p - ! + * s+ iU p 

whe re $ 0
 = 0> <£i = 1, and $ n + 2 = a$n+i + fofai* n = 0 9 1 9 ° ° ° . We note that 

(4.4) yields (1,10) for a = b = 1. All r e s u l t s in this sect ion a r e valid for the 
p a r a m e t e r range9 r = 05 ±1, ±25 • • • . P(k) (see T h e o r e m 2) is defined as 
before,, F o r negat ive subsc r ip t s , we define 

(4.5) U - n .= (U0Vn - U n ) / ( - b ) n (n = l s 2 5 — ) , 

where V0 = 2, Vi = a, and Vn+2 = aVn+i + bVn ? n = 0 5 l , e " , We note 

that $ _ n - - * n / { - b ) n
? n = l , 2 , - » - . 

(i) Let U n satisfy (4.1). Since 

n - i m 

<4«6) S P { k ) U 3 k + r = J ^ i - D V + b r ^ n + r - i - h s i ^ P ( n ) + C^ 
k=o i=o 

m 

- bU3 n+r ^ ( - D V + b ) " 1 " 1 ^ ^ A2P(n) 
i=o 

m 

+ U 8 n + r + i ^ ( » l ) i ( a 2 + W 1 " ^ . ! A W ) + C8* 

1=0 

and 

HI 

<4*7) £ p ^ u 3 k + r = ^ ( - D ^ a 2 + b) 1 h l s n + ^ - i ^ P C n ) + Cs 
k=o i=o 

m 
= b I J 3 n + r S (""1)1(a2 + W'^Wi^Pdi) 

i=o 
m 

1=0 
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We may now state 
Theorem 7. Let Un satisfy (4.1). For n = 1, 2, • • •, and m = 0 , 1 , " # , 

we have 
n-i 

(4.8) y ^ P ( k ) U 3 k + r 

k=o 
m 

bU 3 n + r V " 
s=o 

m 
+ u3n+r+i / j 

s=o 

^(-lftilMa* + b ) " 1 - ^ J^ aj (J
s) GjL 

> 'j=s+i 
" m / m 

1=0 lj=s+i 

n • + Cft 

where 

m m 
(4.9) C* = - b U r ^ ^ D ^ i l X a 2 + b)"i"1«2i-2 E a j G j 

1=0 

/ m 
Ur+1^(-l)i(il)(a2 + W ^ W i J ^ a . G J 

1=0 J= i 

For n = 0 ,1 , • • •, and m = 0 ,1 , • o o , we have 

n 
(4.10) ^ P ( k ) U 3 k + I 

k=o 

m 
= bUto+r]£<-l>6 

s=o 

m 

"m ( m 

]Ti : (a* + b)"1"1^! J^ ^1)Jaj (3s) G j -
i=o 1j=s+i 

u3n+r+i J> (-If 
s=o 

m / m 

^ i i (a2 + w - ^ W i J ] ("1)Ja5 (i) Gj^ 
1=0 i=s+i 

n + C8 , 
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where 
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(4.11) Ca - U a °" b^ii(a2+b) i i^i-ily^(-i)3a-Gil 
i=o ( j=i )_ 

m | m \ 

- ur+iX/Ma2 + b)"i"^2-iE("1)JajGj ' 
1=0 • 3 = i 

For a = b = 1, Theorem 7 yields Theorem 60 

(ii) Let U satisfy (4.2). Since 

n-i m 
(4.12) ^ P « U 2 k + r = J ] ( - l ) i a " i ' 1 U 2 n + r . 1 + i A i P ( n ) + C? 

k=o 1=0 

U2n+r P(n) + ^ ( . D V 1 " 1 ^ ^Pfo) 

i=i 

m 
U g n + r + i ^ - l ) ^ " 1 " 1 ^ - ! A*P(n) + C? 

