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1. SUMMARY OF RESULTS 

The solution of the Linear Diophantine Equation in n unknowns, viz. 

CjX-j + CoXo + a e B + C X = C I I L 6 n n 

with 

n > 2; c i ! c 2 5 ' , , , c n 5 c 

integers is a problem which may occupy more space in the future development 
of linear programming,, For n = 2 this is achieved by known methods — 
either by developing c2 / c j in a continued fraction by Euclid's algorithm or 
by solving the linear congruence Cĵ q = c(c2). For n > 2 refuge is usually 
taken to solving separately the equation cjXi + c2x2 = c and the homogeneous 
linear equation cjxi + c2x2 + • • • + c x = 0 and adding the general solution of 
the latter to a special solution of the former, This is usually a most cumber-
some method which becomes especially unhappy under the restriction that none 
of the unknowns x.(i = 3 / 8 , , n ) vanishes, since in the opposite case the rank 
of the Diophantine equation is lowered* The first part of the present paper, 
therefore, suggests a method of solving the linear Diophantine equation in 
n > 2 unknowns with the restriction x. f 0 (i = 1, • • • ,n) based on a modi-
fied algorithm of Jacobi-Perron; it is proved that if the equation is consistent* 
this method always leads to a solution; numerical examples illustrate the 
theory. 

In the second part of this paper these results are being used to state 
explicitly the solution of a linear Diophantine equation whose coefficients are 
generalized Fibonacci numbers,, The periodicity of the ratios of generalized 
Fibonacci numbers of the third degree is proved using rational ratios only* 
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2 THE LINEAR DIOPHANTINE EQUATION IN n VARIABLES AND [June 

Concluding, an explicit formula is s ta ted for the l imit ing ra t io of two s u b s e -

quent genera l ized Fibonacci numbers of any degree by m e a n s of two s imple 

infinite s e r i e s . F o r this purpose the author repeatedly ut i l izes r e s u l t s of his 

previous pape r s on a modified algori thm of J a c o b i - P e r r o n . 

2. THE STANDARD EQUATION 

A Linear Diophantine Equation in n unknowns 

(1*1) CjXi + c2x2 + «• ° • + c x = 1, n > 2 

will be called a Standard Equation of Degree n (abbreviated S. E. n) if the 

following r e s t r i c t i ons on i t s coefficients hold: 

a) c. a na tu ra l number for every i = 1, • • • , n 

n 

(1.2) 

b) 1 < ct < c2 < • • • < c 

c) ( C i , c 2 , - " s c n ) = 1 ; 
d) c. 7 c. . ; i , j ̂  1, i + j ^ n ; 

l 
e) 

i+3 
( V V °9'9 ^n-i* = d > 1; ki'kj = 1 ' " " ' n ; 

k. t k. ; ( i , j = l , - - - , n - 1) . 

A l inear Diophantine equation in m unknowns with in tegra l coefficients 

(1.3) a ^ i + a2y2 + • • • + a m y m = A, (m > 1; a. f 0; i = 1, • • • ,m) 

will be cal led t r iv ia l , if 

(1.4) a. = 1 for at leas t one i ; 

o therwise it will be called nontr ivia l . This notation i s justified; for let be 

la. I = 1 in (1.3). Then a l l the solutions of (1.3) a r e given by 

Yi> Y2> • • ' » y ^ Yi+1» • • • > y m ^ y in t ege r s , 1 < i < m ; 

y. = a. (A - aiyi - a?y? - • • • - a. v. - a. , v . , , - • • • - a y ) ; J i I 1 J 1 lJl i-ri-i l+ri+i nrm ' 

and similar for i = 1, i = m. 
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Let equation (1.3) be nontrivial ; it will be called reduced, if 

(1.6) (a1? a2, • • • , a m , A) = 1 

nonreduced, if 

(1.7) (al9 a2,° • • , a m , A ) = d > 1 . 

With the meaning of (1.7), (1.3) can always w* 1. o. g. be reduced by cancel l ing 

d from the coefficients a j , • • ° , a m , A. 

As is well known, (1.3) i s solvable if 

(1.8) (at, a2, e" , a m ) A , 

o therwise unsolvable. 

Theorem 1.1. Every reduced nontr ivia l solvable equation (1.3) can be 

t r ans fo rmed into an S. E. n. 

Proof. We obtain from the conditions of Theorem 1.1. 

(1.9) (a l 5 a 2 , • • • , a m , A ) = 1; Ja. j > 1, (i = 1, • • • , m) . 

Substituting in (1.3) 

(1.10) y. = Az. , (i = l , - « - , m ) 

we obtain 

(1.11) atZi + a2z2 + . . . + a m z m = 1 . 

Since (1.3) i s solvable, we have (aj, a2,s e - , a m ) A, which, together with (1.9), 

y ie lds 

(1.12) (al9 a2, • • • , a m ) = 1 . 

Let denote 
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(1.13) z k . = u k . if b k i = a k . ^ 0 , 

(1.14) z k . = -u k . if b k . = - a k . > 0 (lq = 1, • • • , m) . 

In v i r tue of (1.13), (1.14), equation (1.11) takes the form 

(1.15) bjUj + b2u2 + b m u m = l ; (b^bg,• •• , b m ) = 1 . 

We can now p r e s u m e , without loss of genera l i ty , 

(1.16) l < b 1 < b 2 < b 3 < - - - < b m . 

Let b . be the f i r s t coefficient in (1.16) such that 

(1.17) b . | b k . k > i , s = l , • - • , m - n ; m - n m - i ; i + l < k < m . 
1 | AVS S b 

Putt ing 

bkcj = U3* ' "(s = l , . . . , m - n ) 
(1.18) S S * 

U. + tiU, + toUt + • • • + t Ui, = V. , 
i 1 k4 * k2 m - n K m - n i 

we obtain from (1.15), (1.18) 

h<VLi + b9Uo + • • • + b . u. + b.v. + b u + • • • + b r .u« . = 1, 
n
 1 1 2 l i-i 1-1 i i rj rj r n - i *n-i 

( 1 . l b ) ; I 
b . A b , b , • • • , b r . ; i + 1 < r < m, (q = 1, • • • , n - i) . l I r-t' r 2

 x n - i q ' ^ ; 

We shal l prove 

(1,20) (bjL,b2, — , b . ^ b - . b ^ b y , • • • , b ^ . ) = 1 . 

Suppose, 

( b l f b 2 , ^ * , b i _ 1 , b i , b r i , b r 2 , • • • , Kn^) = d > i ; 

we would then obtain, in view of (1.17), 
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(bl9h2re° s b i 9 b i + l s • • • , b m ) = 

(bls b 2 , • • • , b^l9 b i s b k j , • • • , b k m _ n , b r i , • • • , b r n _ . ) > 

( b i , b 2 , - - - , b i _ 1 , b i , b r i , b r 2 , - - - , b r n _ i ) = d > l , 

c o n t r a r y to (1.15) 

If t he re exi; 

a s before; o therwise we obtain from (1.19) denoting 

If t he re ex i s t s a b r such that b r b r , (p > q) th is p r o c e s s i s repea ted 

(1.21) b j = h j * ® = 1 » # , - » i ) » u j = vj» (3 = 1* — , i ~ 1) I 
b r j = h i + j ; u r . = v . + j , (j = l , - - - , n - i ) , 

hjVj + h2v2 + . . . + h ^ + h . + l v i + 1 + • • • + h n v n = 1 f 

(1.22) i < h 1 < h 2 < . - . < h n ; ( h l f . . . f h n ) = 1, h . | h . ; j > i . 

I t should be noted thatf in v i r tue of (1.18), the va lues of u l 9 u^ . u^ ,* •• , u k 

a r e obtained from those of v. In (1.22) a s follows 

(1.23) u, , * • ° s Uk any in tege r s ; u. = v. - tiUv - • • • - t u, 
kj* Km~n J & I I * Ki m - n k m „ n . 

If the h. (i = 1, • • • , n) of (1.22) do not fulfill conditions e) of (1.2), we choose 

n different p r i m e s p. such that 
i 

(1.24) p. | h i h 2 « - h^ , (i = 1,•••,!!) ; p* > p2 Pn 

and denote 

(1.25) P1P2— P n = p>° v i = P [ l p x i »' c . ^ p . W , (i = 1,•••,!!) 

With (1.25) equation (1.22) takes the form (1.1). Since 

ct = hjpj *P = hjpgpg • • • p m > £4 , 

we obtain 
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(1.26) C l > 1 

We further obtain, for i >: 1, and in virtue of (1.24) 

c. = h .p^P < h . ^ p r 1 ? < h.^pT* P = c . , I r I l + n i + r i + 1 i+i ' 
( L 2 ? ) c . < c i + 1 (i = l f 2 , - . . , n - l ) . 

But 

(p^P, . * . , p~JP) = 1, and (h^hj, ••*, hn) = 1 , 

and since p. / h ^ • • • hn, we obtain, on ground of a known theorem 

(hiP^P, h 2 p^ , • • • , h ^ P ) = 1 , 

so that 

(1.28) (CijCg, • • • , cn) = 1 . 

We shall now prove that the numbers c. (i = 1, • • • , n) from (1.25) fulfill the 
conditions e) of (1.2). We shall prove it for one (n - 1) tuple of the c ; the 
general proof for any (n - 1) tuple is analogous. We obtain 

(cA, c2, • • • , c ^ i ) = (hjpi P, h2pj P, • • • , hn^p^i jP) = 

(hiP2P3 • • • Pn» h2PiP3 • • • Pn> • • •» nn-iPi *' * Pn-2Pn) ~ Pn > 1 • 

By this method we obtain^ indeed, generally 

(1.29) ( c^ , c ^ , . . * , x k n - i ) = p k n > 1, k. t k. for i t j . 

Thus Theorem 1.1 is completely proved, 
A Linear Diophantine Equation in n unknowns which satisfies conditions 

a),b),c),d) of (1.1) will be called a Deleted Standard Equation of Degree n 
(abbreviated ST. E. n). Let 
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h1v1 + h2v2 + •* * + h v = 1 

be an Sf, E. n. We have proved that every nontrivial reduced solvable Diophan-
tine equation can be transformed into an S\ E. n, whereby n "̂  2. 

An n-tuple of integers (xp x2, • • *, xn) for which 

(1.30) hixi + h2x2 + ••• + h x = 1 , 

is a solution vector of S\ E. n; i t will be called a standard solution vector, if 
x. ^ 0 for all i = l , °« 8 ,n e As already pointed out in the Summary of Results* 
we are aiming at finding a standard solution vector of Sf. E. n. Since in the 
Sf

0 E. n condition e) of (1.2) it is not fulfilled, there must be at least one (n -
1)-tuple of numbers among the hj, • • • , h n which are relatively prime. We 
shall presume, without loss of generality, 

(1.31) (h1?h2, • • • , V 1 ) = 1 

and let (xi9 x2, • • • , x n - 1 ) be a standard solution vector of 

liiVi + h2v2 + • • • .+ h n _ 1 v n _ i = 1 • . 

