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As a continuation of results in [ 4 ] , this paper deals with the concept of 
minimal and maximal representations of positive integers as sums of general-
ized Fibonacci numbers (G, F. N.) defined below and presents a partition of the 
G. F. N. in relation to either minimal or maximal representation. 

Consider the sequence {F }, where 

(1) and 
Fi = F2 = ••• = F r = 1, r A 2 

F, = F, + F, , t A r 
t t - l t - r 

Obviously, the sequence gives r ise to the sequence of Fibonacci numbers for 
r = 2. For this reason, we call {F,} a sequence of G.F.N. Clearly {F,} 
is a special case of Daykin's Fibonacci sequence [3], as well as of Harris and 
Stylesf sequence [6 ] . 

We remark that it is possible to express any positive integer N as a 
sum of distinct F.Ts, subject to the condition that F1} F2, • • ° , F are not 
used in any sum (reference: Daykin's paper [3]). In other words, we can have 

(2) N = £ aiFi 
i = r 

with a = 1 and a.• = 1 or 0, r 4 i A s. Here s is the largest integer 
such that F is involved in the sum. 

s 
Definition 1: In case (2) is satisfied, the vector (a , a , . ,•••., a ) of 
— r r+i s 

elements 1 or 0 with a = 1 , is called a representation of N in {F }, 
s z 

having its index as s. 
Definition 2: A representation of N in {F,} is said to be minimal or maximal according as a.a., . = 0 or a. + a.,. ^ 1, for all i =̂  r and i = to l l+j 1 1 + 3 

l , 2 , * - ' , r - l . 

2-2 
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Definition 2 is just an extension of that by Ferns [ 4] to r > 2. 
Now, we state some results in the forms of lemmas, to be used 

subsequently, 
Lemma 1: 
(i) Every positive integer N has a unique minimal representation; 

(ii) The index of the minimal representation of N (F < N < F , n > r) 
is n, If N = F , then a = a , = « - - = a = 0 . 

n r r+i n-i 
Lemma 2: 
(i) Every positive integer N has a unique maximal representation: 

(ii) The index of the maximal representation o f N ( F + - r < N < F + 

- r9 n > r) is n. If N = F , - r, then a = a , = • • • = a = 1» - / n + r r r + 1 n_j 

Lemma 3. If the minimal representation of 

N< = F n + r - r -N <Fu < W < F u + 1 , n > r, r <: u < n - 1) 

is 
(a , a . . • • • , a ) , \ r» r+1» u 

then the maximal representation of N 

( F ^ - F ^ ~ r < N < F J _ - F - r) n+r u+i n+r u 

is 

(1 - a , 1 - a , , , • • • , 1 - a , 1, 1, • • • , 1) 
r r+i u . Ĵ n, i. 

n - u 
and conversely. 

Note that Lemma 3 provides a method of construction of the maximal 
(minimal) representation, given the minimal (maximal) representation of 
integers. Furthermore, the last time a zero occurs in the maximal represen-
tation of N (F ^ - F ,, - r < N < F ^ - F - r ) f is at the (u - r + l)st 

n+r u+i n+r u 
position, that is , 1 - a = 0. 

Proof. The proof of Lemma 1 is given in [3] as Theorem C. (Also see 
Brown's paper [1].) A generalized argument similar to that in the proof of 
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T h e o r e m 1 in [2 ] would lead us to L e m m a 2 and Lemma 3. However, the bas ic 

s teps of the proof a r e indicated. 

F i r s t , we a s s e r t that 

n 

(3) V F. + r = F ^ . 
Z—• i r+n 

i=r 

When n > 2r - 1, 

J ] F. + r = Fr + • • • + F2r_2 + F2r_! + F2r + • • - + Fn 

i=r 

(since r = F 2 r _ i ) 

= F r + 1 + . . . + F 2 r . 1 + 2 F 2 r + F 2 r + 1 + . . . + F n 

= F -, • 
r+n 

When n < 2r - 1, (3) can a lso be checked. 

Next, we develop a method to cons t ruc t a max imal r ep resen ta t ion f rom 

the sys t em of min imal r epresen ta t ion , and finally show that this r ep resen ta t ion 

i s unique. 