1=0 

and 

n m 
(4.13) ^ P ( k ) U 2 f c f r

 = ^ ( - 1 ) l a " 1 " l u 2 n + r + i - i V 1 P ( n ) + C* 
k=o i=o 

U ^ + r ^ V D V 1 1*_iV1P(n) 
i=o 

m 

+ U a a + r + i ^ t - D V ^ U i - i ^ P f c ) + C7* , 

25 

1=0 

we may now state 
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Theorem 8. Let U satisfy (4*2), For n3 m = 0513 • • *, we have 

XX 

(4.14) ^ P(k)U2k+I 

k=o 
m 

= u2n+r / j 

s=o 

" m 

i i=i 
m I 

+ u2n+r+iy J 
s=o 

m i in 

3=s+i 
m j m 

1=0 *j=s+i 

n + C7 ? 

where 

(4.15) C* = U-T ~ u r 

m 
a0 •E^^^-E^i 

i=i 

HI 

3=i 

m 
" Ur+iS^^tt^^Vi^ajGJ 

1=0 ] = i 

For n, m = 0,1? °• - , we have 

(4.16) y ^ P ( k ) U 2 k + r 

k=o 
m 

(-1)° 
s=o 

m i m 

E'-^-'lEw'Sli) i=0 | j=s+i 

m 

+ U 2 n + r + i / J ( - D S 

s=o 

+ c* , 

"m ( m 

1=0 I j=s+i 

r 
< s 

-

s n 

•Mo-' ll 
3 W 3-s J 
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(4.17) C* - U-7 - u r 
1=0 I j=i 

m I in ) 

U r + i X / a"i"1^i~i£("i)JajGj 
1=0 F 

For a = 1, (4.14) and (4.15) yield Theorem 4; and (4,16) and (4017) yield 
Theorem 3. 

(iii) Let Un satisfy (4e3)„ Since 

n-1 m 
(4018) ^ P ( k ) U k + r = ^ ( - 1 ) ^ i Hln+r+i^i ^Pfo) + C* 

k=o 1=0 

b U n + r ^ ( - l ) V 1 fy2i ^ P W 
i=o 

m 
+ U n + r + 1 ^ ( - l ) V 1 " V 2 i + i ^ P ( n ) + C* 

1=0 

and 

m 
(4.19) ^ P ( k ) U k + r = ^(-Dhr1 V + r + a + i V ^ W + Cj 

k=o 1=0 

= b U n + r 

m b""1]P(n) + X / ( " 1 ) J b " i " 1 * i + l V i p & l ) 
i= i 

m 
Un+r+i^ jM-l )^ 1 V i + a ^ P W + C* , 

1=0 
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We may now state 

have 
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Theorem 9. Let U satisfy (4» 3). For m = 0, ! , • • • ; n = 1,2,-**, we 

n - i 
(4o20) y ^ P ( k ) U k + r 

k=o 
m Tm . — 

=oli=o 'j=s+i 
m f m ( m 

- bU n+r 
s^o[i=o 

m Tni 
+ U n + r + 1 ^ ^ ^ 

s^o I i=o 

m 

»3=s+i 

s , 0 * n + C3 , 

where 

m 
(4.21) C* = -bUr^C-lJ^Ob-^WEa.Gjj 

i=o ( j=i I 
m / m J 

" U r + 1]C ("1)i(il ̂ "^^i+i 5^ajGJ 
i=o 3=i 

For m = 0 , ! , • • • ; n = 1,2, • • • , we have 

n - i m 
(4,22) ]TW)Uk 

+r " b u n + r ^ ( " 1 ) " fc=o s=o 
m 

un+r+l / ^(-D 
s=o 

m / m . \ 

i=i (j=s+i ' 

i~o I j=s+i 

+ c 3 9 

where 
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m j m \ 

- b U r y ^ i l b " 1 ' " V i + i \ ^ ( - l ) j a . G ! 
i=i \ j=i J 

m , m ] 