Then (xi9 x2, • • • , xn_l9 0) is a solution vector of the Sf
8 E. n, but it is not a 

standard solution vector; such one would be given by the n-tuple# 

(xls xg, • * • , xn- i - thn , t h n - i ) , 
t any integer, x ^ ^ thn . 

Thus the problem for an S?. E. n which is not an S. Ee n is reduced to find a 
standard solution vector of an Sf. E. n - 1; this can be either an S . E„ n - 1, 
or only an Sr. E. n - 1. 

Theorem 1.2, An S9 Es n has only standard solution vectors,, 
Proof, Let (xl9 x2, • • *, x -̂, 0, 0, •• • , 0) be a solution vector of an S„ JE. ji, 

and let x. ^ 0, (i = 1,* • • ,k). It is easy to verify that k >: 2, and let be k 
^ n - 1. The arrangement of the components of the solution vector can be 
assumed without loss of generality. Then 
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(1*32) c ^ + c2x2 + • •• + c , x k = 1 ; 

but s ince 

(ci .ez. " • . c
k . c k + i , . . . . c ^ ) 

we obtain 

(cl9c2rmm ><%) > P n > 1 

which i s inconsis tent with (1.32). This p roves Theorem 1.2, 

Le t again 

ifVi + h?Vo + • • • + • h v = 1 1 1 *.* n n 

be an ST. E. n and 

(1.33) h1v1 + h9v9 + • • • + h v = 0' 1 1 * * n n 

i t s homogeneous par t . We shal l denote 

(1.34) D ( h l s — 9 h n ) -

foi v l f l v1>2 • • • v i , n - 2 h i 
th 2 Y2$1 v2 > 2 • • • v2 s i i -2 h 2 

th v v n n, i n,2 v h 
n,n-2 n 

t, v. . any i n t ege r s , 
(i = ! , • • • , n ; j = ! , • • • , n - 2) 

Q x HT i s the a lgebra ic cofactor of the e lement a, (l,uo) K^n K9n 

F o r any v. . the following identi ty holds 

(1.36) B(ht, • . • , h n ) = h i H I t n + h2H2 s l l + • • • + h n H n j n = 0. 
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Theorem 1.3. Let (xl9 x2, • • • , xR) be a solution vector of an Sf. E. n and 
(Hi n ,H2 j I 1 ,• • • , H n n ) be any solution vector of its homogeneous part; then 
infinitely many solution vectors of ST

e E. n are given by 

(1.37) (Xi_ + H l j n f Xjs + H 2 f n , - - ,x i l + Hnfl l) . 

Proof. This follows immediately from (1.30), (1.36) adding these two 
equations. 

2. A MODIFIED ALGORITHM OF JACOBI-PERRON 

Pursuing ideas of Jacobi [ 2 ] and Perron [3], the author [ 1, a) - q)] has 
modified the algorithm named after the two great mathematicians (see especially 
[ 1, m), n), p)]; one of these [ 1, p)] will be used in the second part of this paper. 
In order to find a standard solution vector of an S?, Ee n, the author suggests a 
new modification of the Jacobi-Perron algorithm as outlined below. 

We shall denote, as usually, by V the set of all ordered (n - 1)-
tuples of real numbers (a1? a2, • • • , a ^ j ) , (n = 2, 3, • ••) and call V the 
real number vector space of dimension n - 1 and the (n- 1) -tuples its vectors. 
Let 

(2.1) a<°> = ( a f U V - . a ^ ) 

be a given vector in V _ , and let 

(2.2) b<V> = P , f > b f » , . . , b « ) 

be a sequence of vectors in V ,, which are either arbitrarily given or 
derived from a* ' by a certain tr« 
duce the following transformation 
derived from a* ' by a certain transformation of V . We shall now intro-

(2.3) T,« - a<™> - T B - L - r f ) - *f>. - . a S - b« 1) 
a« - bf > n-i n-i 

t(v) ., b(v) j v = 0 f l i < 
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If we define the real numbers A : ' by the recursion formulas 

A|X ) = 1; A^ = 0; (i, v = 0 ,1 , • " ,n - 1; i / v) , 

n-i 
Ajv+n) = A(v) + J- b(v)A(v4j)f ( i = 0 , . . . f n - l ; v = 0 . V ) 

3=1 

then, as has been proved by the author and previously stated by Perron, the 
following formulas hold 

(2.5) D v = 
A<V> A ( V + 1 ) . . . AF*-* 

A(v) A(v+i) . . . A(v+n-i) 
n~i n~i n - i 

( - 1 ) ^ . (v = 0 , 1 , . . . ) 

(2.6) ,(») = _1 J=1 J 1 
i A(v) + ^ n - i _(v)A(v+j) ' 

(i = 1, . . . , n - 1; v = 0, ! , • • • ) 

(2.5) is the determinant of the transformation matrix of Ta ; a further im-
portant formula proved by the author in [ l , p] is 

(2.6a) 

1 

a|0) 

af> 

a<°> 
n - l 

A | V + 1 ) • 

A< V + 1 > • 

A<v+1) • 

A ^ • n - l 

, , A(v+n-i) 

. . A | v + n - 0 

. . A (v + n - l ) 

, . A(v+n-l) 
n - i 

v = 0,1," 
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In the previous pape r s of the author the vec to r s b w e r e not a rb i t r a r i l y 

chosen, but der ived from the v e c t o r s a^ by a specia l formation law. The 

na tu re of this format ion law plays a dec is ive ro le in the theory of the modified 

a lgor i thms of J a c o b i - P e r r o n . Both Jacobi and my admired t eache r P e r r o n used 

only the formation law: 

(2.7) b j v ) = [ a | v ) ] , (i = l , - - - , n - 1; v = 0, 1, • • •) 

w h e r e [ x] denotes , as cus tomary , the g r ea t e s t in teger not exceeding x. In 
this paper the modification of J a e o b i - P e r r o n T s a lgori thm r e s t s with the follow-
ing different formation law of the b . 

& I 

blv) = 
biv) = 
b ( v ) = 
Dk 

- a<v> if a|v> f [a<v>]; 

= a|v) - 1 if a|v) = [a}v)l 

= [a[v)] (k = 2 , - - - , n 

(2.8) 

1; V = 0, ! , - • • ) • 

It may happen that for some v a . = ("a. 1 for every i. In this c a s e the 
1 (v) 

a lgor i thm with the formation law (2,8) mus t be r ega rded as finished, and b . 
= a. , (i = l , , , 8 , n - 1). The a lgor i thm of the v e c t o r s a as given by 

(2.3) is called per iodic if t he r e exist two in tegers p, q (p > 0, q > 1) such 

that the t ransformat ion T yields 

(2.9) T V + q = TV , (v = p , p + ! , - • • ) 

In c a s e of per iodici ty the v e c t o r s a (v = 0, p, • • • , p - 1) a r e said to form 

the preper iod , and the vec to r s a (v = p, p + 1, • • • , p + q— 1) a r e said to 

form the per iod of the algori thm; minp = s and minq = t a r e cal led r e s p e c t -

ively the lengths of the p reper iod and period; s + t i s cal led the length of the 

a lgor i thm which i s pure ly per iodic if s = 0. 

3. A STANDARD SOLUTION VECTOR OF S. E. n 

Let 



12 THE LINEAR DIOPHANTINE EQUATION IN n VARIABLES AND [June 

(3.1) CJXJ + c2x2 + • • • + c n x n = 1 

be an S. E. n; let the given vector a' ' in V have the form 

(3.2) a(0) = (a{0 )
f . . . ,4-i)5 *? = ci+i/ci ^ = V " . n - 1 ) . ' 

The main result of this chapter is stated in 
Theorem 3.1, Let the vectors a* ' be transforms of the vector â  ' 

from (3.2), obtained from (2.3) by means of the formation law (2.8); then there 
exists a natui 
integers, viz. 
exists a natural number t such that the components of the vector a' ' are 

(3.3) a( t ) = ( a P , • • . , a ^ ) , a.(t) integers (i = 1,-• • ,n - 1) 

a i s 

Proof. We obtain from (2.8), since ci / c 2 and, therefore, [aj ] ^ 

.(o) (3.4) b | u ; = [c i + 1 / c j ] , (i = 1,• • • , n - 1) . 

From (3.4) we obtain 

c . + = b. 'cj + c. , (c. ' an integer) , 

0 < c.(1^ < c ̂  ; c ^ = cj9' (i = 1, • •- , n - 1) I n n i' v 9 s i 

From (3.2), (3.4) and (3.5) we obtain 

c c - c ( l ) 

a(o) _ b(0) = ! i+L _ i + i * 
i i Cj c 4 

(3.6) ^ . i p . ^ , ^ . ^ . ^ . (k = v . , . n . , 

and from (3.6), in view of (2.3) 
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(3.7) 

so that 

ai0) =41/^ • fl = l . - . » - D . 

bi(1) = [ ° { + , / 0 ^ ' d = 2 . . . . . n - l ) ; 
(3.8) bj1* = [cJVoP] . if ePjof* . 

b^ = (ojV0!0)-1 ' i f ^ M * • 

If e\ = 1, Theorem 3.1 Is true with t = 1; let uss therefore, presume that 
c j f ' > 1. Of the two possible cases* viz, I) c j 1 ' c | ^ and II) c f / c f , we 
shall first investigate case II). Here we obtain 

ci+i = b i l ) c i ! ) + c i 2 ) * (c{2) a n i n t e S e r ) » 

(3.9) 0 < c.(2) < c^2) ; c^2) = c ^ , (i = 2,®8 %n - 1) ; 

0 < Cl
(2) < c<2) 
1 n 

We obtain^ comparing (3,5) and (3.9) 

(3.10) 0 < Cj(2) < c P 

Before investigating case I), we shall prove the following 
Lemma 3.1.1. Let the vector a'v* in the modified algorithm of Jacobi-

Perron with the formation law (2.8) and the given vector (3.2) have the form 

oai) a ( v ) = ( _ s „ ^ . . , ^ f (v = 0 ? l r . e ) 

then 
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(3.12) (c<V>,cf>, . . . , c < V > ) = l . 

Proof. The lemma is correct for v = 0, in virtue of (3.1) and (3.2). 
Let it be true for v = ks viz. 

(3.13) a<k> = 4 g (of». c f , . . . . o W ) , ( c ( k ) , c l k ) , . . . , 4 k ) ) = 1 . 
c i 

From (3.13) we obtain 

integers, (i = 1, • • • , n - 1). 
(3.14) 

n ^ (k+i) ^ (k) 0 < c: ; < c\ ' 

Let us denote 

,(k) _ (k+i) 
(3.15) <>} ' = % 

(3.16) ( c r ^ c ( k + 1 ) , . . . , c f 1 ) ) = d . 

If d = 1, Lemma 3. 1.1 is proved; let us , therefore, presume 

(3.17) d > 1 . 

