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Send all communications regarding Elementary Problems and Solutions 
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B-130 Proposed by Sidney Kravifrz, Dover, New Jersey 

An enterprising entrepreneur in an amusement part challenges the pub-
lic to play the following game. The player is given five equal circular discs 
which he must drop from a height of one inch onto a larger circle in such a 
way that the five smaller discs completely cover the larger one. What is the 
maximum ratio, of the diameter of the larger circle to that of the smaller ones 
so that the player has the possibility of winning? 

B»-131 Proposed by Charles R. W a l l , Univers i ty o f Tennessee, K n o x v i l l e , Tenn. 

Let {H } be a generalized Fibonacci sequence, i. e. , H0 = q, Hi = p, 
H = H + H . Extend, by the recursion formula, the definition to include 

n+2 n+l n i 
negative subscripts. Show that if |H_ I = |H for all n, then {H } is a 
constant multiple of either the Fibonacci or the Lucas sequence. 

B-132 Proposed by Charles R. W a l l , Univers i ty o f Tennessee, K n o x v i l l e , Tenn. 

Let u and v be relatively prime integers. We say that u belongs to 
the exponent d modulo v if d is the smallest positive integer such that u 
= l ( m o d v ) . For n > 3 show that the exponent to which F belongs modulo 
F ,, is 2 if n is odd and 4 if n is even. n+l 

B-133 Proposed by Douglas L ind , Universi ty o f V i r g i n i a , Char lo t tesv i l l e , V a . 

Let r = F1000 and s = F1001. Of the two numbers r and s , which 
is the larger? 
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B-134 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va . 

Define the sequence j a \ by aA = a2 = 1, a2k+i = a2k + a2k-i> anc* 
a2k = \ ^ o r • k > 1. Show that 

n 
a 2k- i = a4n+l " a2n+i 2 ^ a

k
 = a ^ + l - *> ^ 

k=i k=i 

B-135 Proposed by L. Carl i tz, Duke University, Durham, North Carolina 

Put 

k=o k=o 

Show that, for all n > 1, 

F ' = 2 n - F _,_„, V = 3 • 2 n - L ^ . n n+25 n n+2 

SOLUTIONS 

GENERALIZATION OF F L = F ^ i + F 2 n _ 2 

B-112 Proposed by Gerald Edgar, Boulder, Colorado 

Let f be the genera l ized Fibonacci sequence (a ,b) , i . e . , f̂  = a, f2 

= b , and f , = f + f ,. Let g be the assoc ia ted genera l ized Lucas s e -tt* l n n - i &n & 

quence defined by g n = f ^ + fn+r P r o v e that f n g n = b f a i „ 1 + afm_2. 

Composite of solutions by David Ze i t l i n , Minneapolis, Minnesota and Phil Mana, 
University of New Mexico, Albuquerque, New Mexico. 

Let r and s be the roo t s of x2 - x - 1 = 0. Then f and g a r e of 
n &n 

the form Cjr + c2s and hence f g , f2n_i, anc* fzn-2 a r e a ^ °̂  t n e f ° r n i 

kjr2*1 + k2C-l) n + k3s: 2n 

and hence al l sat isfy the difference equation 
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(E) y , - 2v - 2y + v = 0 
Jn+3 yn+2 ^n+i ^n 

whose auxi l iary polynomial i s 

(x - r 2 ) (x - r s ) (x - s 2 ) = x3 - 2x2 - 2x + 1. 

Since both s ides of the d e s i r e d formula 

W f
n&n

 = bf2n-i + ^211-2 

sat isfy (E)9 formula (F) i s es tabl ished by verifying it for n = 0, 1, and 2 and 

then using (E) and mathemat ica l induction to p rove i t for n > 0o 

Also solved by Thomas P. Dence, Douglas L ind , D. V - Jaiswal ( India) , Stanley 
Rabinowi tz , A . C . Shannon (Austra l ia) , M . N . S. Swamy (Canada), and the 
proposer. 

CLUSTER POINTS 

B-113 Proposed by Douglas L ind , Univers i ty of V i r g i n i a , Char lo t tesv i l le , Va* 

Let (x) denote the fract ional p a r t of x5 so that if [ x J i s the g rea t e s t 

in teger in x, (x) - x - . [ x ] . - Let a = (1 + V 5 ) / 2 and let A be the se t {(a) , 

(a2) , (a3) , ° • °} . Find al l the c lus t e r points of A. 

Solution by the proposer. 

If b = (1 - V 5 ) / 2 , it i s fami l ia r that L = a + b , where L i s the 
th n n 

n " Lucas number , which i s an integer* Since - 1 < b < 0, given E > 0§ 
t h e r e i s an N such that for al l k > N we have 

0 < b 2 k = L 2 k - a2 k < G . 

