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1. INTRODUCTION 

Recent issues of numerous periodicals have given indication of a renewed 
interest in the well-known Fibonacci sequence, namely 

(1) 1, 1, 2, 3, 5, 8, • • - , C n , 

where 
C = C ' + C . n > 3, with C1 = C2 = 1 . n n-i n-2 * l 

Some recent generalizations have produced a variety of new and extended results. „ 
A search of the literature seems to reveal that efforts to generalize the 

Fibonacci sequence have consisted of either (a) changing the recurrence rela-
tion while preserving the initial terms, or (b) altering the initial terms but 
maintaining the recurrence relation. A combination of these two techniques 
will be employed here. 

Heretofore, all generalizations of the Fibonacci sequence appear to have 
restricted any given term to being a function (usually sum) of the two preceding 
terms. In this paper we shall extend this by considering sequences in which 
any given term is the sum of the three preceding it. 

Since the set of all algebraic integers, i.e., all y such that y satisfies 
some monic polynomial equation, 

/ \ n , n - 1 . . . c\ 

p(x) = x + a x + * » < > + a i X + aQ = o , 

with integral coefficients and of degree greater than zero, is an integral domain 
under the operations of addition and multiplication, it was considered worth-
while to examine sequences in which the initial terms (hence all succeeding 
terms) are algebraic integers. It will be shown that certain special cases of 
such sequences are especially useful in the examination of the more general 
case. 
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210 ANOTHER GENERALIZED FIBONACCI SEQUENCE [Oct. 

2. THE GENERALIZED SEQUENCE { P } 

Specifically we cons ider the sequence 

(2) | P n | = P 0 , P i , P 2 , • • • • P n , • • • , 

where P 0 , P i , P 2 a r e given, a r b i t r a r y a lgebraic i n t ege r s , not all z e ro , and 

(3) P = P + P + P . n > 3 . 
n n - l n-2 n -3 ' 

It will a l so be convenient to cons ider a companion sequence, so to speak, 

(4) { R j = R0, Ri, R2. • • • . Rn> " • , 

whe re 

R0 = P i - P 0 , Ri = P 2 - P i . and for n > 2, 

(5) R = P , + P 0 
n n - l n-2 

F r o m (5) and (3), when n > 5, we have 

R = P + P = (P + P J + ( P + P 0 ) + (P + P J n n - l n-2 n-2 n-3 n-4 n-3 n-4 n-5 

= R + R + R 
n - l n-2 n-3 

Using (5) and (3) further, we have 

R4 = R3 + R2 + Ri 

R3 = R2 + Rj + RQ 

Hence for n > 3, 

(6) R = R + R + R 0 . 
n n-l n-2 n-3 
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Thus | R | is actually the special c a s e of (2) in which R0 = P i - P 0 , 

-Rl = p 2 - p i» R2 = p l + po° T n e usefulness of the sequence j R i wil l be 

evident in the development of j P I that follows. 

Two other specia l c a s e s of (2) should be mentioned at th i s t ime; namely 

the c a s e s in which P 0 = 0, P j = P 2 = 1 and P 0 = 1, ~Pt = 0, P 2 = 1 r e -

spectively, to give the sequences 

(7) 0, 1, 1, 2, 4, 7, 13, 24, 44, • • • , Kn, • • • , 

and 

(8) 1, 0, 1, 2, 3, 6, 11, 20, 37, e ' ° , L , • • • ' . 

We s e e immedia te ly that L0 = Ki - K0, Lj = K2 - K^, and for n > 2, 

(9) L = K + K n . 
n n - l n-2 

Hence we might cal l J K } a P - type sequence and J L | an R - t y p e 

sequence,, 

The sequence JK | was defined and d i scussed brief ly by M. Agronomoff 

T i l . The following t h r e e re la t ions involving var ious t e r m s of th is sequence 

w e r e d iscovered and proved by him: 

(10) K = K K + (K + K )K + K K 0 , 
x ' n+p p+l n p - l p n - i p n-2 

(11) K2ri = K2 , + K (K + K + K ) , x ' <*n n - i n
x
 n + i n - 1 n _ 2 ' 

(12) K , = K2 + K2 + 2K K 
x ' 2n-l n n - l n - i n-2 

T h e r e is only one basic identity h e r e because the l a t t e r two a r e evidently 

specia l c a s e s of the f i rs t one upon set t ing p = n and p = n - 1 respec t ive ly . 