We then obtain from (3.14), (3.15), (3.16) 

(3.18) d|c(k+1>; c f ^ = c<k> ; d|cg> . (i = ! . . . . . » - 1) . 

so that 

(3.19) (c<k), c2
(k), • • - , c j p ) = > d > 1 ; 

but (3.19) contradicts (3.13), and the assumption that d > 1 is false which 
proves the lemma. We shall return to case I) and presume 
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(3-20) °i1)|ci+)
1 ' a = 1 . 2 , - - - . m ) . 

In view of Lemma 3.1.1, the restriction holds 

(3.21) m < n - 2 , 

since, permitting m = n - 1, we would obtain 

(o{V...oJ>) = cf>- 1 , 

contrary to Lemma 3.1.1. It then follows from (3.20), in view of (2.8) 

# = (b<» + Dof> ; o « = b«oi*> . ( i = , - - , m ) ; 

o « . . - e f o J * + o & , l * o » ^ o j * 
f3 221 ' 'm + 2 "m+i"1 "m+i ' "•" "m+i 

_(l) = b ( l ) C ( D + C ( 2 ) 
m+2+j m+i+j J m+i+j 

,(2) ^ „(i) 
"m+i+j 0 < c ^ . < + . < c } u , (j = 1, • • • , n - m - 2) . 

From (3,7), (3.22), we obtain, denoting 

(3.23) C!(l) = c® 

a}1* - bj(l) = 1 ; a.(1) - b.(l) = 0 , (i = 2 , - - , m ) ; 

(3.24) a « - b « = c<*> /cfe> ; 
1 ' m+i m+i m + i / n 

a(1> - b ( l > • = o » , / c « , ( j = i , . . . , n - m - 2 ) . m+i+j m+i+j m+i+j/ n * u ' ' 

From (3.24) we obtain, in view of (2.3), 

a(2) = 0 , (i = l , . . . , m - l ) ; ^ = c® /c® ; i $ x 99 n m m+i/ n 

(3,25) 

n =0£**i/°n' 0 - V - . n - m - 1 9 ; a ^ = 1 
(2) 

aN ' m+j 
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The reader should well note that all the a r ' (i = 1,* • • , n - 1) have the same 
(o) (o) 1 (2) / (2) (2) 

denominator c w ; for if a : ' = 0 we put a:7 = 0 / e w ; if av ' = 1, we put 

a(2) = 0 » / 0 « 
n-i n / n 

Combining (3.5) and (3.22), we obtain 

(3.26) 1 < C S + 1 < C i 1 ) < : Cl * 

From (3.25) we obtain, in view of (2.8) and recalling that 

c^L^- < ci1* - c(2 ) , (3 = l , - « - , n - m - 2 ) , m+i+j * n ' VJ 9 } 

(3.26a) b f = - 1 ; b ^ = 0 ; (i = l , . . . , n - 3 ) b j ^ = 1 , 

and from (3.25), (3,26a) 

a(2) _ b(2) = 1 ; a(2). _ b(2). = 0 f (i = l , . . . , m - 2) ; 

a(2) (2) = c(2) / c ( 2 ) 
(3 27) m m ni+i / n 

a2+j " bS+3 = o S W 0 ? ' 0 = V• • .n - m - 2) ; 
a<2> - b<2> = 0 . n-i n-i 

From (3.27), we obtain, in view of (2.3), 

af> - 0 , (i - ! , • • • , m - 2 ) ; a j j ^ - c » + 1 /«? •• 
(3.28) a

m _ 1 + j - Cm+i+3 
a(3) = Q a(s) = x 
n-2 n-i 

j/0? ' (j = l . - " . n - m - 2 ) ; 

We shall now prove the formula 
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ajk+1> = 0, (i = l , . . . , m - k ) ; a ^ = c<2> / c <2> ; i v 7 m-k+i m+i / n 

(3,29) 

k = 2, • • • , m - 1 . 

Proof by induction. Formula (3.29) is valid for k = 2, in virtue of 
(3.28), Let i t be true for k = v, viz, 

a (v + I = 0, (i = i . . . . . m-v) ;a< k + 1 > = o « / > i ' K 9 » n m _ v + i m + i / n 

<3-30> am-v+1+3 = C 2 + 1 + j / C " 2 ) • O = V • • . » " m - 2) ; 
(V+1) = 0 , (s = l , . . . ,v - l ) ; a£? = 1 a n-v-i+s 

From (3.30) we obtain, in virtue of (2.8) and (3.22) , 

(3.31) b|v+1> = - l ; b ^ = 0, (i = l , . . . , n - 3 ) ; b j ^ > = 1 , 

and from (3.30) and (3.31), 

a(v+D _ hW = 1 ; a ^ - b ™ = 0 , (i = l f • . • , m - v - 1); 

(V+i) _ (V+i) = (2) / (2) . 
m-v+i m-v+i m + i / n ' 

n 32> Jv + 1> - b ( v + I ) = o W / c ( 2 ) ft = 1 ••• n - m - 2) ; 
(3.32) a

m-v+i+j bm-v+i+j C m+i+i / c n ' ° x« ' n m &) ' 
(v+i) _ b (v+i) = o s (s = 1 . — . V - 1 ) 

n-v-i+s n-v-i+s l ' 
a (v + l ) _ b (y+ l ) = 0 
n-i n-i 

From (3.32) we obtain, in view of (2.3), 
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Jv+2) 
1 a ; • - . = o, (i = l , . . . , m - v - l ) ; a ^ > = c<2> /a® ; ' v ' ' ' m-v m+i/ n 

,(V+2) _ „(2) 
] / n <3-33> a m - n j = C m + i + j / <C • 0 = 1. ' • ' > n - m - 2) ; 

a ^ > = 0, (8 = l . . . . . v ) ; a ^ > = 1 . 
n-v-2+s ' l ' ' ' n-i 

But (3.33) is formula (3.29) for k = v + 1; thus formula (3.29) is completely 
proved, We now obtain from (3.29), for k = m - 1, 

a ( m ) = 0 • a i m ) = c(2) / c ( 2 ) • a i ° ' a2 c m + i / c n ' 

(3.34) a ^ f = c 2 + 1 + . / c ® , (j = 1, • • • ,n - m - 2) ; 

a(m) = = _ 2 ) (m) = x 
n - m + s 9 x 9 9 / n _ 1 9 

and from (3.34), in virtue of (2.8) and (3.22) 

/o or-x T-(m) - , (m) „ ,. - oV , (m) . 
(3.35) bj ; = - 1 ; b j + i

; = 0 , (I = l , - - - , n - 3 ) ; b ^ ' = 1 . 

From (3.34), (3.35) we obtain 

(m) __ (m) _ (m) _ (m) = (2) / (2) 
H - Di ~ 1. H &2 c m+i / c n 

(3.36) a2
(+f - b ^ = c ^ / c ^ , (j = l . . . - . , n - m - 2) ; 

(m) (m) = ( s = i , . . . , m . i ) , 
n-m+s n-m+s ' v ' ' ' ' 

and from (3,36), in view of (2.3) 

P* - <&/•? : air" - •&*,/•?. « - V-,n-»-a>; 
(3.37) 

a(m+i) 
n-m-i+s 0 , (s = ! , • • • , m - 1) ; a ^ ' = 1 
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From (3.37) we obtain, in virtue of (2.8) and (3.22), 

(3.38) b<m+1> = 0 , (i = l , . . . , n - 2 ) ; b ^ = 1 . 

and from (3.37), (3.38) 

a(m+1) _ jnm, = c(2) / (2) 
i i m+i+3 / n 

(3.39) ^ ~ b ^ + 1 ) = c g + 1 + j / / c f , 0 = 1 . ' ' • . n - m - 2) 

a ( m + 1 ) _ h ( m + 1 ) = 0 f * = 1 • • • nrt 
an-m-i+s bn-m-i+s ° ( s lf >m> 

From (3.39) we obtain, in virtue of (2.3) 

(m-t*) = (2) / (2) fi = 1 . . . n - m - 2̂  • 
a j c m + i + j / cm+l • 0 X' , n m *> ' 

a ( ^ ) = 0 j ( s = ! , . . . , m ) ; a<mHi!> = c<2> /c<2> , 
n-m-2+s ' y ' ' f n-i n / m+i 

or 

a(m+2) = c M / c r ) ( fl = V . . . » - m - 2 ) ; 

<^ e^2+s - o. <* = v . - ) ; e ^ = - r * /cim+2)» 
c £ + i = c f + 2 > , (i = l ) . . . , n - m - l ) ; c j ) = c f + 2 ) . 

From (3.7), (3.9), we obtain 

a(D _ b.(D _ e(2) / (i). „(i). _ b(i). = g>. / (l) 

(3.41) 
(j = V . n - 2 ) 

and from (3.41), in view of (2.3), 
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( 0 = c_(2) 
n 

(3.42) aj2) = o[% / o ? ) , 0 = 1, • . . , n - 1 ) ; c 

We have thus obtained two chains of inequalities 

0 < cf> < c?> < c, ; 0 < c | m ^ < el1) < c, 

If Cj or c | ' = 1, Theorem 3.1 is proved. Otherwise we deduce from 
(3.40) or (3.42), which show that the vectors ar2' and a* "' have the same 
structure of their components, how the algorithm is to be continued. In any 
case we obtain a chain of inequalities 

(mk) ( n v p (m2) 
0 < Cj, < C4 < • • - < : C l < cj ' < Cj , 

(3.43) 
m2 = 2 if cj1) 4 c2

(1) ; m2 = m + 2 if c ^ | c ^ , ••• 

( mi) and since the c. ' are natural numbers, we must necessarily arrive at 

(3.44) c p = 1, t = m k > 1 . 

This proves Theorem 3.1. 
We are now able to state explicitly the standard solution vector of the 

S. E. n (3.1) and prove, to this end, 
Theorem 3.2. A solution vector of the S. E. n is given by the formula 

X = (xpx2$**-,xn); x. = ( - l ^ ^ B . ^ , 
(3.45) 

(i = V - - , n ) 

where the B. are the cofactors of the elements of the n row in the i,n 
determinant 
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A^ At2) • ' ' 4+U) 
21 

(3.46) D t+l 

(t+i) A(t+2) A (t+n) 

\ (t+l) (fri*) e e e A(t+n) 
I n-i n-l n-l 

In D,+ t has the meaning of (3.44) and the 

A. (v) (i = 0, 1, • • • , n - l ; v = t + 1, t +'2,• • • , t + n) 

have the meaning of (2.4) and are obtainable from the modified Jacobi-Perron 

algorithm of the given vector a ^ from (3.2) by means of the formation law 

(3.8). 

Proof. We shall recall that, in virtue of the formation law (3.8) all the 
numbers b: ' and, therefore, the numbers 

i s s 

A) 
i 
(V) 

are integers. For c\ = 1 we obtain 

(i = 0, 1, • • • , n - 1; v = 0, 1, • • •) 

(t) _ 

a « . = ( o P . o P . . . . . o « ) = ( a P . » ' . - £ , ) . 
(3.47) 

b.« = a « = c % , 
1 1 1+1 ' 

(i = 1, • • • , n - 1) . 

