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Send all communications regarding Elementary Problems and Solutions 
to Professor A. P. Hillman, Department of Mathematics and Statistics, Uni-
versity of New Mexico, Albuquerque, New Mexico, 87106o Each problem or 
solution should be submitted in legible form, preferably typed in double spacing, 
on a separate sheet or sheets in the format used below. Solutions should be 
received within three months of the publication date,, 

B-118 Proposed by J . L. Brown, J r . , Pennsylvania State Univers i ty , 
State Co l l ege , Pa. 

Let Fj = 1 = F2 and F n + 2 = F n + 1 + F for n > 1. Show for all n > 
1 that 

E (Fk/2k) < 2 . 
k=i K 

B-119 Proposed by J im Woolum, Clayton Va l l ey High School , Concord, C a l i f . 

What is the area of an equilateral trapezoid whose bases are F and 
F ,„ and whose lateral side is F ? n+i n 

B-120 Proposed by Phil Mana , Universi ty o f New M e x i c o , A lbuquerque, N . M e x . 

Find a simple function g such that g(n) is an integer when n is an 
integer and g(m + n) - g(m) - g(n) = mn, 

B-121 Proposed by Phil Mana , Universi ty of New M e x i c o , A lbuquerque, N . M e x . 

Let n, q, d, and r be integers with n > 0, d > 0, n = qd + r, and 
0 < r < d. Prove that 

F n = ( F d + 1 ) q F r (mod F d ) . 
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B-122 Proposed by A . J . Mont leaf, Univ. of New M e x . , Albuquerque, N . Mex, 

Show that 

s in |(2k + 1)0 / s i n 6 = 2 cos 2k0 + 2 cos 2(k - 1 ) 0 + 2 cos |2(k - 2)0 | 

+ • • • + 2 cos 20 + 1 

and obtain the analogous formula for F/ r t l , x / F in t e r m s of Lucas number s , & (2k+i)m/ m 

B-123 (From B-102, Proposed by G . L. Alexanderson, U n i v . of Santa C la ra , 
Santa C la ra , C a l i f o r n i a . 

Show that all the posi t ive in tegra l solutions of x2 + (x ± l ) 2 = z2 a r e 
given by 

x = (p )2 _ (p )2 . z = (p )2 + (p )2 n = ! 2 , • • • ; 
n n+l n ' n n+i n ' ' 

whe re P is the Pe l l number defined by P i = 1, P? = 2, and P , = 2P (J 
n J L L n+2 n+i 

+ P . 
n 

SOLUTIONS 

A NON-HOMOGENEOUS DIFFERENCE EQUATION 

B-100 Proposed by J . A . H . Hunter, Toronto, Canada. 

Let u , = u , + u - 1, with ui = 1 and u? = 3. Find the general n+2 n+l n v L & 

solution for u . n 

Solut ion by F. D. Parker, St . Lawrence Univers i ty , Canton, N . Y . 

n n 
The genera l solution of the difference equation i s u = c ia + c2b + 1, 

where cj and c2 a r e a r b i t r a r y constants , a = (1 + V § ) / 2 and b = (1 - V 5 ) / 

2. Since uj = 1 and u2 = 3, we find the pa r t i cu l a r solution to be 

u = ± a11"1 - A b*-i + i = 2 F + i . 
n V5 V5 n-A 

Also solved by L. Car l i tz i ; Herta T. Fre i tag; W i l l i a m T. Jackson; Douglas L ind ; 
W i l l i a m C . Lombard; C . B . A . Peck; L t . A . G . Shannon, R . A . N ; David Z e i t l i n ; 
and the proposer. 
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A SEQUENCE OF SEQUENCES 

B-101 Proposed by Thomas P. Dence, Bowling Green State Univ. , Bowling Green, 
Ohio . 

