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In a recent paper [3] the author proved that the binomial coefficient and

the bracket function ([x] = greatest integer < x) are related by
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Moreover, the fact that the numbers R and A are orthégonal proved

the elegant general result that for any two sequences f(n,k), g,k), then

n
(5) o,k = ) g, DRy ()
=k

if and only if

n
©® gl = )t A0
=

Notice that (5) and (6) do not imply (1) and (2); one at least of the special
expansions must be proved before the inverse relation follows from (5)-(6).

Finally, it was found that R and A satisfy the congruences

0 {(mod k)

Rk(j)
(7)
Ak(j) = 0 (modk)

for all natural numbers j 2 k+ 1 if and only if k is a prime.
These congruences, together with the fact that Rk(k) = Ak(k) =1 then
showed that either of (1) and (2) implies that

®) (‘ﬁ) = [ﬁ] (mod k) (k > 2)

for all natural numbers n if and only if k is a prime.

Naturally, similar congruences are implied for any f and g which sat-
isfy the pair (5)-(6). .

Now it is natural to look for an extension of these results to the more

general situation where (2 is replaced by the g-binomial coefficient

n n g qn_jﬂ- 1 n n\
o[-0, -0 S BB
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In the limiting case g = 1 thesebecome ordinary binomial coefficients. This
is the motivation for the present paper. Ordinarily we omit the subscript q
unless we wish to emphasize the base used.

We follow the terminology in [2] and, since that paper is intimately con-
nected with the results below, the reader is referred there for detailed state-
ments and for further references to the literature., Cf. also [1]

In the present paper we exhibit g-analogs of expansions (1) and (2) in
terms of g-extensions of R and A. Moreover, the generating functions for
Rk(j’ q) and Ak(j, q) prove their orthogonal nature so that we obtain an elegant
and direct generalization of the inverse pair (5)-(6) to the g-coefficient case.

By consideration of the expressions

n n
D RGAAmD . ) A GAR 6D atop,
=k =k

we are then able to obtain new expressions for g-Stirling numbers of firstand
second kind, with the ordinary Stirling numbers as limiting cases.

Our emphasis is on the various series expansions involving R and A and
a detailed study of arithmetic properties will be left for a separate paper.

The principal results developed here are embodied in Theorems 1-16.
Special attention is called to1, 2, and 6. Afew arithmetic results also appear.

We begin by generalizing (2). Put

EIDVHRTEIEE

Now, inverse relations (7.3)-(7.,4) in [2] may be stated in the form
n
iy ) id
aw pe = ) (0™I[1] o0
j=0

if and only if
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n
(11) fn) = D RG)
(n) Z e
J=0

Thus

n
Ap,q = JZ:; 1" [;1] q(n'J)(n_J'l)/2 [—é] .

In this sum the bracketed term is zero for 0 < j < k sothat the index j need
range only from k to n, and it is then also clear that Ak(n, g =0 for n<
k, Moreover Ak(k, q =1 for all k> 1 and any g Evidently we have
proved

Theorem 1. The g-binomial coefficient expansion of the bracket func-

tion is
n n

2 [F] - = [[aee =[1+ T []a6o
j=k j=k+1

where

(13) Al = i (-1)3'd[g]q(i—d)(j—d—1)/z [g]
d=k

j
- qj(j-i)/zz (_1)j—d [(31] pd(d—i)/z [%]
d=k p

with pgq = 1. Cf. also Theorem 15.