Recalling formulas (2.4), (2.6), and (3.2), we obtain 

a: 
I 
(0) -

Af +I!g af)Af+J> 

AF^^W) 
1 
(t+n) 

,(t+n) 
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so that 

(3-48) c i + 1 / C l = Af + n > / A r > . ( i = l , - . . , n - l ) . 

From (3.48) we obtain 

c = c,A(t+n) A i t + n ) 
ci+l C l l / A° » 

and, since (e1,c2,» • • 9cn) = 1, 

(3.49) ( c ^ c ^ / i p * . o1AT)AitHi ) .---.o1A£f>/Ar)) = 1 

and from (3.49), in virtue of a known theorem, 

(c 1 Ar ) ,c 1 Ar ) ,o 1 Ap) , . . . ,c 1 A^) = A^K 

or 

(3.50) c1(Arn), Ar n ) , 4t+n), ' A n - i > 
- A(*n) 

From (2.5) we obtain 

D t+i 

(t+i) .(t-n) (t+n) 

UjW) AjW) . . . A(t+n) 

, (t+i) (W) . . . A(t+n) 
1 n-i n-i n- i 

(-D (t+l)(n-i) 

so that 

(3.51) (Arur'Arv-.AW) = i 
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F r o m (3.50), (3.51), we obtain 

23 

(3.52) = Aft+n> 

and from (3.48), (3.52), 

(3.53) c i + 1 = A. ( t + n ) , (i = 0 , l , . . . , n - l ) 

(3.53) i s a m o s t decis ive r e su l t ; we obtain, in v i r tue of i t , 

(3.54) D t+l 

k(t+l) A(t-H8) 

A ^ ) A p > 

At*'* ot 

A(t+i) ( t a ) 
n - i n - i 

A ( t+n- i ) 
n - i n' 

- (-1) 
(t+i)(n-i) 

and from (3.54), denoting the cofactors of the c^ in D , . by B i (i = 1,# • • ,n) 

E B. c. = (-1) i,n I v ' 
(t+i)(n-i) 

i = i 

o r , mult iplying both s ides of this equation by (-1) (t+i)(n~i) 

(3.55) z «•*> 
(t+i)(n-i) B . )c . = 1 , i,n7 I 

i = i 

which p roves T h e o r e m 3,2. 

4. NUMERICAL EXAMPLES FOR SOLUTION OF Sf. E. n and S. E. n 

In th is chap te r we shal l i l l u s t r a t e ou r theory with t h r e e numer i ca l 

examples . 
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Let the S!. E. 4 have the form 

(4.1) 53x + 117y + 209z + 300u = 1 . 

The given vector a' ' has the components 

(4.2) a|0) = . 1 1 7 / 5 3 ; a2
(0) = 209/53; a|°* = 300/53 . 

Carrying out the modified Jacobi-Perron algorithm (2.8) for the vector (4.2), 
we obtain the sequence of vectors 

hf = (2, 3, 5) ; 

b( 1 ) = (4, 3, 4) ; 

(4.3) 
b( 2 ) = (0, 1, 1) ; 

b( 3 ) = (1, 2, 3) ; 

b( 4 ) = (1, 0, 2) . 

We find that a(4) = b ( 4 ) , so that 

(4.4) t = 4; t + 1 = 5 . 

From (4.3) we calculate easily, in virtue of (2.4) 

(4.5) 

A^5) = 4; A^6) = 5; A^ = 24; A^8) = 53 . 

A(5> = 9 ; AJ6) = 11; A<7) = 53; A<8) = 117 

A^5) = 16; A | 6 ) = 20; A | 7 ) = 95; A | 8 ) = 209 

A! 5 ) = 23; Ai6) = 28; A£7) = 136; A! 8 ) = 300 
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Since here (t + l)(n + 1) = 503 = 15, the determinant (3.54) is of the follow-^ 
ing form 

(4.6) 

4 5 24 53 
9 11 53 117 

16 20 95 209 
23 28 136 300 

-1 

from which we obtain, developing D5 in elements of the last column 

53 • 3 + 117 • 3 + 209 - (-1) +300- (-1) = 1. 

A solution vector of (4.1) i s , therefore, given by 

(4-7) X = (3, 3, - 1 , - 1 ) . 

Since X is a standard solution vector, there is not need to transform (4.1) 
into an S. E. 4. 

Let the S!. E. 4 have the form 

(4.8) 37x + 89y + 131z + 401u = 1. 

Proceeding as before, we obtain for the D,+ of (3.54) 

(4.9) 

1 

2 

3 

10 

2 

5 

7 

22 

7 

17 

25 

76 

37 

89 

131 

401 

= 1 • 

which gives the solution vector for (4.8) 

(4.10) X = (-6, -2, 0, +1) 

Since this vector has a zero among its components, we have to transform the 
S!. E. 4 of (4.8) into an S. E. 4. Here we choose 
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(4.11) P = 2 - 3 • 5 • 7; x = 30x!; y = 42yf; z = 70z!; u = 105u! . 

Now the S!. E, 4 takes the form of an S. E. 4, viz. 

(4-12) 1110x! + 3738y' + 9170z! + 42105uT = 1 . 

Carrying out the algorithm (2.8) of the given vector 

(4.13) a(0) = (3738/1110, 9170/1110,42105/1110) 

we obtain the vectors t r ' 

b ( 0 ) = (3, 8, 37); b( 1 ) = (0, 2, 2); b( 2 ) = (0, 1, 1) ; 

(4.14) b( 3 ) = (0, 0, 1); b( 4 ) = (29, 17, 54); b ( s ) = (1, 1, 2) ; 

b( 6 ) = (1, 0, 2) . 

Here 

t = 6, t + 1 = 7, (t + l)(n - 1) = 21, D7 = -1 

after calculating the A: ' , the determinant D7 from (3.54) becomes 

(4.15) 

3 272 552 1110 

10 916 1859 3738 

25 2247 4560 9170 

114 10318 20930 42105 

-1 , 

which gives the standard solution vector of (4.12) 

(4.16) Xf = (198, -23, -10, -1) , 

and, in view of (4.11) the standard solution vector of (4.8) 

(4.17) X = (5940, -966, -700, -105) . 
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Let the SJE. 5 be 

(4.18) 73x + 199y + 471z + 800u + 2001v = 1 

Proceeding as before, we obtain for the determinant (3.54) 

(4.19) 

4 

11 

26 

44 

L10 

21 

57 
136 

230 

576 

21 

57 
135 

230 

576 

22 

60 

142 

241 

603 

73 

199 

471 

800 

2001 

= 1 

which gives the vector solution 

(420) X - (0, -2, 0, 3, -1) e 

Since this vector has zero components, we have to transform the S!. E. 5 (4,18) 
into an S. E8 5e Here we choose 

(4.21) P = 2 • 3 • 5 . 7 * 11; x = 210x!; y = 330y!; z = 462zf; y = 770u!; 
v = 1155v? . 

The S8 E. 5 takes the form 

(4.22) 15330xf + 65670yf + 217602z! + 616000u! + 2311155v! = 1 . 

Carrying out the algorithm of the given vector 

(0) _ / 65670 217602 616000 2311155 
(4.23) ax 15330 9 15330 9 15330 9 15330 / " 

we obtain the vectors b^ ' 

b(0) = (4,14,40,150); b(1) = (0,0,2,3); b ^ = (0,0,0,1); 

(4,24) b(3) = (1,0,0,1); b(4) = (14, 8,1,18); b(5) = (1,0,0,1) ; 

.(6) (1,0,2,6); b(7) = (1,1.0.2);. b(8) (0,2,0,9) 
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Here 

t = 8, t + 1 = 9, (t+ l ) ( n - 1) = 36; 

(v) after calculating the A„l ' , the determinant D9 from (3.54) takes the form 

(4.25) 

95 

407 

1349 

3818 

4323 

99 

424 

1405 

3978 

14925 

790 

3384 

11213 

31744 

119100 

1681 

7201 

23861 

67547 

253428 

15330 

65670 

217602 

616000 

2311155 

1 , 

which gives the standard solution vectors of (4.22) and (4.18) 

(4,26) XT = (1053, 26, -2, 13, -11) , 

(4.27) X = (221130, 8580, -924, 10010, -12705) 

5. THE CONJUGATE STANDARD EQUATIONS 

DEFINITION. The Diophantine equations 

clxi + C 2 X 2 + + cnxn ci , (v = l , . . . , t - 1) ; 

(j = l , . . . , n ) ; 

from (3.11); t from Theorem 3.1, 

c. from (1.2) , 

will be called Conjugate Standard Equations. 
In this chapter we shall find a solution vector for a conjugate standard 

equation and prove, to this end, 
Theorem 5.1. A solution vector of the conjugate standard equation (5.1) 

th is given by the vector whose j component is 

(5.2) x . = el)(v^(ti-DB(^) 9 {Y= v . . f t . 1 } 
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where the B. ' a r e the cofactors of the e lements in the n row of the 
de te rminan t 

(5.3) 

A(v+l) 

A | V + 1 ) 

A (v + i ) 
n - i 

A r 2 ) •• 
A r 2 ) •• 
A(v+i) . . 

n - i 

A (v+n-i) 

. Ap**"1* 

. A(v+n-i) 
n - i 

c i 

c2 

c 
n 

If (x\ , x% , • • • , x* *) i s a solution vec tor of the s tandard equation 

c l x l + C2X2 + C X = 1 , 
n n 

then (5.2) i s different from 

(•••, xjS . - • ) = ( . . . , x{°M0 ),--)0 = l , 2 , - - - ,n ) . 