Let x. be defined by x, = 1, x = n, and x. „ = x. + x. . i,n J i,n 2,n i+2,n i+l,n i,n 
Expres s x. as a function of F and n0 ^ i,n n 

Solution by Douglas Lind, University of Virginia, Charlottesville, Virginia 

We c la im x. = F . + (n - 1)F. . This i s c l ea r ly t r u e for i = 1, 2 and 
l j n l l—i 

all n. Since both express ions obey the s a m e second-o rde r r e c u r r e n c e r e l a -

tion in i and ag ree in the f i rs t two va lues , they must coincide for al l i and 

n. 

Also solved by Gerald Edgar, Herta T. Freitag, Will iam C. Lombard, John W. 
Milson, F. D. Parker, David Ze i t l in , and the proposer. 

NOTE: The p rob lem editor mi s s t a t ed the p rob lem as M Express x. in 

t e r m s of F and nM ins tead of M Express x. in t e r m s of n and F . . M 
n ^ i,n I 

The p r o p o s e r intended that F . in the solution pr in ted above be expres sed 

in t e r m s of F . , as one might do, for example, us ing the r e su l t of B-42. 

PELL-PYTHAGOREAN TRIPLES 

B-102 Proposed by Gerald L. Alexanderson, Univ. of Santa Clara, Santa Clara, 
Cal i f . 

The Pel l sequence 1, 2, 5 ,12, 29, • • • is defined by Pi = 1, P 2 = 2 and 

P , = 2P , + P . Let (P ^ + i P )2 = x + iy , with x and y r ea l and n+2 n+i n n+i n n J n n J n 
le t z = x + iy 1. P r o v e that the number s x ., y , and z a r e the lengths n I n J n | n J n n to 

of the s ides of a r ight t r i ang le and that x and y a r e consecut ive in tegers & & n J n & 

for every posi t ive integer ne A r e t h e r e any o ther posi t ive in tegra l solutions 

of x2 + (x ± I) 2 - z2 than (x, z) = (x , z ) ? 

Solution by Herta T. Freitag, Hollins, Virginia* 

(A) z = I x + iy = Vx2 + y£ ; hence x , y , and z may be interpre— \ n I n J n | n J n ' n J n n J ^ 
ted as lengths of the s ides of a r ight t r i a n g l e 

(B) To show that y - x = 1: N J n n 
Since x - P2 , - P 2 and y = 2P . P , we need to show that 

n n+l n J n n+l n 
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J2P V - p2 + p2 I = 1 . I n+l n n+l n | 

Proof by mathematical induction: 
(1) 2P2Pi - v\ + v\ = 1, hence the statement is correct for n = 1. 
(2) Assume the formula correct for n = k, i. e. , assume that: 

2P, ,,Pf - P* + P,2 I = 1 • I k+i k k+i k I 

Then, 

| 2 P k + 2 P k + i " Pk+2 + P k + 1 | = | 2<2Pk + 1 + P k ) P k + 1 - <2Pk+1 + P k ) 2 + P k + 1 | 

= lpk+1 - 2 pkpk+l - pkl = 1 • 
This, however, means that correctness of the statement for n = k causes 
its correctness for n = k + 1, and the query is settled. 

(C) No, there are no other positive integral solutions of x2 + (x ± l)2 = z2 

than (x, z) = (x , z ). This, however, is only a hunch; I was unable to 
establish the unicifTT„ 

Also solved by the proposer. 

NOTE: See proposed problem B-123. 

AN INCREASING SEQUENCE 

B-103 Proposed by Douglas fund, U n i v . o f V i r g i n i a , Char lo t tesv i l l e , V a . 

L e t 

a = ] C F, (n ^ 1), 
n ~ d din 

where the sum is over all divisors d of n. Prove that j a I is a strictly 
increasing sequence. Also show that 

00 F x11 °° 
Z n v^ n 

= > a x - n *-' n n=i 1 - x n=l 
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Solution by Gerald Edgar, Boulder, Colorado. 