29 

1=0 ] = i 

F o r b = 1, (4.20) and (4.21) yield Theorem 2; and (4022) and (4„23) 
yield Theorem 5e 

5. APPLICATIONS FOR A SUMMATION FORMULA 

Recently, the author [6] proved the following resul t" 

L e m m a 1„ Let u . , i = 0 , 1 , • • • , p - 1, be a r b i t r a r y r e a l n u m b e r s , and 

let u , n = 0 , 1 , • • • , satisfy a homogeneous, l inear difference equation of 

o r d e r p with r e a l , constant coefficientse 

(5.1) boUn+p + b 1 u n +p- i + 8 8 ° + bpu n = 0 (b0bp £ 0) 

Let x be a r e a l number* Then 

(5.2) - 2 1=0 

bfxi 

3 - i 

Evk -E 
k=o k=o 

B bpn+i+k- j 
i=o 

n+i+k 

p - i 

k=0 j=o 
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(5.3) > u ,x = 
Tb.u, . : 

k p 

k=o i=o 

The series in (5.3) converges for | x | < I XI, where A is the root of bpxP + 
+ bjx + b0 = 0 with the smallest absolute value. 

In [6] , (5.2) was used to obtain a closed form for 

E* k x 
k=o 

If x0 is a value of x such that 

Jji4 - ° > 
i=o 

then 

^ k 
ukx0 

k=o 

is obtained from (5.2) by applying LTHospital1 s rule. 
As before, let 

m 
P(k) - y \ . k j , a f 0 , 

j=o 

and consider u, = P(k)w , , k = 0 ,1 , • • • , where q = 1, 2, • • •; r = 0, ±1, 
±2 , - ° - , and 
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(5.4) wn+2 + diWn+j + d2wn - 0, d ^ £ 0, d2 - 4d2 ^ 0, (n = 0 , 1 , - . . ) . 

If a and /3 are the roots of x2 + dix + do = 0, then IT, = w , , satisfies 
1 * k qk+r 

(5.5) Uk+2 - VqUk + 1 + dfu k = 0 (k = 0 , 1 , - . . ) , 

since (x - afl)(x - j8Q) - x2 - Vqx + d£, where V - cP + 0 n , n = 0 ,1 , • • % 
with VQ ='2, Vi = -dl5 satisfies (5e4)8 We note that P(k)wqk+r is a solution 
of a homogeneous, linear difference equation of order 2m + 2 with real, con-
stant coefficients whose characteristic equation is given by 

(5.6) [(x - aq)(x - j8q)] m + 1 = (x2 - Vqx + df)m+i - 0 . 

Since 

2m+2 

(x2 - Vqx + 4 ) m + 1 - ^ b 2 m + 2 _ s x S 

s=o 

we have that 

( i - vqX + dfx̂ )m+1 = £ y 

In [2, p* 30, example 3] , it is shown that 

2m+2 
.3 

r 
j=0 

m+i 

(5.7) b. = ( - ^ ^ ( ' ^ ^ ^ ( j - i ) ^ 1 " ^ ^ CJ = o . V . 2 » + « . 
i=o 

Thus, (5.2), in which p = 2m + 2 and b. defined by (5.7), yields a closed form 
for 

k 
vqk+r 

k=o 
2 Pfl^w^^x 
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If w, = KL, then dt = d2 = - 1 , Vq = Lq 5 and (5.2) yields 

(5.8) - ( 1 - L q x + ( - 1 ) ^ ) m + ^ p ( k ) H q k + r X l 5 

k=o 
2m+i 

k=o 
2m+i 

^ b . P f o + 1 + k - j ) H q ( n + 1 + k _ j ) + r 

k 

^ b . P ( k - j ) H q ( k - j ) + r 

n+l+k x 

k=o 3=o 

x (n = 0 , 1 / " ) , 

where (see (5.7)) 

(5.9) b 
m+i 

2m + 2). 