The indicated second form of (13) follows from the reciprocal transform-

ation [2]
[E] = qk(k—n) [ﬁ] for pg=1.
p q
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The sum may be written also as in the second form of (4) above. SeeTheorem
15,

The ease of finding (12) suggests that it should not be difficult to invert
the formula, To do this, i.e., to derive a g-analog of (1), we shall proceed
exactly as in the proof of Theorem 7 in [3] We need a g-analog of the

relation

which was exploited in [3] in the proof of Theorem 7 as well as in the study of
the combinatorial meaning of Rk(j)'

The g-binomial coefficient satisfies [2] the recurrence relations

n+11 _ k[n i n _ nl o n-k-+1 n
k - d k [k - - k q k - ’
and the second of these gives
d-k[d-17 _ [d] _ [d—l]
d k-1 k ko]
so that by summing both sides we have the desired g-analog
d-k[d-1 _ n
14 e [k—l:l - [k}'
d=k
We also recall the formula of Meissel [ 3]
X —
(15) >[5 ] ww =1,
m<x

where M is the familiar Moebius function in number theory.
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We are now in a position to prove

Theorem 2, The bracket function expansion of the g-binomial coefficient
is given by

nyp _ n . _|n n .
(16) [k:l = [J_:l Rk(J:Q) = [E] + Z [J_:| Rk(]sQl) s
ik j=kott
where
17 R () = qu‘k[;jj }]“(j/w :
dlj
d>k

Proof. As in [3, P 248] we have

> [?]Z g " [E I ]u(j/d)

j<n dlj
X IDIRE I
d<n m<n/d
- 2] -

by (15), then (14).
This completes the proof since it is evident that Rk(j,q) =0 for j<k
and Rk(k, q) =1 forall k> 1 and any q.

We next obtain a Lambert series expansionhaving Rk(j’ q) as coefficient.
We need a g-analog of the formula

(18) Z (ﬁ) L= Faln, k>0,
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which was used in [3, p. 246].
By using (14), it easily follows that

o o n
s - D[] - ST ]
n=k n=k  j=k

a5 - xSk - 1,q%) ,

with S(0,gx) = (1 -qx)! ,

so that iteration yields the desired formula

k

co

(19) Z\:E]Xn =XkH 1-d%° 1, k>0,

, n=k ’ j=0

We also recall [3, (3)]
[oe]

(19") Z [%] <" = Xk(l -x)"1 - xk)—l, k>1.,
n:

We may now state
Theorem 3. The number-theoretic function Rk(j,q) is the coefficient

in the Lambert series

&z ] K - ' = 17 n-k
. X B Joy-1 = n - n-k n
=k - j=t n=k

Indeed, the same steps used in [3, P. 246] apply here., One substitutes
in (19) by means of (16), rearranges the series, and then uses (19'). Since we
are only concerned with the coefficients in formal generating functions no prob-
lem about convergence arises at this point. Later, in Theorem 16, we expand
(20) as a power series in a variant form. The right-hand summation in (20)

follows easily from (19).
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The expansion inverse to (20) is just as easily found, and we state
Theorem 4. The number-theoretic function Ak(j,q) is the coefficient

in the expansion

2 ] . k
(21) ZAK(J', QK I (1-gxt =—— .

j=k i=t lI-x
Indeed, the proof parallels that in [3, 252] in that one starts with (19'), sub-
stitutes by means of (12), rearranges, and applies (19). .

Now it is evident that the g-binomial coefficient [E] is a polynomial of
degree k(M - k) in g Thus it is evident from (4) and (17) that Ak(j,q) and
Rk(j, @) are each polynomials in q. In terms of the formal algebra of generat-
ingfunctions we maythen equate corresponding coefficients in series to derive
identities. Substitution of (20) into (21), and conversely, yields the following
orthogonality relations which we state as

Theorem 5. The numbers Ak(j,q) and Rk(j,q) are orthogonal in the

sense that
n

(22) D R GaA GG =5
=k

and
n

(23) D AR 0o =8]
ik

Thus we have evidently also proved the quite general inversion

Theorem 6. For two sequences F,k,q), Gn,k,q), then

n
(24) F(n3 ks Q) = ZG(H: js Q)Rk(J, q)
=k
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if and only if

n
(25) Gl ld) = ) Flui @A Ga) -
j=k

Again we note that Theorem 6 does not immediately imply Theorem 1 or
Theorem 2, as one at least of these must be proved before Theorem 6 yields
the other. The expansion and inversion theories are quite separate ideas.