It follows that (a2 k ) - > 1 . Similar ly , t he r e i s an M such that for all k > M 

we have 

0 < „b2k+l = a2k+l _ L 2 k + i < G 9 

so (a2 k 1) ->0 o Clear ly these a r e the only poss ib le c lu s t e r points of A0 



92 ELEMENTARY PROBLEMS AND SOLUTIONS [Feb. 

OUR MAN OF PISA 

B-114 Proposed by Gloria C. Padilla, University of New Mexico, Albuquerque, 
N . M . 

Solve the division alphametic 

PISA 
FIB | ONACCI ' 

w h e r e each l e t t e r i s one of the digits 1, 2, • ° ° , 9 and two l e t t e r s may r e p r e -

sent the s a m e digit. (This i s suggested by Maxey Brooke ' s B-80 . ) 

Solution by the proposer. 

One solution i s the following: 

3 4 1 8 
1 4 3 | 4 8 8 7 7 4 

IDENTITIES FOR F, AND L. kn kn 

B-115 Proposed by H. H. Ferns, Victoria, B.C. , Canada 

From the formulas of B-106: 

2 F . , . = F .L . + F .L . 
i+J i ] 3 i 

2L.J_. = 5 F . F . + L.L. 
1+3 1 3 1 3 

one has 

Foy, — F L 
m n n 

F 3 n = (5F3 + 3F L 2 ) / 4 6ii n n n ' 

L 2 n = (5F* + l £ ) / 2 
n n 

-^n L 3 n = (15F2 L + L3 ) /4 6n x n n n ' 

Find and p rove the genera l fo rmulas of t hese types . 
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Solution by Stanley Rabinowitz, Far Rockaway, New York. 

The formulas look neater when expressed in matrix form. Putting i = 
(k - l)n and j = n in the formulas of B-106 gives 

« ft)-ft *:)&;; 
Repeated application of this formula gives the desired solution: 

( W = 2 k ( 5 F n L n / ( 2 ) 

since F0 = 0 and L0 = 2. 
Note: From (R) or the formulas of B-106, one can obtain the proposer1 s 
formulas: 

1 [ k / 2 ] i / k + l \ 
F(k+l)n = 7k Z ^ 5 ' \ k - 2 i / F n + 1 Ln~H s 

i=o 

[(k+i)/2] 
L = JL V 51 / k + 1 \ F 2 i L

k + 1 " 2 i 

^(k+On 2k Z ^ I k + 1 - 2 i j n n 

i=o 

Also solved by David Zei t l in and the proposer. 

A GENERATING FUNCTION 

B-.116 Proposed by L. Carlitz, Duke University, Durham, No. Carolina. 

Find a compact sum for the series 

00 

E -P m n 
±,2m-2nx y • 

m, n=o 
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Solution by David Zei t l tn , Minneapolis, Minnesota. 

If W ^ = aW ^ + bW , then n+2 n+i n 

W0 + (Wi - aW0)t ~ t 
(i) — = 2 ^ w,_tj 

1 . at - bt2 

k=o 

Since W, = F 2 ^ i p sa t is f ies W, = 3W, - W. , we have 

E m
 F - 2 n + (F2-2n - 3F_ 2 n )x 

F2Hl-2nx ~ —" ! — r — — — -
1 - 3x .+ x2 

m=0 

Since F . = ( - l r F . , we have the d e s i r e d sum, S, 

S = _ 1 l(3x - Dy^F 2 n y n -xVF 2 n _ 2 y n 

i - 3x + x2 \ *-i *-i ) 
v n=o n=o / 

1 / (3x - l )y x ( - l + 3y) 
1. - 3x + x2 \ 1 - 3y + y2 1 - 3y + y2 

- x - y 

(1 - 3x + x 2 ) ( l - 3y + y2) 

Also solved by Douglas Lind, D. V . Jaiswal (India), M . N . S . Swamy (Canada), 
and the proposer. 

ANOTHER GENERATING FUNCTION 

B-117 Proposed by L. Carli tz, Duke University, Durham, N o . Carolina. 

Find a compact sum for the s e r i e s 

E ^ m n 

F2in-2n+iX y m, n=o 
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Solution by David Zeitlin, Minneapolis, Minnesota. 

Using (1) in B-116, we have 

" m _ F-2n+l + (F3_2n - 3F_2n+1)x 
/ A

 F2m-2n+lx 

1 - 3x + x2 
m=o 

Since F . = ( - l r F. , we have the desired sum, S, 
-J 3 

( 00 00 ^ 

(1 - 3x) V F 2 n . i y
n + x y F2n_3yn 

n=o n = 0 / 
( (1 - 3x)(l - 2y) + x(2 - 5y) \ 
\ 1 - 3y + y2 1 - 3y + y2 / 

1 - 3x + x^ 

xy - 2y - x + 1 
(1 - 3x + x2)(l - 3y + y2) 

Also solved by Douglas L ind , D. V . Jaiswal ( India) , M . N . S . Swamy (Canada), 
and the proposer. 

* • • • • 
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