When 

F , - r < N < F , - r , n + r - l n+r 

I . e . , 

n - i 

2 Fi ^ N ~ 2 Fi' ^ (3) ) 

i=r 

we get 
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n n n - i 

(4) N' = F n + r - r - N = £ F . - N «= £ F . - £ F j = F n . 

i=r i=r i=i 

Because of (4) and Lemma 1, le t us a s s u m e that 

F < N T < F ^ 5 r < u < n - 1 , u u+i 

and that NT has the min imal r ep resen ta t ion (a , a , • • • , a ). Thus , (b , 

b r + l J • • • , b n ) , whe re 

i l - a. , i = r , r + 1,. • • • , u, 

1 , i = u + 1, u + 2, • • • , n , 

i s a max imal r ep resen ta t ion of N as we can show that b . + b . . > 1 f rom 

a .a . + . = 0 for al l i ^ r and j = 1,25«»»5 r - 1. 
Suppose that two max imal r ep re sen ta t ions of N a r e given by 

N =• V a .F . = Y ^ a ' . F . , a = af . = 1 , 

i=r i=r 

with n > n ! . Lett ing n = c r + d, we obtain 

(5) V * a. F . > F + F + F + • • • + F ' r 
x ' L^J l i n n-2 n-3 n - r 

i=r 

+ F + F + • • • + F 
n - r - 2 n - r - 3 n-2r 

+ . . . 

+ F > v + 0 8 e + F > v n-(c-2)r-2 n - ( c - i ) r 

= F , + F + F + 0 8 9 + F ( - ( r - 1) n+l n - i n-2 n+2-r 

= F ^ A - (r - 1) . n + r - i 
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But 

nf nT n-i 

Ea'iFi "X/i "£Fi = V , - ' • by (3) . 
i=r i=r i=r 

This is a contradiction of (5) and therefore n = n?
0 

From 

n n 

N =XI(1-ai)Fi=Ea-ai)Fi 
i=r i=r 

it follows that 

n n 

N*=2>-a.)F. = Z ( 1 - a i ) F i 
i=r i=r 

which corresponds to two admissible minimal representations of N*. The proof 
is complete, due to Lemma 1. 

Definition 3: Define U(n;mi,,m2, • • • , mr) as the number of positive inte-
gers N satisfying the following: (the definition arises as a natural consequence 
of Lemma 1) 

(i) F <N < F , . n > r ; n n+i ' 
(ii) In the minimal representation (a , a , • • • , a ) of N, there are 

exactly m.af Ts among non-zero afs except a , such that a = i - 1 (mod r) 
i = l , 2 , - - - , r . 

An illustration of the definition for r = 3, might serve a useful purpose, 
Consider all integers N* Fi0 < N <• Fu and their respective minimal repre-
sentations are: 

19 = Fio, 20 = F3 + F10, 21 = F4 + F10, 22 = F5 + F10, 23 = F6 + F10, 
24 = F3 + F6 + F10, 25 = F 7 + F10, 26 = F3 + F 7 + F10, 27 = F4 + F7+Fi0» 
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Then we have 

U(10; Q, 0, 0) = 1, U(10, 1, 0, 0) = 2, U(10; 0, 1, 0) = 2, 

U(10; 0, 0, 1) = 1, U(10; 2, 0, 0) - 1, U(10, 1, 1, 0) = 1, 

U(10, 0, 2, 0) = 1 . 

It may be observed that a i s omit ted in the definition without any a m -

biguity, as it i s p r e s e n t in every representat ion* F u r t h e r m o r e , it i s s ignif i-

cant to note that Definition 3 gives r i s e to a par t i t ion of the G. F . N. 

Following the p rocedu re in [4 ] on pages 23 and 24, we can show that 

e i the r by rep lac ing F __ by F in the min imal r ep resen ta t ion of every Nj., 

F < N i < F , or by adding F in the min imal r ep resen ta t ion of every N2> 

F < No < F , , we get the min imal r e p r e s e n t a t i o n of eve ry N, F ^ N n - r L n - r + i te * J n 
< F • There fo re , U(n;ml 3 m 2 , 8 B • , m ) sa t i s f ies the following difference 

equations: 
F o r m > 1, 

U( rm;mi , m2, • • e
 3 m r ) = U ( r m - l ; m i , m2, *• 9 , m r ) 

+ U ( r ( m - l ) ; m i - l , m 2 , • * * » m r ) 

(6) I U ( r m + l ; m l 9 m2, • • • , m r ) = U(rm; m 1 , m 2 , • •• , m r ) 

I . + U ( r ( m - l ) + l ; m i , m 2 ? - l , » - • , m r ) 

' U ( r m + r - l ;m l 5 m2, •• • , m r ) = U( rm + r - 2 ; m 1 , m2, • • • , m r ) 

+ U ( r ( m - l ) + r - l ; m i , m2, • • • , m - 1) . 