It was seen in [3, P. 247] that the number of compositions of n into k

positive summands, Ck(n), is related to Rk(j) by the formula

(26) C ) = (};j }) =Y rR@ ,
din

which was then inverted by the Moebius inversion theorem to get that part of
(3) above involving the Moebius function. Since that paper started from the
number-theoretic interpretation of Rk(j) and only later used the formula of
Meissel to obtain the expansion without starting from the theory of compositions,
it is of interest in the present paper to proceed in reverse. The Moebius inver-
sion theorem applied to (17) above gives us at once

Theorem 7. The function Rk(j,q) satisfies the g-analog of (26).

@7 ok [E: ﬂ =Y R @a .

din

We now turn to the connections between R, (j,q) and Ak(j’q) and the
Stirling numbers. A formula due to Carlitz was stated in [1] in the form

n

(28) [E:I = Z (2) @- 055505 -k,

s=k
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where Sy(n,k,q) is a g-Stirling number of the second kind and, explicitly,

k .
I (550 ¥

J=0

It is evident from the expansions which we have examined here that we
may obtain formula (28) in quite a different manner,

Indeed, substitution of (2) into (16) above gives us at once

(30) (3] - ;\; (‘sl) ; R G A(S)

and this must agree with (28), so that we are left to assert
Theorem 8, The g-Stirling number of the second kind as defined by
(29) may be expressed as

s
s-k - .
(31) (@- D580k 5 - k, Q) z ) Ry (G, A 6) .
J:

This is an interesting result, because when q = 1 the left-hand member
is zero (k # s), and the right-hand member is zero because of the fact of
orthogonality of Rk(j) and Aj(s). As a corollary to this theorem we have

Theorem 9. The ordinary Stirling numbers of the second kind (in the

author's notation [1]) are given by
n
(32) Selkyn - k) = lim (q - l)k—nZR G> @)A.(n)
2 q —>1 (DA i
=k

where Rk(j, q) is given by (17) and A].(n) = Aj(n, 1) is given by ().
It is natural to request a companion formula for the Stirling numbers of

the first kind. To attempt this we next need a formula inverse to (28), as the
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formula inverseto (30) is apparent. Weproceed by making use of the q—inversioﬁ

theorem expressed in relations (10)-{11) above.
Put

. n
(39) (ﬁ) = > (‘;) i(s,k,q)

s=0

then by (10)-(11) this inverts to yield

) |

| _ n-j [0 - @-j-1/2 ]

(34) fo, ko q) = }: 1) [ j] q (k)
J=0

It was found in [1, (3.19)] that the g-Stirling numbers of the first kind

as there defined could be expressed in the form

k
_ -k k-j(n-j\[n] _iG+)/2
=0
which may be rewritten as follows:
n—k - . 2 i
Simn- kg = (- D5 (n nod J.) HEME
j=0
n
_ k- n-k-jf{ n-j \n] jG+1/2
= @- 5" 1) ( - )[j]q ,
j=0
n
_ yk-n k-j (i\[ n7 ,0-i)@-j+1)/2
= -0 ) (k>[j}q ,
j=0

so that we may write
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n
36) Syyn-kq = (1 - q)k-nz(_l)n—j [: ;1] (11) q(m—j)(n—j-i)/zqn—j )
j=0

This looks somewhat like f(n,k,q) as given by (34), but with an important dif-
ference: the factor qn'j. It seems rather difficult to modify the work so asto
remove this factor and express f(n,k,q) easily in terms of S;in,k,q). We
could call f(n,k,q) a modified Stirling number of the first kind. We illustrate
further the difficulty involved. Instead of (33) let us put

(37 g™ (E) = Z[g] gls, k,q) .

