PRODUCTS OF FIBONACCI AND LUCAS NUMBERS

H. H. FERNS
Vietoria, B.C., Canada

Let Ux- denote a Fibonacci or a Lucas number and consider the product
1

UX1 UXz oo an .
We are interested in finding a general method by which this product may be
"expanded,' i.e., expressed as a linear function of Fibonacci or Lucas
numbers.
Beginning with the case in which n = 2 we find that there are four types
of such products. Using Binet's formulas it is easily verified that these may

be expressed as follows:

F L =F + ()R F
Xy Xg XytXy X4~Xg
= - epX
X4 FX2 FX1+X2 ( 1) FXi—Xz
L L =1L + (DXL
Xy X3 X1+X2 X1-Xy

1 X9
in sz B 5[["X1+X2 - 1) in—xz]'

From these four identities we make the following observations.

This "multiplication' is not commutative.

The product of a mixed pair (i. e. , one factor is a Fibonacci number and
the other is a Lucas number) is a linear function of Fibonacci numbers. The
product of a Fibonacci and Lucas number is a function of Lucas numbers.

The coefficient of the second term is (-1)*2 or -(-1)*2 according as Xy
comes from the subscript of a Lucas or a Fibonacci number.

The factor 1/5 occurs when both numbers in the product are Fibonacci.
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For convenience we denote -1 by € . Now consider €1 as playing a
dual role. As a coefficient of Lx or Fx it has the value (—1)Xi. As an oper-
ator applied to these numbers it reduces their subscripts by 2xi. With this in

mind, we may write

= X2 X2
= € = + (-

in LXZ -+ )FX1+X2 FX1+X2 1) FX1—X2
= - X2 = - (-

LX1 FXz - )FX {+Xo X1+X ( ) X1—X2
= X2 = ~1)%2

in sz 1+e€ )LX . in +x + (-1) in_xz

= (1-€X2 =1 - X2
Fx1 FXZ 1-e )Lx1+x2 5|:I"x1+xz D in-xz]’

We turn now to products containing three factors such as L L % F X
For the moment we shall understand that Lxl sz Fxs means (L L )

FXg . Then, making use of the above results, we have

= _1)%2
(LX1 LXZ)FX3 [LX1+X2 *+ 1) LX1-X2]FX3

=L F_ + (1%L
XqtXg * X3 X{-X9 X3

= F - () F + (1% x

X1tXotXs Xq+Xo-X3

- ()L

X|F
Xq-Xp¥xg X1 Xo-X3

= - (1%

X2
- + (- X
FXi‘*X2+X3 1 FX1+X2—X3 ( 1)

+
F - (1)FE .
X1-XptX3 . X{~X9-X3

Using el we arrive at the same result.
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L_L_F + €)1 - €33
Xy Xp X3 1+ €™ -« )Fx1+x2+x3

Il

X X
1+ €2 - (-1)73
( ) FX 11X tX3 ( 1) FX1+X2—X3

= _ (1%
F (-1) Fx1+x

X
+ (-1)72
Xitxotxg 2-X3 -1F

_ (1) X2tX3
X1—X2+X3 ( 1) X

F .
X{-X9-X3

Since

L+ €)1 -e™) =1+ %2 M 5N
we could proceed as follows:

X X X9 X
L_L_F 1+€72_ g3 _ g2’
X{ X3 X3 ( € € )FX1+X2+X3

I

X2 L1 ' _(LXetxs
TEDTFL e ™ SO (-1) X

FX1+X2+X3
in-xz-xs :
We leave it as an exercise to show that in(szFx3) when expanded by
any of these methods leads to the same result.
There are eight types of products, each.consisting of three factors. We

list them below.