F u r t h e r , it was conjectured in [ l ] that even though the sequence (7) was 

a Fibonacci - type sequence, it quite poss ib ly would p o s s e s s few of the i n t e r e s t -

ing p r o p e r t i e s which the Fibonacci sequence has , and even if it should, such 

p rope r t i e s would be much m o r e difficult to find due to the m o r e complex na tu re 

of the r e c u r r e n c e re la t ion de termining the sequence. 
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We tu rn now to an investigation of the sequence (2) and cons ider , among 

other fac ts , how (10), (11), and (12) occur as specia l c a s e s of m o r e genera l 

relations,, 

Pa ra l l e l ing the usual t r ea tmen t of the Fibonacci sequence, we obtain a 

c losed express ion for P s ince J P I sa t isf ies a difference equation. Thus 

(13) P n = B ^ + B2x* + B3x^ 

whe re xj, , x2, x3 a r e the t h r e e dist inct roots of the equation 

x3 - x2 - x - 1 = 0, 

and Bj , B2, B3 a r e constants depending on t he se roo t s as well as P 0 , P i , 

P 2 , and a r e de te rmined by the sys t em 

i Bt + B2 + B3 = P 0 

BtX! + B2x2 + B3x3 = Pi 

Bpdj + B2x | + B3x3
2 = P 2 . 

The values of x*, x2, x3, Bj , B2, B3 a r e such as to make (12) too c u m b e r -

some to be of any fur ther p rac t i ca l u s e in the succeeding development and hence 

will not be wr i t ten h e r e . 

A much m o r e useful way of r ep resen t ing the r e c u r r e n c e re la t ionfor j P J 

may be found as follows: In the notation of vec to r s and m a t r i c e s , we have by 

(3), 

( "Ps" 

p 2 

L P i . 

= 

" 1 1 1"] 

1 0 0 

.0 1 oj 

P21 
Pi 

LPOJ 

pr 
p 3 

L P 2 . 

= 

" l i i i 

1 0 0 

_0 1 Oj 

ps" 
p 2 

L P I _ 

= 

" i l l " 

1 0 0 

_ 0 1 0_ 

2 "p2] 
Pi 

.Poj 
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and by finite induction 

(14) 

213 

rp 
n 

P 
n-i 

P 

= 

" 1 

1 

0 

1 

0 

1 

1" 

0 

0 

n-2 "P2] 

P l 

. p o J 
F u r t h e r , a s imple induction proof gives 

(15) 

"1 1 f 

1 0 0 

p 1 q. 

n 

= 

K , _, L . . K n+1 n+l n 

K L K 1 
n n n - l 

-Kn-iLn-iKn-J 

so it might be said that j K I and i L | a r i s e "natura l ly" in the invest iga-

tion of { P j . 

Using (14) and (15), we find for n, p posi t ive in tegers that 

(16) 
" n+p 

"n+p-i 

L n+p-2. 

"K ^ L ^ K 
p+l p+i p 

K L K . , , x H P P P - 1 II n - i 
K L K 
• p-i p- i p - 2 J U n-2 

from which we immediate ly see that 

(17) 

(18) 

P ^ = K ^JP + L , P + K P 
n+p p+l n p+l n - l p n-2 

P = K P + L P + K P 2n n+i n n+l n - l n n-2 

= K P + (K + K )P + K P o n+l n n n - l n - l n n-2 

(19) P = K P + (K + K J P + K .P 0 
2n-i n n n - l n - 2 ' n - l n - i n-2 

Now sett ing P 0 = 0, P j = P 2 = 1, we have (10), (11), (12) as specia l c a s e s 

of (17), (18), and (19), respect ive ly , 

Since 
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n+p 
P 

n+p-i 

L n+p-2 J 

K . . . L . , J K . p+r+1 p+r+1 p+r 

K ^ L ^ K _,_ „ p+r p+r p + r - i 

p+r--i p + r - i p+r -2J 

n - r 

" n - r - i 

n - r - 2 
we also have 

(20) P u . = K ^ _ , P + L ^ P + K ^ P 
n+p p+r+i n - r p+r+1 n - r - i p+r n - r - 2 

for n, p , r posi t ive in t ege r s , r < n - 2, 

S imi lar ly for n, h, k posi t ive in t ege r s , we can show that 

(21) Pn+h+k = * h+k+iPn + L h +k+l n - i + n+k n - l ° 

Using (20) and (21), we have the following useful express ion: 

(22) 
"n+h+k 

Ln+h 

Kh+k+i hi+k+i^+k 1 
K h+i L h+i K h 

1 0 0 J 

ri I r 
1 0 0 

L° i °_ 

xx— u " p 2 

P i 

.po 

-,n-2 

It can be shown quite eas i ly that the sequence 

(23) P l f R2, P 2 , R3, P 3 , • • ' , P n , R n + 1 , 

i s genera ted by the ma t r i x 

that i s , 

r i 
i 

[ i 

i 
0 

0 

°1 
1 

OJ 

(24) 

r p i 
n 

R 
n. 