This inverts by (10)-(11) to give

n
gl,k,q) = z:(-l)n'j Bl] - -i-0/2 (L) q’,
=0

and comparison of this with (36) yields at once

‘n—-k

(38) g, k,q) = q (1 - @" Sim,n - k,q)

This, however, leads to difficulty when we examine the analog of (30). Indeed,

substitution of (12) into (1) gives us at once

n S

(39) | (E) =D [ moasw.

s=k j=k
However, expansion (37) gives us

n

(40) (ﬁ) = Z[ﬂ d"gls,k, @) »

S=i
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and we may not equate coefficients since (39) requires the coefficient of the g-
binomial coefficient to be independent of n, but in (40) it is not.
Of course, by (33) and (39) we do have

s

S
“u D o ROA G = Y 0> [ﬂ( f{) (D 6-i-0/2
=k

j=k

which is the best companion to (31) noted at this time,

Another approach would be to develop 2 g-bracket function (gq-greatest
integer function) and proceed in a manner similar to the ahove by expandingthe
binomial coefficient I; in terms of a g-bracket function and using this in
relation (2) just as we here used relation (2) in (16) to get (30) and then (31).
The development of the g-analog of the greatest integer function will be left
for a separate account.

It seems notwithout interest to exhibit anumerical example of (32). From
definition, $,(2,3) =1°¢ 1« 1+1- 1+ 241+ 2« 2+2+ 2+ 2 =15, being
the sum of the 4 possible products, each with 3 factors (repetition allowed),
which may be formed from the first 2 natural numbers. The table of values of

A]T (n) in [3, jo 254] and the formula (17) may be used. We find that

5
S2(2,3) = 52,5-2) = i (q - D=2 Rell @)A(5)
j=2

It

ql_i_lgl (q - 1)73(-8+6q(g+1) ~4(-1+2+ @ + g¥ P +q*+ g+ %)
= iy @- D7 4+ 6q+2q - 3¢° - 39° - ¢ +qf) = 15,

the limit being easily found by 1'Hospital's theorem.

We should remark for the convenience of the readerthat the Stirling num-
bers appear in various forms of notation and the notations of Riordan [5],
Jordan [4], and the author [1] are related as follows:

42) st k) = sﬁ - (D580 -1n-8)
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and

@3) S,k =GE = Slon-k) = = Akon.

The 8; and S, notations are convenient because of the generating functions

n n n o0
(44) M a+k9 = 3 S kxS T @-ko! = 5 S0, kx5,
k=0 k=0 k=0 k=0

Also, in [1] will be found a discussion of the interesting continuation formulas
B 8 _ K
(45) Sy{-n-1,k,1/q) = q Sin, k,q), Sy(n-1,k, 1/9) = q Sy, k,q) .

A g-polynomial was suggested in [1] which would include both S; and Sy as

instances. The q-Stirling numbers as defined in [1] satisfy the generating

relations
n n n [e o]

(46) ma+e = ¥ sikgss, 0 -0 = T S,k gxs,
k=0 k=0 k=0 k=0

in analogy to (44). Here [k] is called a g-number and is defined by

so that

lim [k] =k .
qg—>1

The notation [k] must not be confused with that for the bracket function.

Relations (31) and (41) suggest that we consider the following. By using
Theorem 3 with base g, and substituting with Theorem 4 and base p, we
find the identity
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k o0 n n
@ I a-dort = T 1 a-s0t Y RG a0
j=t =k i=1 j=k

It will be recalled from [3] that for p = q the inner sum is merely a
Kronecker delta, In view of Theorem 8, we may look on the sum

n

8) 2 R G, @A, D) = f,k,pr )
=k

as a kind of generalized Stirling number.

Some of the results already found extend to real numbers instead of
natural numbers only. The product definition (9) holds for n = x = realnum-
ber. We may also extend the range of validity of (16) just as was done in the
proof of Theorem 7 in [3] Indeed we have

Theorem 10. For two sequences F(x,k,q), G(x,k,q), then for real x

and all natural numbers k

49) Flx,k,q = Z G(x,], Q)Rk(j, Q)
k<i<x

if and only if

(50) G,k = ) G DAL
k<j<x

Iwhere R and A are defined by (17) and (13).
The proof uses nothing more than Theorem 5.
The real-number extension of Theorem 1 most readily foundis as follows.