X3 X3
Fy, s, Ly, (1+e™)A+e )FX1+x2+X3

_ X2 X3
inszLX3 1-e2)+e )FX1+X2+X3

X9 X3
+€ -
LX1 LXZ FX3 @ )1 -e )FX1+X2+X3
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in FXz Fxs - % (- €2)1-e X:;)FX1+xz+x3
Lx1 sz FX3 = % (1-€™)a- eXa)Lx1+x2+x3
Fe L, Fxy -é- 1+€X2)(- ex?')in ——
in FXz Lxs - -15; - €X3)in"'xz"'xs
insz LX3 = @+efas £X3)LX1+X2+X3

The preceding results are the bases for the following conjecture.
Let Ug; represent a Fibonacci or a Lucas number. Let p be the num-

ber of Fibonacci numbers in a product of both Fibonacci and Lucas numbers.
Let

U
X1+X2+' e +xn

denote a Fibonacci or a Lucas number according as p is odd or even. As a

X X
coefficient € ! has the numerical value (-1) ! but as an operator applied to

UX1+X2+' o0 +xn 4

it reduces the subscript of the latter by Z;{i .
Use

(1-exi) or (1+'€Xi)
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according as X, is the subscript of a Fibonacci or a Lucas number in the
product. Then

u
| l -1 Xy X3y ... Xn 7

UXi [R] A+ e™)(1+ed) (1€ )Ux1+x2+---+xn .
i=1 5 2

The proof of this conjecture is given at the end of this article. The following
example will illustrate

1
FisFpLypFy = 5 (1 - )@ + €)1 - e8)Fys

Il

21— €)(L+€0)(Fy5 - Fyp)

]

1
5 (L= €)(Fy5 - Fag + Fp5 - Fy)

% (Fgs - Fog + Fo5 - Fg - Fpy + F5 - Fy + Fy5)

1
5 (Fy5- Fag+ Fa5 - Fpy + Fis - Fg + F5 - Fy)

The above rule also applies if the product consists entirely of Fibonacei

or of Lucas numbers each with the same subscript. For example,

]

5 xy
LX (1+€)L5X

(1+468 +662X 1465+ €)1,

it

€ 5%

X 2x 3x 4x
L < + 4(-1) L3X +6(-1) LX + 4(-1) L—x + (-1) L_

5; 3x

o B el e s a®]

b
: + 5(- + .
L5 5(-1) L3 10 L

More generally, if n is an odd integer we have



6 PRODUCTS OF FIBONACCI AND LUCAS NUMBERS

n-1
Do a+e®) L
X nx

n-1) x n-1)\_2x
Lnx+< 1 )e L(n—2)x+< 2 )e I"(n—4)x+' ’

n-1\_©-2)x n-1\) _@m-1)x
+(n— 2)6 L-(n—4)x+(n— 1)E L-(n-z)x

=
|

1]

Since

Making use of the identity

(B) * 6a) = (27)

the last equation may be written

n (_:_1.>X
n n—l)e 2 L

_ n)y x n) 2x
Iy = Lnx+(1)€ L-2)x (z) € Loyttt ( z

n-l

2

n _ xifn =

L, = Z(—l) (1) L-2i)x n=1,3,5,
o

Similarly, we get the following;:

[Feb.
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21
2" nx n-1
LQ = Z I:(_l) < ) (o 21)x] + 2(- 1) ( -g- ) (n, even)
i=0
n-1
2
o= Lo () &N ( ) F o2 (, odd)
5“2“ i=0
%_1 (x 1) 1
=(x+ n -
Fi = —%Z I:( 1)(X+1)1< )L(n 21)x} +2(-1) ( % ) far even)
52 i

The proof of the rule which has been used to express products of Fibon-
acci and Lucas numbers as linear functions of those numbers is a proof by
induction.