L ri-i-J 

= 

" I 1 <r 

1 0 1 

1 0 0 

n-2 " P 2 l 

R2 

. P iJ 
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It is an interesting and useful fact that this matrix is the transpose of the 
generating matrix for JP }. 

Using (24) in away analogous to that in which we established (21), we 
prove that 

(25) 

(26) 

P a.^, = K. M _^P + K, _,. R + IC , P A n+h+k h+k+l n h+k n li+k-i n-l 

Rn+h+k Lh+k+iPn + Lh+kRn + ^ k ^ n - i 

two relations which are not only interesting in themselves but which also give 

(27) 
•n+h+k 

R n+h 

«- n 

Kh+k+i K h+k K h + k - i ] 

L h+i \ L h - i 

1 0 0 J 

ri i o" 
1 0 1 

[ i o o, 

1 1 — <U " p 2 

R2 

. P i 

hi order to define P for negative n, we use (14) for n > 0 written 
in the form 

(28) 

r p -
n 

k+i 
P 

L n+2J 

= 

"0 1 0 " 

0 0 1 

_1 1 1_ 

n "Po l 

P i 

J>i\ 

Replacing n by -n in (28), we have for n > 0, 

(29) 

r p i 
- n 

P - n + i 

L -n+2-

= 

ro i o* 
0 0 1 

I I \ 

— i i 
"Po" 

P i 

. P 2 . 

= 

- 1 

1 

0 

- 1 1-

0 0 

1 0 

n fPo l 

P i 

. P J 
which together with (14) determines P for all n since P0? Pj, P2 are 
given. The same result is obtained upon replacing n by -n in (3) to get 

(30) P = P J J 0 - P J . - P J . ^ n > 0 8 -n -n+3 -n+2 -n+1 
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R i s a lso defined for negat ive n by (29) and (30) s ince 

R = P + P 
n n - l n-2 

This allows us to r emove the r e s t r i c t i on placed on n, p , r , h, k above. 

3„ LINEAR SUMS 

A la rge number of what we shal l cal l l inear sum re la t ions on t e r m s of 

the sequences j R | and j P f w e r e found and proved. Since an exhaustive 

l i s t i s not our a im, only a few of the m o r e in te res t ing ones a r e l is ted. No 

proofs will be given h e r e s ince the proofs may al l be made r a t h e r easi ly by 

finite induction. 

n 1 
(31) T P . = -i (P + P + P 0 - P 2 ) 

f-' l 2 n+2 n u * 
1=0 

n 3n-i 
(32) E P3i = E ?i + Po , 

i=i i=o 

n 
<33> E ^3i = Psn " Po » 

i=i 

n 
(34) E R3i+l = Psn+l " P i 

i=i 

T h e s e re la t ions obviously have special cases for the sequences K and L 

F o r example (33) becomes 

n 
(330 E Lsi = K3n . 

i=i 
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48 QUADRATIC AND CUBIC RELATIONS 
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An at tempt to pa ra l l e l the quadrat ic re la t ions of the Fibonacci sequence 

failed. A different approach was n e c e s s a r y and this was found in the u s e of 

the v e c t o r - m a t r i x represen ta t ion of P . We have the following in te res t ing 

quadra t ic form: 

(35) P ^ + P ^ + 2 P n - i P n _ 2 = P 2 P 2 n _ 2 + R 2 P 2 n - 3 + Pi P 2 n _ 4 . 

The proof of (35) follows by consider ing the left s ide of the re la t ion as 

the s c a l a r product of the vec to r s f p , R , P ,1 and f p , P , P 1 ^ L n n n - i j L nJ n - i ' n-2 J 
( recal l R = P + P ), and then us ing (14) and (24), we have n n - i n-2 

p2 + p2 + 2 P „P = f p , R , P J 
n n - i n - i n-2 I n n n - l j ' n - i 

n-2-1 

TP2, R2, P J 

ri i r 
1 0 0 

L° i °. 

2n-4 "P2"j 

P i 

„PoJ 

[p2, R2J Pt] 
rp2n-

p2n-

Lp2n-

" 2 1 
-3 

-*J 

P2?2n-2 + Rj^Zn-S + PlP2n-4 

F o r P0 = 0, PA = P 2 = 1, (35) becomes 

(35* K2 + K2 + 2K K = K H n n - l n - l n-2 2n-l 

which is (12), It was shown that (12) i s a lso a specia l c a s e of (19), but (35) is 

not obtainable from (19) nor v ice v e r s a . 