Proof. As can be eas i ly ver i f ied from the proof of T h e o r e m 3 .1 , 

the re la t ion holds 

(5.4) a ^ = c f ^ / c f ^ , (v = 1, 2, . . . ) ; c}' ,w (o) 

We shal l f i r s t prove the formula 

n - i 
(5.5) A a<*> a<2> n - i n - l a ^ , ( v = l f 2 , . . . ) 

We obtain, for v = 1, in view of (2.4), 

n - i 
<*> + T a « A ^ ) = a « A0W = a « f r*4 3 3=1 n - i n - i 
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so that formula (5.5) is correct for v = 1. Let it be correct for v = k, viz. 

n-i 
<5.e> Af> • 2 .«A<"+» - £&.•• a« , * - lA-) 

j = l 

From (2.3) we obtain 

a)"' = far" ' / a:. . ' ) + D: ' , u - &,• • • ,u-x;k-l,2,- • •) 
(5.7) 3 

,f> = (aj^ /aj^>) + bf> . (J = 2.....n-l;1 

af> = ( l / a j ^ ) + bf» 

Rearranging the left side of the (5.6) by substituting there for a: ' the values 

from (5.7), we obtain 

n-i / a(k+i)A(k+j) 

AP.aPAr^El J ^ - + b f ) A ^ > ] a(k+i) 
5=2 \ n-i 

00 (2) o(k) 
a w a w • • • av ' 
n-i n-i n-i 

The left side of this equation has the form 

(k+i) n-i / a(k+i)A(k+j) \ n-i 

a n - i j=2 \ a n - i / j=2 

(k+i) _n- i (k+i) (k+j) Ao X J S , a H A0 + j A ? ) + ^ b ( k ) A ( k + j ) 
n-i 

a ( k + l ) 

a n - i \ i=i 

= (A^ + %^M+i))/^+A°k+n) = ( A ° k + 1 ) + % a f + 1 ) A ° k + 1 + j ) 
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We thus obtain 

n-i 
Aj (k+i) + T ^ a ( k + i ) (k+i+j) 2>l a(fc«) = a ( f l a « . . . a(k) 

n-i n-i n-i n-1 ? 

or 

n-i 
(5.8) A<k+1> + £ a j ^ A p j = a « a « 

n-i n-l 
. a ( t«) 

n-i 
3=i 

But (5.8) is (5.5) for v = k + 1, which proves (5.5). From (5.4), (5.5), we 
now obtain 

n-i 

A r> + x> ) A o v + j ) = 
j=i 

4»" of> 
,(v-i) 

n-i 
(5.9) A™ + ^ a f ) A(v + j ) = e / o p * . (v = 1 . 2 , . . . ) 

The reader should note that (5.9) holds for v = 0, too. We shall now return to 
formula (2.6. a), viz. 

i An •• 
a|°> A | V + 1 > •• 

a!°> A i v + 1 ) •• 

a(o) A (v + l ) . 
n - i n - i 

. A(V+Q-i) 

. A ( v + n - i ) 

. A (v+n- i ) 

A(v+n-l) 
A n - i 

i_ lLv(n-i ) 

A(v) +V n _ 1 a ( v ) A ( v + j ) 
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Substituting h e r e the va lues of a. ' f rom (3.2) and for 

n - i 

A^ + ] n alv)Aov+i) 

3=1 

from (5.9), we obtain 

A (v+i) 

c2/Cl Af+1) -

ca/ct Af+1) " 

(v+i) 

A(v+n-i) 

A(v+n-i) 

(v+n-i) 
A2 

n 2 n - i 
, . A(v+Q-i) 

n - i 

(-D v(n-i) 

/ (v) 

o r , multiplying both s ides by Cj and interchanging the f i r s t and the l a s t row 

of the de te rminant , 

(5.10) 

^ (V+i) A (V+2) 

A (V+i) A(V+2) 

A (V+i) A(V+2) 

A (V+i) A(V+2) 
n - l n - i 

Arn- ! ) ot 

Ar^ os 

A (v+n-i) 
n - i 

= (-1) 
(v+i)(n-iWv) 

F r o m (5.10) we obtain 

0 B(v+i) + _ R(v+i) c l J 3 i , n + ^ ^ . n + ' 
c B(v+D = , ^ ^ + 1 ) ^ - 1 ) (v) 
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or, multiplying both sides by (-1)^V 1>'n~1' 

(5.11) Z ^ ^ ^ ^ ^ = ^ ' 
j=l 

(5ell) proves the first statement of Theorem (5el). To prove the second state-
ment, we have to show that c\ ' cannot be a divisor of all the 

. ^(v+iHn-iWv+i) ,. 1 . 
xj = (-1)1 /v ; B ^ n

 ; , (j = 1, - . , n) 

To prove this, we recall formula (2.5), viz. 

(5.12) D v + 1 = ( - i ) ^ l ) ( n - i ) , 

so that 

(v+n) (v+i) A(v+n) (v+n) (v+i) = (v+i)(n-i) 
Ao ^i ,n + A i ±52,n + e 9 e n-i n,n { ' > 

or 

(5.13) A r n ) *l + Af + n ) x2 + • • • + A ™ xn = 1 . 

From (5.13) we obtain 

(5.14) (xi9 x2, — >xn) = 1 , 

and since c{* > 1 for v < t, the second statement of Theorem 5. l i s proved. 
It should be stressed that the case 

c(v1) = c(v2) = . . . = cjvk) 

is possible (1 < k < t). In this case we shall consider the conjugate equa-
tions CJXJ + c2x2 + • • • + c x^ = c\ 3 , (j = 1,° • • ,k) as different ones, since 
each of them will provide a different solution of (5.1) for the same c\ ' . 
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We shall solve some conjugate standard equations of (4.12), viz. 

lllOx1' + 3738y! + 9170zT + 4210u! = 1 . 

We calculate easily 

(5.15) eft = 408; eft = 290; c[® = 219; c(4) = 4; cjjs) = 2; t = 6. 

Calculating the A. on basis of (4.14) we obtain a solution of 

1110xf + 3738yT + 9170zf + 42105u! = 219 , (v = 3) 

Xf = (-31, -2, 0, 1 ) 

Similarly we obtain a solution of 

1110x! + 3738y? + 9170z! + 42105u! = -4 (v = 4) 

Xf = (-15, %9 1, 0 ) 

It should be well noted that the solution vectors of the conjugate standard equa-
tions are not necessarily standard solution vectors. 

6. GENERALIZED FIBONACCI NUMBERS 

The generalized Fibonacci numbers are defined by the initial values and 
the recursion formula as follows 

E f ) = F f > = ••• = F<n> = 0, F<n> = 1 ; 1 i n - i • ' n 

(6.1) 
*SL-I>8 ; k + l . n - 2 . 8 . 

j=0 

The numbers F : ' (i = 1, 2, • • •) will be called generalized Fibonacci numbers 

of degree n and order i. They are calculated by the generating function 
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(6.2) x1 1"17(1 - x - x* x1) =JjP^1 . 
1=1 

Let denote 

(6.3) f(x) = x n + x1"1 + . . . + x - 1 

f(x) from (6.3) is called the generating polynomial. This can be transformed 
into 

(6.4) f(x) = (xn+1 - 2x + l)/(x - 1), x / 1 . 

The equation 

n+i 
(6.5) ( x - l)f(x) = x - 2x + 1 = 0 , x £ 1 , 

has 2 real roots and (n - 2)/2 pairs of conjugate complex roots for n = 2m 
(m = 1,2,•••) and one real root and (n - l ) /2 pairs of conjugate complex 
roots for n = 2m + 1 (m = 1, 2,e * • ) . This is easily proved by analyzing the 
derivative of f(x). The roots of f(x) are , of course, irrationals. From (6.2) 
we obtain 

(6.6) F^n) = F^n) (x1,X2,*--,Xh). < v = l , 2 , - - - ) 

where F ' 1 1 ' (xlf x29 • • • , xn) is a symmetric function of the n roots of f(x). It 
will be a main result of the next chapter to find an explicit formula for the ratio 

(6.7) lim F& A f . 
V—>oo / 

In the case of the original Fibonacci numbersf viz, n = 2, this is a well-
known fact As can be easily verified from (6.2), the F ' ' have the form 

V ' ' I (m = 0 , l , ' - - - ) . 
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From (6.8) we obtain easily 

(6.9) lim F(2> / F ( 2 ) = (\/5 + l ) /2 
i—^GO m+i / m l v ' 

Of course, for generalized Fibonacci numbers, a limiting formula analogous to 
(6.9) can be given by infinite series, as will be solved in the next chapter. We 
shall use the notation 

(6.10) D (n) 

F(n) F(n) 
v v+i 

F(n) F(n) 
V+i V+2 

v+n-i 
F<n> v+n 

F(n) F(n) 
v+n-i v+n 

7(n) 
u v+2n-2 

(v = 1,2, — ) 

We shall prove the formula 

( 6 a i ) D(n) = (_1}(n(n-i)/2)+(v--i)(n-i) 

Proof by induction. We obtain from (6.1) 

D (n) 

Fp> 
Ff> 
F<n> x 3 

Ff) 
Ff) 
Ff)---x 4 

e e . 

o » • 

F ( n ) 
n 

F<n) n 
F ( n ) F ( n ) 

n n+i 
F (n) F (n) 

n+i n+2 

P(n) F(n) 
n n+i 

?(n) 
'2n~i 

0 

0 

0 

1 

0 

0 

o . . . 

n+i 

1 

1 F«> 
n+i 

1 F f ) F<n) n+i n+2 

F ( n ) 
2n-i 
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(6.12) D W = (_1}n(n-l)/2 ? ( n = 2 > 3 , . . . ) „ 

We further obtain from (681) 

37 

D<n> = 
V 

F<n> I 
V 

F ( n ) j 
v + i 

FW> j 
v + n - i 

(-if-1 

F ( n ) 
V 

! F ( n ) 
V+1 

F ( n ) 
v + n - i 

V+1 

V+2 

v + n 

F<n> 
V 

F<n> 
v + i 

F ( n ) 
v + n - i 

F ( n ) 
v - i 

F<n> 
V 

F<n> 
v+n-2 

V+1 

Fw . 
V+2 

F W . 
v + n 

. F
( n > 
v+n™ 

. F
( n ) 

v + n -

v+2n 

F(*> . 
V+1 

FC) • 
V+2 

v+n 

F ( n > 
V 

F < n ) 
v+i 

F W 
v + n - i 

. F ^ 
v+n-2 

. . F W 
v + n - i 

. . F<n> 
V+2n-3 

( F ( n ) + 
2 v v - i 

( F ( n ) + 
1 V V 

F ( n ) 
v + n -

F<n> 
v + n 

Fw 
v+2n 

^ n - i 

(n) + n - i 
-3 v+n-2 " i j = i 

. . F < n ) 

v+n-2 

v + n - i 

. . F
( n ) 

v+2n-3 

F ( n ) . . . 
v + i 

F ( n ) . . . 
V+2 

F ( n ) . . . 
v + n 

F w 
v - i 

Fw 
V 

F ( n ) 
v+n-

i 

-2 

= 

F ( n )
+ . ) 

v - i + j ' 
F<*>. ) v+j ; 

F ( n ) 
v+n-2+ 

•2 1 

F(n) 1 
v+n-2 1 

F<n> 
v + n -

F v+2n-

i 

-3 

= 

• 

We have thus proved the formula 

(6.13) DyW = ( - l ) 1 1 " 1 ^ . 
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From (6.13) we obtain 

D W = ( - D - ^ = (-irVi^X-, = = ( • 

. ^ (v- iMn- i^n) 

which, together with (6.12), proves (6.11). We have simultaneously proved 
Theorem 6.1. A vector solution of the S\ E. n 

(6.14) %»* + '&* + -•+*$**>-1 

is given by the formula 

(6.15) x i = < 
^(^n-D/W-iXn-i) (. = v . . i n ) f 

l . n 

th where the B. are the cofactors of the elements in the n row of the deter-i,n 
minant (6.10). 