We have seen that it is truefor n = 2 and n = 3. Assume it istrue for
all integral values of n up to and including k. Then, if p is even

| l ' = cos Xl
& Uxi B ] s @+ e in.'l‘xz-l—- codxyp
i=1
Multiplying both members of this equation by LX +1 Ve get
k
| I = 1 X2) ou X
UXiLX+1 = —TEI (1 T € ) (1 + € )LX1+X2+' «ox) ka+1
i=1 2

5
X
(1+€e2)... (12€K) x

1}
'NI'U'I"'

]

5

k+1
% (LX1+X2+' * Rty

+ (-1

Xy#Ryhe » HRp-Xy +1)

1 0o Xk g+

1+ & 14+ 1+ € L
[.E] ( ) ( € )( ) Xq+Xogte o +Xk+1
5 2
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Next, multiplying both sides of equation (1) by FX 41 Wwe get
k
'ﬂ' . 1 b X
U_F = L+ €2)-ee (1 € X)L F
e I [g Xyt o XK T Xy
5

.__1_ 1+ EXZ)... 1z exk) X

X
% 1) k+1F

[FX1+X2+' s +Xk+1 - X1+X2+‘ . -+Xk_.xk+1]

1 A1

X2y ... Ky -
[2] 1+ €2) 1+ eX)1-ce )in+X2+---+xx<+1 .
52

Since both of these results agree with that given by the general rule for

n = k+1 the induction is complete for the case in which

= L
UX1+X2"* s HXp XytXpte * Xy

We leave the case in which

U =F
XptXgte o o Xy XqtKgte o otXyy

for the reader to prove.
We now consider the reverse problem; that is, the problem of finding a
general method of expressing

L and F
Xyt +4xp XytRoth o o4Xpy

as a homogeneous function of products, each of the type,

Fxy FXz T Fxy D Dy 7T Dy
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For simplicity let S? denote the sum of all products consisting of i
factors which are Fibonacci numbers and n -i which are Lucas numbers.

The number of such factors is, of course, (I:)
For example,

S$$=F F_L L +F_ F L L +F_ F_L L_ +
X X3 X3 X4 X1 X3 X3 Xy 1 X X X

+F F L L +F F L L +F F L
Xg X3 Xi %4 Xy X4 X5 X3

For later use we note that

n+1
S. L + S, = .
7% 41 i-1 X041

This follows from the identity

(3 (2) - 03

Tor the case n = 2 we readily prove (using Binet's formulas) that

1
= = +
FX1+X2 2 (LX1 FXZ in LXz)
1 2
= 3 S
L = @w 1 +s5F F )
-8 ip. 0] 2 X1 Xp Xy Xy

S+ 58%)

!
DOf =t

Using these two identities as a basis, we develop the following for n = 3
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LX|+X2 +Xg
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= F g g

1

2|iLx1+x2 FX3 * Fx1+x2 Lx3]

1)1 1
3 [—2- (in LXz +5 in FXz )FX3 +-2- (LXl FX2 + in sz) LXB]

—1—LLF+5FFF+LFL+FLL
2 X1 X2 X3 X1 X3 X3 X3 X3 X3 X1 X3 X3

= L
(x1+x9)+x3

1

2 lZLXI'I'XZ LX3 *+o FX1+X2 FXg]
Il @ L +s5F. F )L +2@ F +F L ) F
212 Xy Txy Xy X9 X3 2 "Xy X X{ Xy X3

—1LLL+5FFL+5FLF+5LFF
22 | X1 X2 X3 X1 Xy X3 Xy X3 X3 Xy X3 X3

1 [s?, +5 sg] .
22

Proceeding in this manner we derive the following identities for n = 4

and n =

1.4 4
F = —|8] +
Xy+Xg+X3+%y 93 [Si 5 83]

1[5 5, =2q6
= = 5 + 548
Fx1+x2+x3+x4+x5 " [Si * 885 g]

) P 4 2 i
Lx1+X2+X3+X4 - 23 [So toSH e 84]
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= i[sg + 5s§+5252].

L
ESRES R SRRV Y

From the above results we conjecture the validity of the following identi-

ties which we will prove later.