If P(k) = k = ml l ^ J in (5.8), we conclude that for a r b i t r a r y x, 

(5.10) 
2m+i 

E 
k=o 

XX r + ±mk ~ J ) H q(n+i+k- jHr 
n+i+k 

x 

2m+i 

k=o j=o x ' 

H q(k- j )+r 

(n = 0 , 1 , ° • • , m - 1; m = 1, 2, ° • • ) 

OTYI-J-0 

If n = 0 in (5.10), the coefficient of x mus t be 0, i. e. 

(5.11) 

21X1+1 / \ 

E , f 2m + 2 - j l „ 
3 \ m / Hq(2m+2-j)+r = 0 (m = 1 , 2 , - . . ) 
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If P(k) = ( - k ) ( m ) - ( - l ) m ( m ! ) / k + ™ " A in (588)3 we conclude that for 
a r b i t r a r y x and n = 05 

2H1+1 

(5.12) V * 

k=o 

k / 

3=0 x 

m | H q( i+k- j )+r 
. i+k 

2H1+1 

£ 
k=o 

j=0 

x* (m-= 1 , 2 , - - - ) 

2m+2 In (5.12), the coefficient of x must be 05 i. e . , 

2K1+1 , v 

{ 5 - 1 3 ) J2 b j ( 3 m m 1 " j ) Hqfem-w-jHr - ° (m - 1 , 2 , - - - ) 

i=o 

If P(k) = 1, then (5.8) yields a resu l t which has a l ready been proved by the 

author [ 7 , p . 1059 (5)] s us ing a different procedure* 

Noting that w m = cos md and w n = sin n# satisfy wn+2 - 2 cos 0wn-n + 

w n = 0, n = 0 5 1 , ° ° » 9 with Vn = 2 c o s n 0 , where 0 fi 09TT, 0 < 0 < 2rr9 

we obtain f rom (5.2) the following two ident i t ies : 

(5.14, - [ ! - 2(003 q«x + *T+'2>{r S:3J}' 
k=o 

2m+i 

k=o 

K 

b .P(n + l + k - 3 ) | s i n
 Lrq(n + l + k - j ) + r ] 4 

Ĵ o 

. n+i+k 

2m+i 

k=o 
Z ^ ] P ( k 3 M s m [qfe - j) + r ] 0 / 
3=0 

(n = 0 , 1 , • • • ) 

w h e r e {see (5.7)) 

(5.15) 
1X1+1 

b. = <-!>J J ] ( m ^ / ( j - i ) ( 2 C°S qe)2i_j (j = °'1'"*'2m+2)-
i=o 
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The relative simplicity of our results, (5.14) and (5.15), may be compared with 
the less general (as well as less elegant) results obtained by Schwatt [8, 
pp0 217-219], who used the differential operator, (xd/dx) „ 

For choices of P{k) = k or (~k) , we obtain (in the same manner 
as (5„11) and (5.13)) the identities (pairwise) 

2m+i 
(5 16) Y ^ b ( 2m + 2 - j W cos [q(2m + 2 - j ) + r ] ^ » Q , 
( 5 o l 6 ) LJ j \ m / i s l n [ q ( 2 m + 2 - j ) + r ] » f ° {Jl 

2H1+1 

(5.17) y b . ( 3 m + i - j M c o s [
r

q g m : ' ^ ! : r ] / J = o <m = i.2.-> 
JLJ 3 \ ni y i sin [q(2m + 2 - j) + r ] 0 J j=o 

Identities (5016) and {5.17) may be transformed to hold for hyperbolic functions 
by recalling that cosh (i#) = cos 0 and sinh (10) = i sin#e 

As an application of (5.3), we have 

(5.18) (1 - Vqx + dfx2 ) m + i y ^ P(k)wq k + rxk 

k=o 
" k 
2 ^ b , P ( k - j)wq(k-j)+r 

k=o 
2m+i *~ 

k=0 3=0 

k 
x 

where b. is defined by (5.7). 
It is desirable to have check formulas for the computed values of b.. In 

our discussion, consider b., as given by (5.7), where 

2m+2 
(5.19) (1 - Vqx + d fx 2 ) m + 1 - ^ b.xj (m = 0 ,1 , - - - ) . 