We shall now turn to the periodicity of the algorithm for ratios of cubic 
Fibonacci numbers and prove 

Theorem 6.2. The Jacobi-Perron algorithm of the two irrationals 

(6.16) a|0) = lim (F(3> / F ( 1 ) ; a f = lim ( F ( 3 ) / F < 1 ) 
v ' 1 V—>oo v V+3/ V+2' l V__>oc V V+4/ V+2 

is periodic; the preperiod has the length S = 2 and the form 

(6.17) 

The period has the length T = 6 and the form 

(6.18) 

0 
0 
0 
0 

0 
0 
0 

2 

2 
2 
2 , 

1 » 
4 

1 . 
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Proof. We shall first prove the following inequalities 

(6.19) F ^ < F ^ < 2F<J3 , (v = 3 ,4 , . . . ) ; 

(6.20) 3 F | 3 | 2 < F ^ | 4 < 4F[3|2 , v as above . 

From 

F (3) = F (3) + F ( 3 ) + F ( 3 ) (3) (3) ^ f 
V+4 V+3 V+2 V+i V+i ' V+2 ' 

we obtain 

We further obtain 

but 

therefore 

F (3 ) ^ F (3) 
V+4 V+3 

F (3) = 2 F ( 3 ) _ F (3) __ F (3) _ (3) ) 

V+4 V+3 l V+3 V+2 V + l ' 9 

F J J , - F<J, - F% = F<?> - 0, for v = 8.4,. 

F ( l <= 2F<8> , 
V+4 V+3 

which proves (6.19). We further obtain 

F (3) = F (3) + F (3) + F (3) 
V+4 V+3 V+2 V+i 

= n ? (3 ) + F (3) + F ( 3 ) } + F (3) + F (3 ) 
1 V+2 V+I V ; V+2 V+l 

= 2F(3) + 2F(3) + F( 3 ) 

V+2 V+l V 
= 2F(3) + (F(3) + F( 3 ) + F( 3 ) ) + F( 3 ) - F( 3 ) 

v+2 l v+i v v - i ; v+i v-i 
= 3 F ( 1 + F ( l - F ( 3 ) ; 

V+2 V+i V - i 
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but 

F(3i - F( 3 ) = F( 3 ) + F(3)
rt > 0 for v > 3 , 

V+l V- l V V-2 ' 

therefore 

F ( l - 3F ( 1 
V+4 v+2 

Since 

F (3) = F (8 ) + F (3) + F (3) = (3) + 2 F ( 3 ) + F (3 ) ^ (3) + (3) 
V+2 V+l V V- l V V- l V-2 V V-2 

for v > 3, we obtain 

F ( 3 ) . F (3 ) = F (3 ) + F (3) < F (3) 
V+l V - l V V-2 V+2 ' 

and, therefore, from the previous result 

V+4 V+2 

which proves (20). 

We shall now carry out the algorithm of Jacobi-Perron for the numbers 

,6.21, a » - F « / * » , a?> - , « , / * » , , v £ 1 2 . 

Though the proof is carried out for the rationals 

F (3 ) / F ( 3 ) d F (3) / F ( 3 ) 
^ V + S / V+2 a n C l V + 4 / V+2 * 

and not for their limiting values, the reader will understand, after having 
read Chapter 7, that this is permissible. 

We obtain from (6.19), substituting v - l for v, and in virtue of v > 
12, 



1968] ITS APPLICATION TO GENERALIZED FIBONACCI NUMBERS 41 

F<3> <cF0) < 2F(3) ; 1 < F ( 3 ) / F( 3 ) < 2 
V+2 V+3 v+2 ' V + 3 / V+2 * 

so that 

(6.22) bi(0) = [ai
(0)] = 1 . 

From (6.20), we obtain 

3 <F(3> / F ( 3 > < 4 , 
V + 4 / V+2 

so that 

(6.23) bj°> = [a|°>] = 3 . 

From (6.21), (6.22), (6.23), we obtain 

4* = l / ( a ! 0 ) - b ^ ) = I / ( ( F ^ / F ^ ) - 1 ) 

' F ( 3 ) \ F (8) 
V±4 _ 3 V+2 = F (3) _ 3 F ( 3 ) / (3) + (3) 
,(3) / F(3) + F ( 3 ) V 4 v+2/ v v+l v ' 

F% I -v+l • ' v 

but, as has been proved before, 

we thus obtain 

F(3) _ 3F(s) = F(s) + F(3) 
V+4 V+2 V V-2 ' 

F (3) + F (3) F (8) 
(6.24) a ^ = T, V~2 ; 4* = , V + 2

 M 
1
 F (3) + F (3) 2

 F (3) + F (3) 
v+i v v+i v 

Since 
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0 < F ( 3 ) + F(3) < F(3) + F ( 3 ) 
V V-2 V+i V ' 

we obtain 

0 <c /pte) + Y^ )/(F® + F^3') < 1 ; 
y v v-2 v+i v ' 

since further 

F(3) / (F(3) + F(3) = (3) + (3) + (3) ) / F(3) + (3) = 

v+2 v+i v ' v v+i v v - r v v+i v ' 

1 + ( F ( 3 ) / (F ( 3 i + F ( 3 ) ) ) , and s i n c e F ( 3 ) < F(3> + F ( 3 ) , 
v v-i v v+i v / ; ' v-i v+l v ' 

we obtain 

(6.25) bfi = 0; b2
(l) = 1 . 

From (6.24), (6.25), we obtain 

l/(aP-bP) = <F& + F « > > / < F « + F J ! 1 ) ; 

a f > - b f > = ( F » , - F » 1 - p W ) / ( P » 1 + P«) 

F(3) / (F(3) + F(3) . 
V-l K V+l V ' ' 

we thus obtain, in virtue of (2.3) 

F<8> F ( 3 ) + F ( 3 ) 

( 6 ' 2 6 > ^ F ( 3 ) + F ( 3 ) '** F ( 3 ) + F ( 3 ) 
V V-2 V V-2 

From (6.26) we obtain, since 

0 < F
( 3 ) < F(S) + F( 3 ) , 0 < F( 3 ) / (F ( 3 ) + F( 3 ) ) < 1 , 
v-i v v-2 ' v-i y v v-2; ' 

and further, since 
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( F (3 ) + F ( 8 ) } / ( F (3) + F(3) } = 2 F ( 3 ) + (3) (3) / (3) + (8) = 
1 v+i v ; l v v-2; l v v-i v-2; M v v-2; 

= (2F(3) + 2F(3) + F( 3 ) + F( 3 ) ) / (F ( 3 ) + F( 3 ) ) = 1 V V-2 V~3 V - 4 ; M V V - 2 ; 

= 2 + ( (F(3)
D + F( 3 ) )/(F( 3 ) + F( 3 ) ) ) < 3 , 

v x V-3 V-4 V V~2 

so that 

(6,27) b{2) = 0; b|2 ) = 2 . 

From (6e26), (6*27), we obtain9 on basis of the previous results 

l/(a?>-.bf>) = ( P f + F ^ / F ^ ; 

a2
(2)-b|2> = ((FWi + F j > ) . / ( F « + F » a ) ) - 2 - ( F j ! | + FW4)/(F« + 

we thus obtain, in virtue of (283)5 

(6.28) 

Since 

F ( 3 ) + F ( 3 ) F ( 3 ) + F(8) 
(3) y - 3 y - 4 e (3) __ y y -2 

4
 F (3) * 2

 F(3) 
v-i v-i 

F(3) + F (3) < F (3) + F(3) + F (3) = (3) 
V-3 V-4 V-3 V-4 V-2 V- i 

we obtain 

b(3) = [ a ( 3 ) } = 0 

We further obtain 

r<3> + F(3) = FC) + 2 F ( 3 ) + F( 3 ) 

V V-2 V- l V-2 V-3 
F(3) + ( F (3) + F (3) + F (3) ) + F (3) _ (3) 

V- l x V-2 V-3 V - 4 ; V-2 V-4 

2 F
( 3 ) + F(3) - F(3) • 
V-l V-2 V-4 
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Therefore 

F
( 3 ) + F(3) 

2 F ( 8 ) < F (8) + F (3) < 3 F ( 3 ) . < V V-2 
V- l V V-2 V- l p (3) 

(6.29) v-l 

b<3) = 0 ; b2
(3) = 2 . 

From (6.28), (6.29), we obtain 

aP-bf» = ((FW + P ^ / P ^ ) ^ 

= ,F<3> - F
( 3 ) ) / F ( 3 ) = (F ( 3 ) + F ( 3 ) / F ( 3 ) . 

1 V-2 V - 4 V V- l V V-S V - 5 / V - i ' 

so that, in virtue of (2.3), 

F(3) + F ( 3 ) F (3) 

/« <™ a<4> = v " g v " 5 • a<4) = v-l 
( 6 ' 3 0 ) ^ F (3) + F ( 3 ) ' •« F (3) + r ( 3 ) 

V»3 V-4 V-3 V-4 

From (6.30) we obtain 

b<4> = [a<4>] = 0 , 

and further 

F(3) = F (3) + F ( S ) + F ( 3 ) = 2 ( F ( 3 ) + (8) ) + F ( 3 ) 
V- l V-2 V-3 V-4 v V-3 V-4 7 V-5 

so that 

F(3) / ( F ( 3 ) + F ( 8 ) } = 2 + ( F (3) / ( F ( 8 ) + F ( 8 ) ) } 
V - i / * V-3 V - 4 ; * V - 5 / V V-3 V - 4 ; ' » 

or 
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2 < (F(3) / ( F ( 3 ) + F( 3 ) ) ) < 3 , 
1 V- l / v V-3 V-4; ; ' 

which finally yields 

(6.31) b^4) = 0; b2
(4) = 2 

From (6.30), (6.31), we obtain 

l / ( a < 4 ' - b f ' ) = (F(3> + F(3) ) / ( F ( 3 ) + F (3 ) } 
/ v 1 1 ' x V-3 V-4 7 v V-3 V-5 ' 

a f ) _b<4> = F ( 3 ) / (F< 3 > + F(3> ) , 
L i V-5/ v V-3 V-4' 

so that, in virtue of (2.3), 

F(3) F(s) + F (3 ) 
,fi , ,» „(5) = V-5 „(5) = V-3 V-4 
M ^ F(3) + F (3 ) ' a \ F(3) + F (3 ) 

V-3 V-5 V-3 V-5 

From (6.32) we obtain 

[a<5>] = b<5> = 0 , 

and further, 

(F(3) + F<3) ) / (F ( 3 > + F<3' ) 
1 V-3 V-4 7 V-3 V-5; 

F
( 3 ) + F ( 3 ) 

= (F(8) + F (S) + F (8 ) + F (3 ) ) , / ( F ( 3 ) + F (3 ) ) = 1 + _ ^ Z 6 Xl_7 
1 V-3 V-5 V-6 V-7; 7 l V-3 V-57

 F(s) + F(3) 
V-3 V-5 

so that 

< ((F(3) + F ( 3 ) j / ( F ( 3 ) + F ( 3 ) J ) < 2 , 
u V-3 V-47/ v V-3 V-57 / ' 

which yields 
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(6.33) b|5 ) = 0; b|5 ) = 1 . 