‘ n-2
2 n
2) F = _1[S§1+SS§1+52 8151-]--.. + 5 Sn—l. (n, even)

XqtXgte o oy 2n-—l n-1
2
5 SE (n, odd)

=]

[\V]

n
_ 1 |n I S ] (n, even)
3) Lx1+x2+---+xn = _Zn—l[so +58; + 52 8] + + n

n-1
2 .n
5 Sn—l (n, odd) .

Before proceeding with the proofs of these identities we consider the

special case when xy = xy = -++ = x,, =x. Forthis case we get the following:

{ n

n-2
5 2
1 n n-1 n)y_ 3. .n-3
Fox = zn—l\:(l)FxLx *+o (3)FXLX * +z n-1
2

F
(5 <g) Fg:l (n,0dd)
|2
| n\ .h
1 |iLn_F S(n) 7 Ln—z 4o 4 5 (n) Fx (, even)
be XX

Lnx n-1
2 n n-1
5 (n _ 1)Fx LX] (n, odd)

Note, in particular, if n = 2 we get two well-known identities

-1
2 LX](n,even)

= L
FZX FX X

R Ry 2
L2X = 2(LX+5FX) .
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We have now to prove the identities (1) and (2). The proof isby induction
on n. Both identities are true for n = 2. We assume they are valid for all

integral values of n up to and including n = k.

Then
k-2 7
2 k
5 S k, even)
1 k k k k-1 ?
@ F = —=— | §; + 585 + 528 +00 + -
) R N O [ 1 3 5 o1 .
2 Kk
5 Sk J (k, odd)
K -
2k
58 (k, even)
R T D S S k
(5) LX1+X2+--«-+xk = <7 | S0 + 58y +5% 8, + + 2
2 k-1
2 &k
5 Sk_1d (k, odd)
Now

(6)

LX1+X2+' R E ARy L(X1+X2+' * X R

1
- E[Lx1+x2+- .ot ka +1 *o Fx1+x2+- o X ka +1]'

Applying (4) and (5) to the right member of (6), we get

1 |k k
7 L L = —=7(SoL, +5SyL +e--
O %1 zk-l[o R
k
52 SE L (k, even)
+ Ker1
k-1

2 k
5 S , L k, odd)
k-1 Xk +1 :|
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1 k k
8 F F = cm— -+ s a6
®) Xyt e Rl Xy g 2k—l [Si ka+1 55 ka+1 *
k-2
5 2 Slli_lFx (k, even)
+ k+1
k-1
5 2 sﬁ T } (k, odd) .
k+1

Substituting in (6) from (7) and (8) and regrouping we get the following:

e+ k k
L =S +5(Sy L +S; F
spphe s T <2 Xear X1<+1>

+ 52 sffLX +s§‘F + e
k+1 g1
k
52 SE Lx + Slli—l FX ) (k, even)
+ k+1 k+1
k-1
5 2 S, Fla (k, odd)
Hence
k
2 k+1
5§ k +1, even)
LX1+X2+' LI +Xk+1 = S%)<+1 + 5 S§{+1 + 52 SE1{+1+-" + k
k-1
5 2 s‘éﬁ (k + 1, odd)
This completes the proof of (3). The proof of (2) is similar.
ok Kk A K
ERRATA FOR
PSEUDO-FIBONACCI NUMBERS
H. H. Ferns

Victoria, B.C., Canada

Please make the following changes in the above-entitled article appearing
in Vol. 6, No. 6:

p. 305: in Eq. (3), O, should read: O,,.. Onp. 306, the 6 line from the
bottom: B X" ghould read: B on page 310, in Eq. (12), 20,  should
read: 2)\02n; in Eq. (13), 30

o 41 1 - Equation (17), on
p. 312: (A- 2)02“_1 should read: A(A- 2)02n_1. Equation (18s) on p. 313:
4‘0% should read: 40%.‘ In line 3, p. 314, 20, ., should read 20
Eq. (20), p. 315: (A~ Z)O2n should read A( A- 2)02n .

L3R 2 SR 2%

should read: 302n +

ontg’ 2nd