3=0 

We may set x = ±1 in (5.19). A substantial reduction in the effort required 
to evaluate all the b., j = 0 ,1 , °a • , 2m + 2, is afforded by noting that 
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(5.20) b ^ . j = d ? ( m + H ) b . (j = 0 , 1 , . . . , m + 1) . 

To prove (5,20), multiply both sides of (5.19) by d ^ m + l ) , and so 

2m+2 
(5.21) (d? - d2Vqx + d f ^ ) m + 1 = J2 b j ^ ( m + l ) x j . 

5=o 

Replacing x in (5.21) by x/dj?, we obtain (in reverse order) 

2H1+2 2TCL+2 

(5.22) (*» - Vqx + d^)m+1 = J^ Y^1"^ = Z b 2 m + H x J ; 

and thus (5.20) is obtained by comparing the coefficients of x** in the sums in 
(5.22). 

Let t = 1 , 2 , . ' . , and let gt+i(x) = 0 (where gt+i(x) is a polynomial in 
x of degree t + 1) be the characteristic equation determined by HQ^-+r. Then 
the characteristic equation determined by u, = P(k)Hq^.+r is given by 
[gt-Hl(x)]m = °- S i n c e 

(t+i)(m+i) 

[xt+wa/x)]m+i = Y, v j • 
j=0 

(5.2) may be applied to yield a closed form for 

E P ( k ) H q k + r x k 

k=o 

A formidable obstacle in this procedure is the complex nature of the b. , which 
involve multiple summations. 
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As a s imple example , cons ider H ^ + r , where H ^ + 3 + r - 2 H ^ + 2 + r - 2 H ^ + 1 + r 

+ H 2
+ = 0, and g3(x) - x3 - 2x2 - 2x + 1. Then x 3 g( l /x) = 1 - 2x - 2x2 + x3 

and 

3<m+i) 

(1 - 2x - 2x2 + i?)m+1 = ^ b - x 3 -

i=o 

Using the binomial t h e o r e m and then applying (5. 7) (with t h e p r o p e r change of 

notation for t he coefficients) , we obtain 

m+i 

(1 - 2x - 2x2 + x 3 ) m + 1 = X K m i + 1 ) ( W C l + x - ( K ^ / 2 ) ] 1 

i=o 
m+i i v 2i 3m+3 

-Zm^Zv^-EV i=o x ' k=o j=o 

w h e r e 
i 

, k - s E(s)(t-s0(-1/2)t 
s=o 

c
k
 = > U I i i, „ U-V*J (k = 0, ! , • • • , 2i) , 

and 

(5.23) b. = £ f 1 *) (-2)^.1 
1=0 

m + i 

= ( • 

i=o \ / s=o 

(j = 0 , 1 , - • • , 3m + 3) 

Thus , f rom (5.2) with p = 3m + 3 and u, = P(k)H2 , we obtain (where b . 
is defined by (5.23)), 



1967] AND IDENTITIES FOR FIBONACCI NUMBERS 37 

(5,24) - (1 - 2x - 2x2 + x 3 > m + i y ] p ( k ) H | 

k=o 

3m+2 

k=o 
i Y ^ b . P ( n + 1 + k - j)H* n+i+k-j+r 
J=o 

k+r 

n+i+k 
3m+2 

E 
k=0 

X>Jp*-J)HLj 
J=o 

j+r 

Recal l ing the manne r by which (5.11), (5.13), (5.16), and (5.17) w e r e 

obtained, we may now s ta te the following r e su l t : 

T h e o r e m 10. Let 

Then 

(5.26) 