From (6.23), (6.33), we obtain easily 

F ( s ) + F ( 3 ) : F (s ) + F ( 3 ) 
IKW\ a ( e ) = V " 6 V " 7 - fl(e) = V ~ 3 v ~ 5 

(6.34) a, 3) , a2 g) 
V-5 V-5 

From (6.34) we obtain 

GO-b}«J = [aW-| = o 

and further 

F(3) + F ( 8 ) = F (3) + 2 F ( 3 ) + F ( 8 ) = 3 F ( 3 ) + 2 F ( 3 ) + F (3) 
V-3 V-5 V-4 V-5 V-6 V-5 V-6 V-7 

= 3F(3) + (F(3) + F(3) + F(3) ) + F(3) - F( 3 ) 

V-5 V-6 V-7 V-87 V-6 V-8 
= 4F(3) + F(3) + F( 3 ) < 4F(3) < 4F(3) + 5F(3) ; 

V-5 V-7 V-9 V-$ V-6 V-5 

therefore, 

so that 

4 < ( ( F ( 3 ) + F ( 3 ) ) / F ( 3 ) ) < 5 , 
v v v _ g v - 5 y V-5 ' 

(6.35) b[6) = 0; b2
(6) = 4 . 

From (6.34), (6.35), we obtain 

l/(aj«>-bf>) = ( F ^ / ( F ( J 6 + F ^ ) , 

aJO-bjO = (F<3> + F « ) / F « , 
i i v V-7 V-9 / V-5 

so that, in virtue of (2.3) 

F ( s ) + F ( 3 ) F (3) 
(P. 36} a ( 7 ) = V ~ 7 v ~ 9 • a W = V ~ 5 
( 6 - 3 6 ) & 1

 F(>) + F ( 8 ) ' &2
 F (3) + F ( 3 ) • 

V-6 V-7 V-6 V-7 
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From (6.36) we obtain 

b« = [aP] = 0 . 

and further 

F(3) / ( F ( 3 ) + F (3) } = ( F (3) + (3) + (8) ) /(F(3) + (3) } 
V - 5 / V V-6 V - 7 ; V V-6 - V-7 V - 8 ; / l V-6 V - 7 ; 

= 1 + (F(3) / (F ( 8 > +F<3> ) ) , 
v V - 8 / V-6 V-7 

so that' 

(6.37) b^7) = 0 ; b2
(7) = 1 . 

From (6.36, (6,37), we obtain 

l / ( a f > - b f > ) = (F<3> +F<3> ) / (F ( 3 > +F<8> ) , 
/ \ 1 1 ' \ v _ 6 v -7 / V-7 V-97 

a P - b P = F<"> / ( F « +F<3>) , 
I i V - 8 / V-6 V-7 

so that, in virtue of (2.3), 

F(3) F(8) + F ( s ) 

(R <J» a(8) = v " 8 • ai8 ) = - ^ ^=-7 
( 6 ' 3 8 ) * F (3) + F ( 3 ) ' ^ F (3) + F ( 3 ) 

V-7 V-9 V-7 V-9 

Substituting in (6.38) for v the value 

(6.39) v = u + 7 , 

we obtain 

F(3) p (3) + p ( 3 ) 
(G4fl\ a ( 8 ) = u " 1 - . a ( 8 ) = u + 1 u 
( 6 ' 4 0 ) ^ F ( 3 ) + F ( 3 ) ' ^ F ( 3 ) + F ( 3 ) 

U U-2 U U-2 

Comparing (6,26) with (6,40), we see that 
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(6.41) a^8) = a^2) ; a^8) = a^2) for u = v->+oo , 

which proves the first statement of Theorem 6.2. The forms of the preperiod 
(6.17) and the period (6.18) is verified by the formulas (6.22) and (6.23, 25, • • • , 
35, 37). 

Applying Theorem (5.1) to the Jacobi-Perron algorithm of the numbers 

F<3> / F ( 3 ) F(3) / F ( 3 ) 

V+3/ V+2 ' V+4/ V+2 

(this Theorem holds for any algorithm (2.3), as long as the formation law of the 
b : ' generates integers) and singling out the denominators 

,(2) = 1,(3) M 
V V-2 

1 V-3 ' V-4 ' 

we obtain, on ground of (6.41) and the vector equations a* ' = aS', sr ' = a.( ', 

(6.42) 

c(2+ek) = F(3) + F ( 3 ) 
1 V-7K V-2-TK 

C l - F v _ i - T k * 
c(4+6k) = (8) + (S) 

1 V-3-7k V-4-7k 

From (6.42), we obtain, in virtue of (5.3), where n = 3, 

(6.43) 

(3+6k) (4+6k) (3) 
A 0 A C ^ + 2 
A(3+6k) (4+6k) (s) 

1 i V+3 
A(3Kk) A(4+ek) p(,J 

V+4 

F (3) + F (3) v > 7k + 3 . 
V-7K V-2-7K' 

Substituting in (6.43) v = u + 7k, we obtain that a solution vector of the ST.E.3 

(6.44) ,(3) 
L U+2+Tk 

r(3) 
" U+3+7k 

,(3) 
" U+4+7k 

rW + F
( 3 ) 

" U U-2 

k = 0, ! , - • • ; u = 3,4,-
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is given by 

49 

(6.45) 

A(3+ek) A(4 + 6k) _ A(4+ek) A(3+ek) s 

(3+6k) (4+6k) (4+6k) (3+6k) 

A(3+6k) (4+fik) _ A(4+6k) A(3+6k) 

Substituting in (6.44) u = 5S we obtain that (6.45) i s a solution vec to r of 

(6.46) >Ff(L+1) + yF7
((k+i)+i + z F ^ + g ) ^ = 3 . 

We fur ther obtain from (6.42)s in v i r tue of (5.3)? 

(6.47) 

Substituting in (6.47) v = u + 7k, we obtain that a solution vec to r of the S!.E„3 

P(3) + F(S) + ^ ( 3 ) 
l+2+7k y u+3 
k = 0 , 1 , • • • ; u = 4S 5, • 

L(4+ek) 

(4-Hfc) 
KM 

(4+6k) 
A 2 

A ( 5 + 6 k) 

(5+6k) 
•r\j_ 

A(5 +ek) 

F(«) 
V+2 

F (3) 
V+3 

F(») 
V+4 

= F<3> , 
v-i-7k 

(6.48) xFu+2+7k + yFu+3+7k + zFu+4+rk F u - i ' 

is given by 

(6e49) 

X 

y 

z 

= A]4 + 6 k> A<5+6k> 

= A < 4 + 6 k ) A [ 5 + 6 k ) 

= A r k ) Ai5+ek) 

_ A ( 5 + 6 k ) A(4+Bk) . 

(5+6k) (4+6k) . 
" A 2 A 0 ' 

(5+6k) (4+6k) 
- An A l 

We obtain from (6.48), for u = 6, that the equation 

<6-5°> X Ff(k+l)+i + y F f ( k + ^ + ZFf(k+i)+3 = 2 

has the vec to r solution (6*49). 
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We further obtain from (6.42), in virtue of (5.3) 

[June 

(6.51) 

A(5+6k) A(6+6k) F (3) 
V+2 

A(5+6k) A(6+6k) (s) 
i i v +g 
(5+ek) A(6+6k) __(3)* A. "V+4 

= F (3) + F ( S ) 
V-3-7k V-4-7k * 

Substituting in (6.51) v = u + 7k, we obtain that a solution vector of 

(6.52) xK. , . . + JKL^, + zF î, = A + A ; r<3) 
" U+2+7k 

A*) 
L U+3+7k 

r(3) 
" U+4+7k U-3 U-

k = 0, ! , • • • ; u = 6,7,. 

is given by 

(6.53) 
„ _ A (5+6k) (6+6k) (6+6k) (5+6k). __ (5+6k) (6+6k) (6+6k) (5+6k) 
X - Aj A 2 - Aji A 2 J y - A 2 A 0 - A 2 A 0 

(5+6k) (6+6k) (6+6k) (5+6k) 
- A Q Aj z = AJ 'A± 

We obtain from (6.52), for u = 9, that a solution vector of 

(6.54) x-p(3) + v -p( ) + Z F ' 3 ' = 6 
7(k+l)+4 Y *7(k+l)+5 Z J J7(k+l)+6 b 

is given by (6.53). 
We shall give a few numeric examples for this theory. If we put k = 1 

in (6.50), we obtain 

x F $ + y F $ + z F $ = 2 . 

From (6.49), we calculate easily 

x = -20; y = -2 ; z = 7 

so that 

(6.55) 7F}? - 2F$ - 20F$. = 2 
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We calculate easily 

FJip = 927; F$ = 1705; F$ = 3136, 

which verifies (6.55). 
If we put k = 1 in (6.54), we obtain 

XF<3
8> + yF<? + Z P < J = 6 . 

From (6.53), we calculate easily 

x = -38; y = -29; z = 27 , 

so that 

(6.56) 27F2
(Q) ~ 2 9 F ^ - 3 8 F $ = 6 . 

We calculate easily 

F $ = 5768; F ^ = 10609; F | ^ = 19513 

which verifies (6.56). 

7. THE GENERATING POLYNOMIAL 
OF GENERALIZED FIBONACCI NUMBERS 

The main purpose of this chapter will be the statement of an explicit for-
mula for the limiting value of the ratio 

?(n) / F ( r 
" v - i / v 

(n) 

of two successive generalized Fibonacci numbers of degree n > 2. To this 
end, we shall investigate the generating polynomial f(x) from (6.3) recalling 
a few results of the author stated in a previous paper [ l . p)]. We obtain from 
(6.3) 
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f(0) = - 1 ; f(l) = n - 1 > 0 ; 

n-i 
f'(x) = J2 (n " tyx11"1""1* > 0 for x > 0. 

Therefore f(x) has one and only one real root w in the open Interval (0,1), 
so that 

(7.1) w
n + w n l + " » + w - l = 0; 0 < w < l 

We shall now carry out the modified Jacobi-Perron algorithm of the numbers 

s 
(7.2) a<0) = 2 3 w 8 " 1 , (s = l , - - - , n - l ) , 

i=o 

which are the components of the given vector a' \ These have, therefore, the 
form of (7.2), viz. 

(0) , i (°) ? _L . i (o) n - i , n-2 , , -a } 7 = w + 1; ao ' = wd + w + 1; • • • ; a v ' = w + w + • • • + 1. 1 l n-i 

Then the numbers a' ' are functions of w, viz. 
s 

(7.3) a^v) = af}(w) , (s = V •• ,n - 1; v = 0, V •) . 
s s 

For the formation law of the rationals b*v' we use the formation law 
s 

(7.4) b^v) = a f V ) • (s = l , - , n - 1; v = 0 , 1 , ' " ) . 