Theorem 11. For real x and natural numbers k

(51) [E] - ¥ [[g‘]] A 9 .

k&jex
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The proof parallels that of Theorem 7 in [3] Note that the 'expansion'

(52) [£]- 2 [F] acwo

kijix a

is incorrect. What is really expanded in (51) is

I:-%-l] » however in fact [%J-] = [-E] s

so that what one might first try from (50) does not hold.
Similarly, a correct generalization of Theorem 2, by inversion of (51),
is

Theorem 12. For real x and natural numbers k
X _ X .
(53) CI - > [F]rewo -
4 Kiex

The failure of (52) suggests two new procedures. First, we may define

a kind of g-greatest integer function (not the only possible definition) by

(54) [{; : q] -y [ﬂq A o

k&jix

and secondly, we may introduce new coefficients such that

(55) [{é] = Z [;‘] B, Gra) »
q

k&jix

but these are not easily determined. We shall leave a detailed discussion of

such extensions for another paper.
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Although we omit a detailed study of the arithmetical properties of the
functions Rk(j,q) and Ak(j,q), we remark that such a study makes use of
arithmetical properties of the g-binomial coefficients. Fray [6] has recently
announced some results in that direction. In particular he announces the fol-
lowing theorem. Let g be rational and ¢q # 0 (mod p), and let e = exponent
to which g belongs (modp). Let n = a;+ea, 0< a; < e, and k =Dby + eb,

0 < by< e Then
a9 ( a
o |\ (mod p) .

n
§

We do explore certain arithmetical properties which are of a different
nature, TFirst of all, (17) gives

gRif,q) = quu(n/d) s
din

and by a theorem of Gegenbauer [ 3, p. 256] this sum is always divisible by n

for any natural number q. Thus we have the congruence
(57) qRin,q) = 0 (mod n)

for all integers n,q. This is trivial for Ryfn,1) = Ryln) = 0 for n 2 2,

On the other hand, let n = p be a prime. Then we have for integers g
-1
(58) Rifp,q) = qp -1 = 0 (modp), for (p,q) =1,

this following from the Fermat congruence. Again this is trivial when q = L.

It is possible to obtain various identical congruences for the functions
studied in this paper. If f(g) and g(®) are twopolynomials in q with integer
coefficients, we recall that f(g) = g(d) (mod m) is an identical congruence
(mod m) provided that respective coefficients of powers of g are congruent,

We shall call such congruences identical g-congruences. Thus we have




418 THE BRACKET FUNCTION, g-BINOMIAL COEFFICIENTS, [Dec.

Theorem 13, The functions defined by (13) and (34) satisfy the identical

g-congruence
Ak(n, q) = fln,k,q) (modk) (k>2, n=1,2,3,°*)
if and only if k is prime.

Proof. Apply (8) to (13) and (34).
Another way of seeing this is to note that (33) and (39) imply

n n
o,k a) = 3 R 0A M = A+ ) ROA M,
=k j=k+1

and recall (7), whence the result follows.

In similar fashion one can obtain various congruences involving the g-
Stirling numbers,

As a final remark about identical congruences we wishto note the follow-
ing g-criterion for a prime.

Theorem 14, The identical g-congruence (for k 2 2)
} k-1
(59) (1 -q = [k]q (mod k)
is true if and only if k is a prime. Here, the g-number
[K], = @ - /-1,

Proof. We shall use the easily established g-analog identity:
k
k-1 -j [k :
(60) @- 05" = i <J> (i1, -
=t

From this we have
k-1

k-1 - ki kY
(61) @-1 —[k]q Z(l) <j>[3]q .

=1
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Now it is easily seen that

k

(;i) if k = prime and 1< j< k-1,

Hence it is trivial that (569) holds when k = prime.