(5.25) [x* g t f j d / x ) ] im+1 
(t+i)(m+i) 

F° 
b.x ] (m = 1,2,- • •) 

(t+i)(m+i)-l 
y / ( t + l ) (m + l ) - j ) H i 

j=o 
q(tm+t+m+i-j)+r 

( q , t , m = 1 , 2 , - - - ; r = 0, ±1 , ±2, • • • J 

= 0 

(t+i)(m+i)-i 

(5.27) £ -i(* + l ) ( m + l ) - j 
m 

1 + m\ H t q(tm+t+m+l-j)+r - 0 

J=o 

( q , t , m = 1 , 2 , - - - ; r - 0, ±1, ±2, • • •) . 

We note that (5.26) and (5.27) a r e identical for m = 1. 
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60 REMARKS ON THE PAPER BY LEDIN [ 9] 

From our (2.31) with r = 0, EL = F , , and P(k) = k m (so that a = 1 , 
a. = 0, j = 0 , ! , • • • 5»m - 1), we conclude (see 9, (3a), (3b) for notation) 
that 

3 
(6s l ) Mi*3 = Z k I F k + i G f « = 0 ' 1 ' " ° ) • 

k=o 

^ M2,j = Z k l F k + 2 G ^ 0 = 0,1,-
k=o 

From [9, (6a)], we obtain for i = 3 

(6'3) M3,3 =JjlF^ " ° j t ^ 0 ' 1 ' - ) 
k=o 

Thus, the assertion [9, (6e)] is valid only for i = 1,) (with j = 0,1, • • •) and 
i = 3 (j = 1,2,- . .) . Since F k + . = F . ^ F ^ + F.__2Fk+l (see (1.10)), we obtain 
from [9, (6b)], using (6.1) and (6„2) above, that 

j i-4 
(6'4) M i J = E M Fk+i°? " E f c + 1 ) J F i -3-k (J = 1. 2, • • •) . 

k=o k=o 

SFoting (6.1), (6.2), and (6.4), we are tempted to define 

Mo , J = I > F k G ? « = 0,1, 
k=o 
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It should be noted that (6.1) and (6.2) a r e not uniquely defined,, In the 

notation of [9, (8)], our (1.2) (with r = 0 and H, = F, ) can be wri t ten as 

(6.5) S ( m s n - 1) = F P ( m , n ) + F ,P 0 (m,n) + C(m) , 
n 6 n~~ i 2 

where (using 9, (2b), (3b) ) 

(6.6) C(m) = ( - l ) m + 1 M (m = 0 , l , - " ) . 
2, m 

Thus , f rom (1.2), we obtain 

_j 
(6°7) M39J = ( - i ) j 2 ] ( " 1 ) k ( k ! ) F ^ G f (J = 0,1,"") ? 

J 
(6.8) M23J = (""1)J^]<-"1)k(k |)F

2k+iGf <j = 0,1,---) . 
k=o 

Since M . = M . + M, . for j = 1, 2 , e •" , we obtain from (6.7) and (6.8) that 
3SJ 2,3 1,3 J 

j 

(6.9) Muj = <""1)3^<-"1)k<kl )F2kGj?: 0 = i ' 2 ' " ' ) • 
k=o 

Since F 2 k + i - 1 = F
i „ 1

F
2 k 4 - 1

 + F i - 2
: F 3k ( s e e ( l a 0 ) ) s w e o b t a i n f r o m t9* ( 6 b ) ] » 

us ing (6.8) and (6.9), that 

k=o k=o 
(6.10) M.̂  = <-l)J£<-l>k

W >F2k+i-iGf " J > + ' ^ i - S - k 

(J = 1, 2, • • •) 

From (6.4) and (6.10), we conclude that 

j j 

(6.11) (-l)j^(-l)k(k!)F2k+i_lGJC = E k ' F
k + i G ^ (j = 1, 2, • • •; i = 0,1, • • •). 

k=o k=o 
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It should be noted that [9, (7c)] was obtained from [9, (6a)], using [9, 
(7a)]. Since 1.9, (7c)] is a linear difference equation of second order in i, its 
solution is 

i-3 

(6.12) P.(m,n) = F . ^ ( m , n ) ,+ F .^P^m.n) - ^ ( n - k)mF.^1_k 

k = ° ft = 3.4.. 