One of the mos t in te res t ing re la t ions involving t e r m s of the Fibonacci 

sequence is the one 

C c - C2 = ( - l ) n 
n - i n+i n 
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T h e r e is a re la t ion of th i s na tu re for the sequence j P 1; however as may 

have been suspected, it has a cubic r a t h e r than a quadrat ic form,, The des i r ed 

re la t ion is 

(36) P 2 P + P 3 

n n-3 n - l 
P 2 P ^ n-2 n+i P P HP - 2 P P P n+i n - l n-3 n n - l n-2 P3

0 + 2Pf 

+ P 3 + 2P§Pi + 2P0P2i + P 2 P 2 - 2P!Pi - 2P 0 P iP 2 - P0P^ 

Before proving (36), we note that for P 0 = 0, V1 = P 2 •= 1, (36) becomes 

(37) K2K + K3 + K2 K - K K K - 2 K K K = 1 n n-3 n - i n-2 n+i n+l n - l n-3 n n - l n-2 

The proof of (37) follows from (9) and (15) by the use of de te rminan ts 

s ince 

K2K + K3 + K2 K _, - K ^ K K - 2K K K n n-3 n - l n-2 n+l n+i n - l n-3 n n - l n-2 

K K K n+l n - l n 

K n-2 n - l 

K K K n - l n-3 n-2 

K ^ L a., K 
n+l n+l n 

K L K H 
n n - l 

K L K 
n - l n - l n-2 

= 

1 1 1 

1 0 0 

0 1 0 

Proof of (36): Even though (36) may be verif ied in v e r y much the s a m e 

manner as (37), we adopt a different method of proof s ince this is m o r e eas i ly 

used in a genera l ized ve r s ion of (36). F i r s t , we s ta te the following l e m m a 

whose proof the r e a d e r can readi ly supply, 

Lemma: Let A be any 3 x 3 m a t r i x and le t x and y be th ree -d imens iona l 

vec to r s ; then the c r o s s product (Ax) X (Ay) is equal to the cofactor ma t r i x 

of A mult ipl ied by x X y; i» e. , 

(Ax) X (Ay) - (cofactor A) (x X y). 

Now the left s ide of (36) can be cons idered as the t r ip le s c a l a r product of the 
t h r e e vec to r s | P , . P , P 1, | P . P , P 1, and fp , P , P 1. 

L n+l n n - i j [_ n - l n-2 n -3 j |_ n n " 1 n " 2 J 
By (14) and the l emma, 
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rp i 
n - i 

P 
n-2 

P 
L n - 3 J 

X 

" P n 

P 
n - i 

P 
L n - 2 -

= 

* 1 1 f 

1 0 0 

. 0 1 0 . 

n-3 " P 2 " 

P i 

- P o -

X 

" i l l " 

1 0 0 

. 0 1 0 . 

n-3 " P 3 1 
P 2 

-PJ 

0 0 1 

1 0 - 1 

0 1 - 1 

v\ 
P3P0 

Pi 

- P2P0 

- P1P2 

- P 3 P 1 -

There fo re 

p 2 p 
n n-3 "n-i + P: 

n-2 n+l P , P P 0 - 2P P P n n+i n - l n-3 n n - i n-2 
r p -1 

n+i 

P 
n 

LPn-i-

" P n - i " 
P 

n-2 
P 

L n-3 J 

X 

rp 1 
n 

P n - i 

.Pn-J 

= [ p 4 , ps> p2] 
ri 1 o" 

1 0 1 

L1 ° °. 

n-3 . 0 0 

0 0 

0 1 

1" 

- 1 

-!_ 

n-31-
P? - P2P0 

p s p , 3-^0 P l P 2 

p i - P3P1 J 

= P4(P2i - P 2 P 0 ) + P3(P3Po - P2P1) + P 2 (P ! - P3P1) . 

which reduces to the r ight s ide of (36)„ 

Example: Suppose we let P 0 = 0, I>
1 = 1; then the r ight s ide of (36) 

becomes 

Po - 2Po + 2 . 