Assume then that (59) holds for a composite k. Then we have (61) so

<;‘> 1<j< k-1,

Let p be a prime divisor of k. Then for some value of j, 1 <j< k-1,

that

k

j = p, whence k 1; . Considering this in the form

kk - 1) e=- (k-p+1)

k pl - D!

we have (k,j) = 1, whence k is relatively prime to every factor k - j inthe
numerator and. we have p(p - 1)! I k-1 -2)e:(k-p+1). This implies
that pl(k-— j) for some j with 14 j £ k-1, or since p|k (by hypothesis),
therefore p'j which is impossible. Thus the only possibility is that k is
prime itself,

If we write out the congruence as

k
-9t 2129 (mod ) ,
1-q

and multiply through by 1 - q we have the equivalent identical congruence

(62) @ - q)k =1 - qk (mod k)

if and only if k = prime (k 2 2),
It was noted in [3] that E. M. Wright's proof of (8) was to show that (8)
is equivalent to the identical g-congruence (62). We note atypographical mis-

take in [3, P 241] in that the identical congruence there should read
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(63) @-xP =1 - % (modp)

if and only if p is prime.

The proof above for (59) is equivalent to Wright's proof of (62), however
it is felt tobe of interest topresent it by way of the g-identity (61). Of course,
the generating functions (1) and (2) show that (8) and (63) are equivalent.

Since [3] was concerned with compositions and partitions, it is of interest

to recall a theorem of Cayley to the effect that the number of partitions of n
into j orfewer parts, each summand &i, isthe coefficient of qn ‘in the series

expansion of the g-binomial coefficient

J k-+i

j+il _ 1-qg
7] e
k=1 -4

When|q|< 1 and i—>, j —>oo, this reduces to Euler's formula for the par-

tition of n into any number of parts at alls

[e o} 1 ¢ o]
o0 @-qg)t=1+Y pwq .
k=1 n=i

It is expected that the g-identities derived here have further implications for
partitions and compositions.

As another result we show that Ak(n, q) may be written in such a way
that the greatest integer function does not explicitly appear. This is analogous
to relation (41) in [3]. We have

Theorem 15, For the numbers defined by (13) we have

(64) Ak(n’ 9 = (_1)n¢mk[ n-1 ] q(n-—mk) (n—mk+1)/2.

mk - 1
14¢mén/k

Proof. Recall that
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n n-1 n-11 n-j
. = . + . N

Then by (13) and this we have

n-1

A =Y )™ [n; 1] o) -i-0/2 [ﬁ]
j=0 :
) _
n-jf n-1} n-j (-j)o-j-1)/2{ j
+Z(_1) [j_l}q a [E]
=t

n
_ n-j*+1| n-1{| @-j)-j+)/2) j-1
_Z(—l) [j—-l]q [T:!
j=t
n
n-jn-1| @ja-j+/2]j
S Il
j=1

i (1) [1};: 1] o -9 -3+2)/2 {[—ﬁ] ) [ i_gi]}

=1

]

1l

b j-1
k<jsn
klj

A (_1)n—j [n- 1] qL(n—j)(n—j+1)/2 ,

which may then be written as we indicate, letting j = mk in the summation,
An alternative form of the power series expansion for (20) is easily found.

Indeed, the product on the right side of (20) may be written as follows:

k k-1 0 .

. . 1 qu]-l—k
Ma-got=T1a-dex?!=rq —d_ .
=t =0 jm oA

However, Carlitz [7, joR 525] has noted the expansion (due to Cauchy [8])
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1- ath: :;E: (b"a)ntn ’
1 - btq’ -~ @,

=0 n=0

where
n-1
b-a), =TI b-da),
j=0
and
n
/ _ o
t‘q)n n a-q).
j=1

Setting a = qk, b =1, t=qgx, we can obtain the desired expansion. We
state the result as
Theorem 16. The Lambert series for Rk(j’ @) maybe written as apower

series in the form

J (1 -q ) k
65 ‘R . X . = n h _n+ .
(65) Ek k(J’CI) T E ——7@;——01 X
j= n=0

Further results relating to compositions and partitions will be left for a

future paper.
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