Using (6.12) and (1.10), [9, (8)] can be simplified to 

(6.13) S(m,n - h) = F P (m, n) + F P (m,n) + (-l)m+1M0 
n i n+ i 2 2,m 

k=o 

Since P3(m, n) = (-1) P3(m,-n) [9, (9)] can be simplified (using [ 9, 
(6a). (7c)]) to 

n 
m TYi 
m ™ ™ F + M F " 

i.m n+i 2,m n+2 
k=i 

(6.14) ^ ( n - k + l ) m F u = M< _ F _ , A + Mn _ F „ _ + n 

+ (-l)m+1(P2(m,-n) + Pidn.-n)) (m = 1, 2, • - . ) . 

Since (see 19, (11)]) P.(m,n) = (-1) Q(m,-n + i - l ) , where Q(m,n) 
are the Weinshenk polynomials in n of degree m (see reference [8] cited in 
[9]), it follows that 

m 
(6.15) Q(m.n) = ( - l ^ P ^ m , n ) = J ] ( ^ ) ^ f 

Thus (6.15), where M 1 is defined by (6.1), affords a closed form for the co-
efficients of Q(m,n)0 From (6.12), with n replaced by -n, we obtain the 
following recursion relation for the Weinshenk polynomials: 
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(6.16) Q(m,n + i - l ) = F ^ Q t m , ! ! + 1) + F. Q(m,n) 

1-3 

•J2{n+k)mFi-i-k (i = 3 > 4 > 8 " > 
k=o 

In j.9, (7a)] there is defined 

m 
(6.17) P.(m,n) = ^ T (-l) j f™\ M . ^ ^ 5 (m = 0,1,< 

j=o V / 

If we apply the well-known inverse pair relations, 

k=o k=o ^ ' 

to (6.17), we obtain as its inverse 

m 
(6.19) M.jm - ]TVl ) 3 ( ^ ) P.O.n)!!111"5 (m = 0,1, —) . 

Since P.(j,n) = (-l)JQ(j,-n + i - 1), we obtain from (6.19) 

m 

(6.20) MUm = Y^lf) Q(J5 ~n + * " 1)nm"j • 
5=0 

From (1.19), we obtain for n = 0, recalling (6.9), 

m 

(6.21) ( - D m ^ ) F 2 m = £ ( - D ^ i . j 
j=l 

(m = 1, 2, • • •) 
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F r o m (1.20), we obtain for n = 0, r eca l l ing (6.8), 

m 

(6»22) ( ^ l ) m ( n i ! ) F 2 m + 1 = ] T ( - l ^ M ^ (m = 0 , 1 , • • •) . 

3=0 

F r o m (2.35), we obtain, reca l l ing (6.9), 

m 
(6.23) ml F _,_, = 7 S j M, . (m = 1, 2, • • •) . 

m+l L^J m 1,3 

j=i 

F r o m (2.36), we obtain, reca l l ing (6.8), 

(6.24) mSF JO = V S j Mo . (m = 0 , 1 , - 0 . 
m+2 L^j m 2,] 

j=o 

If we set b = 2 in (4.3), then U = (~l)n is a solution of (4.3). In 

(4,20), set P(k) = k m so that a = 1, a. - 0, j = 0, l s - • • , m - 1. Thus , 
m j 

(4.20), with b = 2 and r = 0, gives a c losed form for 

n - l 
vk, m ^ ( ~ l ) k k m . 

k=o 
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