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1. INTRODUCTION 

The original Fibonacci number sequence arose from an academic rabbit 
production problem (see [l] and [5] , ppe 2-3). In this paper we generalize 
the birth sequence pattern and determine the sequences of new arrivals and 
total population, We shall obtain the Fibonacci sequence in several different 
ways, 

2. GENERAL BIRTH SEQUENCE 

Consider a new-born pair of rabbits which produce a sequence of litters. 
th th 

Let the number of rabbit pairs in the n litter, which is delivered at the n 
time pointy be B . Assume that each offspring pair also breeds in the same 
manner. Clearly B0 

The array (1) will aid us in our formalization. Let 
0, and the B are nonnegative integers for n ^ 1. 

B(x) - 2 Bnxn 

n=0 
(B 0 = 0) 

(1) 

R 0 -

R i = 

R2 = 

Ro — 

1 
B|RQ 

-^2 0 ~^~ i i 

BgRn + B 2 R j **" Bjlv> 

1 R = B R + . . . + BiRn-i \ n n o 1 ii i 

oo oo 
R(x) = E R^x* (R0 = 1), and T(x) = £ Tnxn (T0 - 1) 

11=0 n=o 

be the generating functions for the birth sequence, new arrival sequence, and 
total population sequence, respectively. Remembering that B0 = 05 it is clear 
that 

n-i n 
R = Z B .R. = T B .R. (n > 1) . 

n £> n-j j H. n - j ] v - / • 
(2) 

J=0 J=0 

1 0 5 
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Noticing that (2) gives the incorrect result R0 = 0 instead of the correct R0 = 
1, we have 

oo oo / n \ 
R ( x ) -• 1 = -1 + £ R x1 = £ ( £ B R 1 xn . 

j=o J n=oyj=o J y 
= R(x)B(x) , 

so that 

(3) R(x) 

and 

1 - B(x) 

R(x) - 1 B ^ R(x) 

Now 

n 
T = y; R. , 

3=0 J 

so by summing the array (1) along the diagonals we can also write 
n-i T n = 1 + ? Bn-jTJ = X + S VjTj • 11 j=o J J j=o J J 

since B6 = 0. Thus 

so that 

T(x) - Y^T^ = T(x) B(x) » 

(4) T(x) = RM_ 

B(x) = 1 

(1 - x ) ( l - B(x)) 1 - x ' 

1 
(1 - x)T(x) 

3e SOME INTERESTING SPECIAL CASES 

The original Fibonacci rabbit problem has the birth sequence generating 
function as 

n=o 
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Here the new-born rabbit pairs mature for one period and then each pair gives 
birth to a new rabbit pair at each time point thereafter in their private times, 
Using (3), 

00 

R(x) = = = ]^F x , 
! * l - x - x 2 

1 - x 

while equation (4) yields 

T(x> = + = — ^ — = y F + x n . 
/ x2 \ 1 - x - X2 ^ n + 1 (l-x)\l-f^j ! x x

 n=0 

Thus both the new arrival sequence and the total population sequence are 
Fibonacci sequences (see the chart in [ l ] , p8 57)e 

We may also get Fibonacci sequences in other ways. Let 

B(x) 
1 - x 2 

Then 
00 

and 

T(x) = -±±i- = x>n+2xn. 
1 - x - x̂  n=o 

In this birth sequence a rabbit pair produces and rests in alternate time periods. 
If5 on the other hand, 

B(x) = x + x2
 9 

then 
00 

m - \ = Z>n+1xn 
1 - (x + x^) n=o 

and 
00 

(1 - x) (1 - x - x2) n~o 



108 GENERALIZED RABBITS FOR GENERALIZED [June 

Suppose instead 
00 

Then 

B(x) = — £ — - ] T n x n • 
(1 - X)2 11=0 

2 00 

R(x) = - i i ^ l _ = ! + £ F2n x11 , 
1 - 3x + x2 n=0 

and 

T(x) = L z * _ = ^ F 2 n + 1 x n .. 
1 - 3x + x2 n=o 

Suppose we let the pair produce with a birth sequence which is the Fib-
onacci sequence. Then 

B(x) - — ^ — , 
1 - X - X* 

R ( x ) = ^ L 2 L l 2 L = ! + ] T c ^ xn ^ 
1 - 2x - x2 n=o 

where C0 - 05 Ct = 1, and C = 2C + + C n (n >: 0). We note that if 

f0(x) = 0, fi(x) - 1, and fn+2(x) = ^ ( x ) + fnW 

define the sequence of Fibonacci polynomials {f (x)}, then C = f (2). 
There is a typographical e r ror in Weland [6]. When 

oo / n \ 
B(x) = E 1 + E * C ) x n , 

n=2\ j=i J / 

then 
00 

T(x) = E ^ x 1 1 , 
n=o 

where the C are the same as in the example immediately above. 