Obviously, the boundary conditions given below can eas i ly be checked* T h e s e 

a r e : 

F o r n ^ r o r for any m. < 9* 

U t n ; ! ^ , m 2 , a • e , m r ) = 0 ; 
(7) { 
v ; ' for r ^ n < 2 r (L e«, for m = 1), 

TT/ x \ 1 when mi=mo=» • • = m r 
U(n;.m1 ?m2,e e e , m r ) = I L * L 

! 0 o therwise 
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T h e o r e m 1, 

(8) U(n;ml9m2,-- ,™-r) = 

r / M + m, \ 
n ( k 1 if n = 
" l \ m k / 

i+i / M + m \ 

2, \ •* ) 

r m + (r ~ 1) 9 

n 
if r / M + m. - 1\ 

k=j4. V ™k and 
0 < j < r - 2 , 

where 

M = m - 1 - ^ m. , 

i=i 

and 

0 
h a s the usua l meaning with 

( y ) " 1 m d (y) = 

when y < 0 o r when y • > x. 
Proof. Tr iv ia l ly , the r e s u l t s a r e t r u e when m = 1. We can a lso verify 

t he se exp re s s ions for m = 2. A s s u m e that these a r e val id for m <. m f . Now, 

U( r (m ! + 1); ml9 m2, • • • , m r ) 

= U( rm ! + r - 1; m4, m2, • • • , m r ) + U( rm ! ; mj - 1, m2,« 

r / M ' + H L X /W+m1\ r / M f + m k \ 
= £ \ mk ) " v - i - ^ k " \ -k ) ' 

r 
where M! = mf - 1 - Y\ m. 

i=i x 

(M1 + mj + 1 \ r / M' + m, \ 

m i / k=2 \ " k / 

• , m r ) 
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which establishes (8) for m = m! + 1 and j = 0, Similar verifications for 
m? + 1 and 0 < ) L r - 1 complete the proof of Theorem 1B 

Denoting 2 ! as the summation over ml9 m2, • • • , m r with the res t r i c -
{x 9 r Hon 

S m i = ^ » 
i = i 

we get the folio wings 
Corollary 1, 

(9) 

Proof, By induction, we shall prove the result, which is seen to be true 
for small values of n, 

X ^ r U C n ; m 1 , m 2 f . . . , m r ) = ^ - ( r - ^ - r \ 

(10) £ U(rm + j ; m1; m2, • • • , mr) 
[X9L 

= y l™'1*'2']?? U ( ( r - l ) ( m - n + v) + i ; m 1 , m 2 , . . - , m r _ 1 ) 

= Y, / m - ' " " 2 W ( r " : l ) ( m " l , , ) + i + , , " r + 1 ) , by induction hypothesis, 

= g / r m + i - ( r - D ^ - r - v - l \ by (1.13) of [5 ] , 

/ rm + j - ( r - l ) ( J t - r \ 

In addition to (10), a check for j = r - 1 establishes (9). 
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Coro l l a ry 1 impl ies that the number of i n t ege r s N, F < N < F , 

which r e q u i r e \± + 1 G. F. N. for minimal r ep resen ta t ion i s the r ight -hand 

express ion in (9), and this i s in ag reemen t with the value in [4J for r = 2. 
S imi la r to 

U ( n ; m 1 , m 2 , - - - , m r ) , 

we int roduce in the next definition 

V ( n ; m l s m 2 , - - , m r ) 

which co r r e sponds to the maximal represen ta t ion . 
Definition 4. Define 

a s the number of posit ive in t ege r s N with the following p r o p e r t i e s : 

(i) F ^ - r < N < : F , - r , n > r ; 
v ' n + r - i .-... n+r 

(ii) In the maximal r ep resen ta t ion (a , a , • • • , a ) of N, the re a r e 

exactly m.a ' s among a f s which a r e equal to z e r o , such that a = i - 1 (mod 

r ) , i = 1, 2, • - . , r . 

The definition i s not vacuous, because of L e m m a 2. As an i l lus t ra t ion 

for r = 3, cons ider all N, F1 0 - 3 < N < Ftl - 3. The maximal r e p r e s e n -

tat ions of these in t ege r s a r e : 

17 = F 3 + F 5 + F6 + F8 , 18 = F 4 + F 5 + F 6 + ,F 8 , 19 - F 3 + F 4 + F 5 + F 6 + F 8 , 
20 = F 4 + F 5 + F 7 + F 8 , 21 - F 3 + F 4 + F 5 + F 7 + F8 f 22 = F 3 + F 4 + F e + F 7 + F8f 

23 = F 3 + F 5 + F6 + F 7 + F 8 , 24 = F 4 + F 5 + F 6 + F 7 + F 8 , 
25 = F 3 + F 4 + F 5 + F6 + F 7 + F 8 . 