Setting th is express ion equal to ze ro and solving for P2 , we see that t h e r e 

exis t a lgebra ic in tege r s , say P0 3 P l 3 P2 s such that for the sequence J P \, 

p 2 p + p 3 + p 2 p 
n n-3 n - l n-2 n+l 

P P P + 2 P P P 
n+l n - i n-3 n n - i n-2 
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The l e m m a and (22) may be used a s in the prev ious method of proof to 

show that for h, k, n, m, t i n t ege r s 

(38) P P P + P P P + P P P 
v ; n+h n+m n+h+k+t n n+h+t n+h+k+m n+t n+h+k n+h+m 

- P P P - P P P - P P P 
n n+h+m n+h+k+t n+m n+h+k n+h+t n+h n+t n+h+k+m 

= (KhL 
h+k+i K h + k L h + i ) [ P t + 2 ^ P l P m ' P o p m + i ) + Pt+i(Popm+2 P 2 P m ) 

+ p
t ( p 2 p m + i - p i p m + 2 ) ] • 

T h e r e a r e many in te res t ing specia l c a s e s of this relation,, We mention 

a few. If P 0 = 0, Pt = P 2 = 1, (38) becomes 

(39) K , ,K . K . , , , ,, + K K ^ J K ^UjLl ^ + K ^ K ^ ^ K ^, ^ 
v ' n+h n+m n+h+k+t n n+h+t n+h+k+m n+t n+h+k n+h+m 

n n+h+m n+h+k+t n+m n+h+k n+h+t 

n+h n+t n+h+k+m 

v h h+k~i h+k h - l / v t - i m t m - r 

If k = h = t, m = 1, (39) becomes 

(40) K , K _,_, K . , + K K __ K _ , + K ^ . K . ^ K _ - K K ^ . K . . 
v ; n+i n+h n+3h n n+2h n+2h+i n+h n+h+i n+2h n n+h+i n+3h 

- K K2 _ K 2 , K _,_,_, = K. K , K , - K2 K , ; n+i n+2h n+h n+2h+i n - i h 2h-l h - i 2h 

and if t = h, k = m - h, (39) r educes to 

(41) K K _,_ , K ^ + 2K ^ , K ^ K ^, ^ - K K2 ^ - K2 K _ 
v ' n n+2h n+2m n+h n+m n+h+m n n+h+m n+m n+2h 

- K2 K ^ - - (K.K - K K J 2 

n+h n+2m \ h m - i m n - i ' 

In o r d e r that the above r e s u l t s be valid, we must choose h and k so 

that 

K n K n + k - i " K h + k K h - i " K h L h+k+i " K h+k L h+i * ° ' 
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for in the proof of (38), we a s s u m e that the ma t r i x 

221 

Kh+k+i 

h+i 

L i 

Lh+k+i 

Lh+i 

0 

Kh+k 

Kh 

0 

i s non-s ingular „ 

Using (27) we can find re la t ionships involving t e r m s of both the sequences 

| R J and | P j which reduce to an express ion independent of n0 For e x -

ample , i t may be proved that 

\ ) n+h+k+t^ n-tfi n+m n n+h+nr n+h+t^ n n+h+k+m n+m n+h+k' 

4- p CP R - R P 
n+tv n+h+k n+h+m n+h n+h+k+m 

] ~ ^ h + k - i ^ ' V k V i ' • 
[p^P^m - P0Pm+i) + P t + 1 ( P 0 P m ^ - P 2 P m ) + P t ( P 2 P m + i " p i p m + 2 ) ] 

It should be noted that no t e r m s of the sequence j R I appear on the r igh t s ide 

of (42) and a lso that the second factor on the r ight side of the equality sign in 

(42) i s the s ame as the second factor on the r ight side of (38). 

5. MISCELLANEOUS RESULTS 

We conclude with some misce l laneous r e s u l t s . The following l imit ing 

re la t ions may be es tabl i shed us ing (13) and the fact that rl9 r 2 , the two c o m -

plex roo ts of 

a r e such that 

x3 - x2 - x - 1 = 0 , 

r , = ro < 1 

(43) 

(44) 

V '4- n + 1 

l imi t - = — 
i—> oo n 

V3V33 - 19 + V 19 + 3V33 

l imi t 
n —>oo 

"n+h 1 - V 3 yg3" - 19 + V 19 + 3 Vg3 
3 • ) • 
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By induction the following theo rem may be es tab l i shed: 

T h e o r e m : F o r every posi t ive n, 

K4 n = KAn_t = 0 (mod 2) 

K 4n-2 = K4n-3 = 1 ( m o d 2) 

K4 n = 0 (mod 4) 

If we le t D(P0, P j , P 2 , • • • , P n ) be the de te rminant 

Po P i P 2 

Pi P . P., I ^ 2 n+i 

n n+i n+2 m 

i t can be shown that for n > 3, 

D(P0 , P l f P 2 , • • - , P n ) = 0 

This ma te r i a l i s taken from Some Genera l iza t ions and Extensions of the 

Fibonacci Sequence, a thes i s submit ted to the Univers i ty of P i t t sburgh by the 

f i r s t author in pa r t i a l fulfillment of r equ i r emen t s for the Ph„ D. degree . 
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