4. SOME FURTHER FIBONACCI RESULTS 

Since F, + F,. = L, , and every k Fibonacci number obeys the 
recurrence relations 
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yn+2 ~ kyn+i " ^ y n ' 

we can now gi.ve the following r e s u l t s . If 

F, x - ( - l ) k x 2 oo 
w 1 - F , x k+i k A ' k - i 

k - i j=o 
then 

If 

then 

If 

then 

If 

then 

1 - K x oo 
R(x) = 7~rfr^= s Fkn+1 *n 

1 - L, x + (-1) x* n=o 
F k . x - ( - i r s ? oo 

B(x) = * _ — = x R + x2F2 L F x f , 
w 1 - F, , x k - i k /-^ k+i s 

k+i 3=0 

1 - F, , 4x oo 

1 - L k x + (-1) x2 iFo to ' 

(F, - l ) x + (F - ( - l ) k )x2 
B(x) = k + 1 k * 

( l - x ) ( l - F k _ i X ) 

00 

T(x) = E F ^ x n 

n^o 

(F, - l ) x + ( R _ - ( - l ) k )x2 k-i ' v k+1 
B(x) = k l ^ (1 - x)( l - F k + 1 x ) 

T « = E F ^ . . / . 
n=o 

We conclude th is sect ion with two final examples . Suppose the b i r th sequence 
i s given by B 0 = Bt = 09 B = 2n - 1 (n > 2). Then we find 
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F 
-1 

R(x) = y ^ F F _ x n 
v ' L-j n - i n+2 

n=o 

and 
00 

"n+i T(x) = £ F* * • 
n=o 

We must not leave out the Lucas birth sequence. If 
00 n+1 x 

1 - x - x* n=o 

then 

•2 - ^ ~ , % 1 - x - x4 \ ^ ~ n 
R<x> = l - 3 x = L R n x 

n=o 

with 

R0 = 1, Rt = 2, R = 5 - 3 n ~ 2 n > 2 

5. BIRTH SEQUENCES YIELDING GENERALIZED FIBONACCI NUMBERS 

The generalized Fibonacci numbers u(n; p, q) of Harris and Styles [2] 
have the generating function [4] 

(1 - x)q V" / x n 

^ ~ ^ - j ^ = Lu(n;p, q)x . 

(1 - x) - x̂  n n=o 

If 
xP+ q 

B(x) = 

then 

(1 - x)q 

(1 - rfq_1 
T(x) = - ^ ^ r - (q > 1) 

(1 - x)q - xP+ q 
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We note that here the birth sequence { B } starts with p + q - 1 zeros (matur-
n st 

ing periods) and then proceeds down the (q - 1) column of the left-justified 
P a s c a l s Triangle [4]. We note further that if 

xP+ q 

B(x) = x + 
(1 - x)^"1 

n - \q~1 °° 
R ( x ) = _ U -.39 = £ u ( n ; p 5 ^ xn ( q > 2 ) 

(1 - x)q - xP q n=o 

In this case B0 = 09 Bj = l f B. = 0 (j = 2S*• • s p + q - l) s and the sequence 
ndJ 

then proceeds down the (q - 2) column of the left-justified Pascal1 s Triangle, 
It was this interesting problem that inspired further research resulting in this 
paper9 

6. A SECOND GENERALIZATION 

Harris and Styles [3] gave a further generalization of the Fibonacci num-
bers by introducing the numbers 

p+sq /fn - i -f 
u(n; ps q, s) = V * • L i=o 

where [x] represents the greatest integer contained in x, It is shown in [4] 
that the generating function for these numbers is 

1A ( * - * > / ( * - » > = yu(n; p, q, s) xn 

( l - x s ) - x P + s 1 U 

If 

D+sq 
B(x) = - E 

d - x S ) q 
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then 

s q / 

Therefore the birth sequence yielding u(n; p, q, s) as the total population 
sequence begins with p + sq - 1 zeros (maturing periods) and then has the 

st entries of the (q - 1) column of the left-justified Pascal1 s Triangle alternated 
with s - 1 zeros. The pair thus alternately produces and then rests for s - 1 
periods after maturing for p + sq - 1 periods* 

Note: Lucile Morton has now completed her San Jose State College Master1 s 
Thesis, "The Generalized Fibonacci Rabbit Problem,n and the results will be 
written up in a paper to appear soon in the Fibonacci Quarterly. 
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