The author has proved in [ l . p)] that under these assumptions the modified 
Jacobi-Perron algorithm of the given vector (6.2) is purely periodic; the length 
of the period is T = 1, and it has the form 

(7.5) b( V / = 1, (s = l , - - - , n - l ; v = 0, l , - - - ) . 
s 
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As has been proved by the author in 1. p) 9 the formula holds 

(7.6) w = ^ ^ (Af " 1 } / A ^ ) , 

where the AQ ' have the meaning of (2.4). From (2,4) and (7.5)s we obtain 

A^0) = 1 . 

A<2) = 0 = Ff> , 

Since 

A(n-i) = 0 = (n) 

A<n) = A ^ + ^ b f A® = 1 + £ A«> = 1 . 
j=l j=i 

we have 

u n 

We have thus obtained 

(7.7) A^l} - F^n) , (v = 1 , 2 , - - - ) . 

We shall now prove that (7.7) holds for any i > 1, viz. 

(7.8) AjV) = F^n) , (v = 1 , V ' ) . 

Proof by induction. In virtue of (7.7) formula (7.8) is correct for V = 1, 
2S' ° ° SH, Let (7.8) be correct for 

(7,9) v = k, k + 1, • • • , k + (n - 1) , k > 1 
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We shall now prove that (7.8) is correct for v = k + n. We obtain from (2.4) 
and (7.5), (7.9) 

n - i 

A(k+n) = A(k) + £ b(k) A 

3 = 1 

5=1 

3=1 

which proves formula (7.8). 
Combining (7.6) and (7.8), we obtain the formula 

(7.10) w - lim (Flix; / FVil) ) V - l / V 

Theoretically (7.10) is a very significant formula and answers the questions 
posed in (6.7). But practically it is of no great value, since neither w nor 
F ' n ' can be calculated easily because of lack of an explicit formula for either 
of them. This problem will be solved in the forthcoming passages. 

The polynomial x " - 2x + 1, x / 1, has the same roots as the gener-
ating polynomial f(x) = x11 + x11" + • • • + x - 1. Particularly, it has one, and 
only one, real root in the open interval (0,1), viz. w from (7.1). In a p re -
vious paper [ l . p)] the author has proved the following 

Theorem. Let be 

n+1 (7.11) F(w) = w - 2w + 1 = 0 , 0 < w < 1 . 

If we carry out the modified algorithm of Jacobi-Perron for the given vector 
â  ' with the components 
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(7.12) a(») = ws , (S = l . . . . , n - l ) ; a<°> s v ' n w - 29 

then the algorithm becomes purely periodic; the length of the period is T = n 
+ 1, and it has the form 

(7.13) + 

0 0 

If, for v > v0, 

(7.14) 
,(v>l .n-i i (o) 

, (0)1 L(v+n) 

Un( V + J ) l 
A o < m < 1 

then 

(7.15) w = lim (Af-yA^ ) • 

We thus have only to prove that (7.14) holds for the modified algorithm of Jacobi-
Perronof (7,12). We obtain from (2.14) and (7.13) 

Ai 0 ) l; A0
(v) = 0, (v = l , - - - , n ) ; A0

(n+1) = 1; 

(7.16) At* « A? + Z ^41+i) = bj> At* = 2 

n 

Af*> = AJO + jbwAjw) = b»Aj»*> = 22 
j=i 

We shall now prove 
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(7.17) A r i + V ) = 2 \ (v = 0 , V , n ) . 

Proof by induction. (7.17) i s correct for v = 0 , 1 , 2, in virtue of (7.16). 

Let it be correct for v = k; viz. 

(7.18) A (n + l + k ) = 2 k } {k = 0il>...>n_1) . 

F r o m (7.18) we obtain 

A ( n + i + k + i ) = A(^)+^b(k+DA(k+i+3) = b ^k + i ) A (n + i + k ) 

= 2 

3=1 
2 k = 2 k + l 

which p roves (7.17). We further obtain from (7.16)9 (7.17) 

A (n + 1 + n + i ) = A (n + i ) + £ b ( n + i ) A ( n + H 3 ) 

(7.19) 

= 2 + b ^ + i )
 A r i + n ) = 2+b j> Af+i+j) 

= 2 + (-2) • 2n = 2 - 2n+1; | A r i + n + 1 > | > f i f • 2n
s n > 3, 

I . (n+l+n+i) I \ 2n + 1 I A (n+i+n) 
l A o I " ~n + 1 ' I ° 

We now deduce f rom (7.17), (7.19), 

(7.20) (n+i+v)| 2 n + 1 
n + 1 

A(n+v) for v = 0 , 1 , " • •, n + 1 

and shal l p rove genera l ly 

(7.21) A (n + i + v ) 2 n + l 
n + 1 

(n+v)\ (v = 0 , ! , - • • ) 
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Proof by induction. Let be 

(7.22) A(n+i+v) 2n + 1 | (n+v) | 
n + 1 A^ J , for v = k, k + 1, • • • , k + n - 1. 

(7„22) i s c o r r e c t for k = 0 , 1 , 29 in v i r tue of (7„20)0 We now obtain, in v i r tue 

of (2.4), (7.13), 

. (n+i+k+n) _ (k+n) 
A A — An 

n 
V b ( n + k ) A(k+n+j) 

5=i 
A ( k + n ) + b ( k + n ) A ( k + n + n ) 

Af+n) ± 2Aik+n+n> . 

(7.23) A ( n + i + k + n ) | ^ 2 | A ( k + n + n ) | _ | A ( k + n ) | 

But from (7.22) we obtain 

(n+k) n + 1 1 (n+k+i) 
- 2n + 1 

/ \ 2 

/ n + l \ I .(n+k+2) 
\2n~TI/ 1A° I 

/ n + l \ n |A(k+n+n)j 
(sr+i) |A° 1 s v 

(k+n) [ ^ / n + l \ n I A (k+n+n) | 

F r o m (7.23), (7.24) we obtain 

(7.24) ^ " " ' ^ ( ^ r H ) |AO 

(7.25) 

We shal l now prove 

(7.26) 

We have to prove 

iAr+k+n)| ^ ^ . ( ^ ^ l A r 1 ^ ! 

2 „ / j L t l f > .2" 
\x 2n + lj n 

2n_+J 
+ 1 , for n = 3,4,« 
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/ n + l \ n ^ 0 1 ^ , ^ /2n + i \ n 
2 - o—Til >2 - —— , or n + 1 < —-~r- or y2n + 1/ n + 1 yn + 1 / 

n + 1 < 

But, for n > 3, 

1 + 

We shall prove 
(;)• ^T + (°) (sVi) 2 - ( i + rh)°-

(ij ' n~Ti + ^ 2 / \n~+~l) ' n + 1 < 1 + 

or 

or 

n2
 + n3(n - 1) 

n + 1 o / . 1 x 2 
2(n + l)4 

2(n + 1)J 

or 

n X 2 ( n + l ) 2 

But, for n > 3, 

n2(n - 1) > 2n2 > 6n = 2n + 4n > 2n + 12 > 2n + 2 

= 2(n + 1) . 

Thus (7.26) is proved. 
From (7.25), (7. 26), we obtain 

A (n+i+k+n) . 2n + 1 I A(k+n+n) 
Ao I n + 1 A ° 1 ' 
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which p roves (7.21). 

F r o m (7.21) we obtain 

59 

(7.27) 4 k + v ) | /2n + 1 \ k i 
\ n + l / » A0

(v)j , (k + v > n + 1) 

We shal l now prove formula (7.14). We obtains s ince 

|ajo) | = V < 1 , 
L«»l = o n 

2 - w s 

(j = 1, • • • , n - 1) ; 

n > 3 , 

A.whi:ii:,iK"||Ari)i 

|a«||Ar» 
E ^ l A o 

(v+j) 

/o nv I A (v+n)| 8 

(2 - w ) AJ ; 

But from (7.22) we obtain 

A (v+j) / n + l \ n ~ 3 

|^2n + 1/ A (v+n) 

the re fore 

AH + E S 
,(o) 

(o) 

(v+n) 

, ( v + j ) , n - i / n + l \ n " 
*,1=Q \ 2 n + l / 

MilLMD. ^ l i i lM) 
- n + 1 \ / 0 n. 
1 " a l + i i < 2 - w > 

(2 - w n ) n 

so that 

(7.28) AH+g;1 .(«) t(v+j)| 

,C) A (v+n) 
(n + 1) 

(2 - w n ) n \ 2 n + 1/ 
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We shal l now prove 

(7.29) ( n + l ) / n <£ 2 - \ v \ n ^ 3 . 

We obtain from 

n+i F(x) = x - 2x + 1 , 

F(0) = 1, F( l ) - 0; F?(x) = (n + l ) x n - 2 ; 

the re fo re 

F!(x) < 0 for 0 < x n < 2/(n + 1) , 

F!(x) > 0 for x n > 2/(n + 1) . 

Since w Is the only root in the open in te rva l (0.1), we obtain 

(7.30) w V _^_ 
n + 1 

F r o m (7.30) we obtain 

2 _ _JL_ < 2 - wn 

n + 1 

I t i s easy to prove the following formula 

n_±_l < 2 2 
n + 1 e 

With (7.31) and the p rev ious r e s u l t (7.29) i s proved. F r o m (7.28), (7.29), we 

obtain 
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(7.32) 
AiV) k(v+j) 

,(o)| U ( v + n ) 
/n + l \ n 

\2n + iy * 

But (7e32) ver i f ies (7.14) with 

(7B33) m = 1 \ 2n + 1/ 

We shall u s e a formula for the A J ^ of an a lgor i thm with the per iod (7.13) 

proved by the author in [ l . p)] , viz, 

(7.34) 

s 
((s+i)(n+i)+k) , k V / i ( n + 1) + s + k - i \ i 

A o ~ b AJ { i(n + l ) + k Z 

i=o 

b = 2; z = -2' n+l (s = 0 , l , - - - ; k = 0 , l , - - - ,n) 

Writ ing in formula (7.15) v = (s + l)(n + 1) + 1, we obtain 

= sltojAf+1><n+VAf+l) (n+l )+1)) . 

and, using (7.34), 

(7.35) w = l im ^ i = o l ; \ (n + l ) i 
^i f (n + l ) i + s - i J2(n+i)i 

s—^,00 o v s / -i\i / ( n + l ) i + s + 1 - i \ 9 (n+ i ) i 
i=o 

2 ^ ( - i r ( % T i ) i V : f *i2 

Compar ing (7.10) and (7.35), we obtain the wanted re la t ion 

F(n) 
(7.36) l im -~-\ 

s - ^ o o „(n) U, ^ 
^i ( (n + l ) i + s - i L(n+i)i 

(a + 1)1 M 1 l i m g=o e i ) 

2 s-^Soo v^s , . , i / (n + l ) i + s + 1 - i \9(n+i)i 
(n + l ) i + 1 
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