F o r n ^ 1, we have 

Observe that 

n + 1 Afr^SJlX d ~ L n+l n+l 
d (n+l) 

ai = 1 = F 2 , 
a2 = 2 = F 3 , 
a3 - 3 = F 4 , 

and tha t for n > 3, s ince (n - 1) | n and (n - 2) | n, 

n-3 
a = Z F , 4 F +. Y F . = F + F - 1 < F ^ n Ti d n f-j l n n - l n+l 

din i=l 

so that in all c a s e s for n y 1, we have a < F t j . 
n n+l 

There fo re , for al l n > 1, a ^ a , , so that \ a \ is a s t r i c t ly in-
n n+l ( n > J 

c rea s ing sequence,, Also, we have 

2 anxn = £ / E FA xn 

n=i n=i \ d | n I 

00 / 00 

- zL I ]C x j F / i ( rea r ranging t e r m s ) 
d=i Id ln J a 

00 

£ 
d=: 
;(s-")* 

KIT?) ' -
• d oo F ,x 

d=i 1 - x a 
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Also solved by the proposer. 

TELESCOPING SERIES 

B-104 Proposed by H . H. Ferns, V i c t o r i a , British Co lumb ia . 

Show that 
oo F 
v ^ 2n+l 1 
^-< L L L ^ 3 
n = i n n + i n+2 

where F and L a r e the n Fibonacci and n Lucas n u m b e r s , n n 
respec t ive ly . 

Solution by L. Carl i tz , Duke University, Durham, N . C . 

It is easi ly verif ied that 

F L - F L = F n+i n+2 n+2 n 2n+l 

Thus 

2n+i A f n+l n+2 1 2 N+2 N F ^ , , Nf / F„ t J F._,„ \ F 2 F , 

n^l L n L n+ l L n+2 £ i I L n L n + l Ln+lLn+2 I L i L 2 LN+iLN+2 
) 

and the re fo re 

oo F 
E 2n+i = 1. 

L L L ^ 3 
n=i n n+l n+2 

Also solved by Douglas L ind , F. D. Parker, L t . A . G . Shannon, David Z e i t l i n , 
and the proposer. 

A PERIODIC SEQUENCE 

B-105 Proposed by Phil Mana, University of New M e x . , Albuquerque, New Mex. 

Let g be the number of finite sequences c1} c2, o , o , c n , with ci = 1, 

each c. in | o , l } , ( c ^ c
i + 1 ) never (0,0), and (c., c.+ 1 ? c . + 2 ) never (0,1,0). 
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Prove that for every integer s > 1 there is an integer t with t < s3 - 3 and 
g an integral multiple of s. 

Solut ion by Douglas L ind , Universi ty o f V i r g i n i a , Char lo t tesv i l l e / V a . 

Acceptable sequences of length n can be produced by appending a M l n 

to all sequences of length n - 1, and a M110" to those of length n - 3„ Then 
all n-sequences not included are not acceptable since they violate the given 
restraints. It follows that g^ = g ^ + g ^ . Put Ik = fek> gk+1» gk + 2)- Each 
I determines the entire sequence g by using the above recurrence relation,. 
Thus modulo s > 1, if I. = I , then j g £ is periodic with period S j - k . 
Now there are (s - l)3 possible distinct triplets (a,b, c) modulo s such that 
a, b, c $ 0 (mod s). Also (s - I)3 < s3 - 5 for s > 1. Thus either one of 
li, I 2 , ' " , Is_5 contains a 0, in which case there is a t < s3 - 3 such that g 
= 0 (mod s), or I. = I (mod s) for some j , k < s3 - 3 with j 4= kB But 
then | g 1 has period t = j - k > 0, so g, = g0 = 0 (mod s), where here 
t < s3 - 3, 

Also solved by Robert L. Mercer and the proposer„ 

* • * • • 

All subscription correspondence should be addressed to Brother U0 Alfred, 
St. Maryfs College, Calif. All checks ($4o00 per year) should be made out to 
the Fibonacci Association or the Fibonacci Quarterly. Manuscripts intended 
for publication in the Quarterly should be sent to Verner E9 Hoggatt9 Jr . , 
Mathematics Department, San Jose State College, San Jose, Calif. All manu-
scripts should be typed, double-spaced. Drawings shouldbe made the same size 
as they will appear in the Quarterly, and should be done in India ink on either 
vellum or bond paper. Authors should keep a copy of the manuscripts sent to 
the editors. 
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