Thus , 

V(8;0,0 ,0) = 1, V(8 ; l , 0 ,0 ) = 2, V(8;0,1 ,0) = 2 

V(8;0,0 ,1) = 1, V(8;2,0 ,0) = 1, V(8; l , 1,0) = 1, V(8;0,2 ,0) *= 1. 
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Compare these with U(10;mI? m2, mg) and observe the correspondence, which 
is essentially the result in the theorem given below, 

Theorem 2. 

(10) V ( n ; m 1 ) m 2 J . . . 5 m r ) = { u ( n f r - i ; m i , m2, • • • , 
when n < r 

m r ) otherwise 

Proof. It is readily checked from the last part of Lemma 2(ii) that 
VO^m^ m2, • • • , mr) = 1 for every n ^ r, when mt = m2 = • • • = m r = 0. 
Therefore, we shall discuss the proof when m.fs are not simultaneously equal 
to zero. 

Let n = rm + j , m ^ 0 and j = 1, 2, • • • , r. A direct verification of 
the theorem for m = 0,1 is simple. Then, assume that it is true for m S m!

0 

By induction, we have to show that it holds good for m = m! + 1. 
Putting j = l, the set of integers counted in 

V(r(m! + l) + l;ml3 m2,. • . , mr) 

can be partitioned into two sets, 

iNif> F
r(mf+2)+i " Fr(mf+i) ~ r < N i - F

r(mT+2)+i " F r ~ r 

and 

I N2f> F
r(mt+2)+i ~ Fr(m!+i)+i ~ T< N s ~- Fr(mT+2)+i ~ Fr(m?-H) " r ' 

each having property (ii) of Definition 4„ By Lemma 3, we see that the maxi-
mal representation of every Nj has a

r/mf+1\ = ! a n d ^ (m '+ iHi = *• There-
fore, 

• . ' j 

, N * = N i " F r ( m ' + l ) + i • F r ( m > + 2 ) - i " ^ < < < F r ( m I + | ) - F r - r 

has the maximal representation as that of Nt without the last element 
ar(m!+i)+i * 
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whereas m.!s corresponding to Nj have not changed from those correspond-
ing to Nj. Due to this 1:1 correspondence, the number in JNj} is the same 
as that in { N^f which is equal to 

V(r(m! + ljjmj, m2, • • • , m r ) . 

Using Lemma 3 again, we see that { N2 [ is in 1:1 correspondence with the set 

I No}, F , ^ ^ N £ - * - F , T j , ,„ , i D> r(mr+i)~ l r(mT+i)+i 

such that in the minimal representation of N2 , there are exactly m. a^s 
among non-zero aTs including the last one, with a = i ~ 1 (mod r), i = 1,2, 
V* • , r. The number in {N*J is then equal to 

U(r(mf + l);mx - 1, m2, • • • , m r ) . 

Hence, 

V(r(mf + 1) + 1; mt, m2, • • • , m r ) 

= V(r(mT + 1); ml3, m2, • • • , m r ) + U(r(mT + 1)5111! - 1, m2, • • • , m r ) 

= U(r(mf + 2) - 1,-m^ m2, • • • , m r ) + U(r(mT + 1);]% - 1, m2, • • • , m r ) 

by induction hypothesis, 

= U(r(mT + 2); m1? m2, • • • , m r ) 

by (6). 
The cases for H j 4 r can be treated analogously and thus the theorem is 
proved. 

As a concluding remark we say that Vfs define a partition of the G.F.N. , 
which in view of Theorem 2, is the same as given by UTs. An application of 
partition is discussed elsewhere by the author. 

I express my sincere appreciation to the referee and to Professor V. E. 
Hoggatt, J r . , for their suggestions and comments. 
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• * • • • 

ERIATft 
Please make the following changes In articles by C. We Trigg, appear-

ing in the December, 1967, Vol. 5, No. 5, issue of the Quarterly; 
"Getting Primed for 1967" — p. 472s In the fifth line, replace "2669" with 

"2699." 

"Guriosa in 1967" — ppa 473-476: On p. 473, place a square root sign 
over the 9 in "73 = -••• . " 
On p. 474, (C), delete the " I " after 
the second 7B 

Onp, 474, (F), delete the " + " inside 
the parentheses* 
Onp. 475, (I), the last difference 
equals "999. " 

"A Digital Bracelet for 1967" — pp. 477-480: On page 478, line 7, replace 
the first "sum" with "sums. " 

• , • • • • 


