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B-160 Proposed by Robert H. Atiglin, Dan River Mills, Danville, Virginia. 

Show that, if x = F n F n + 3 , y = S F ^ F ^ , and z = F ^ , then x* 
+ y2 = z2. 

B-161 Proposed by John Ivie, Student at University of California, Berkeley, California 

Given the Pell numbers defined by P 2 = 2P + 1 + P .., P0 = 0, P* = 
1, show that for k > 0; 

[(k-l)/2] 

« Pk= £ ( 2 r \ l 2 r -
r=0 

k 

W P 2k=E(r) 2 r p r • 
r = l 

B-162 Proposed by V. E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let r be a fixed positive integer and let the sequences Uj,U2,* * • sat-
isfy u = u - + u . , + • • • + u for n > r and have initial conditions Ui 

J
m n n-1 n-2 n- r * 

= 2J""1 for j = l ,2 j***,r . Show that every representation of U as a sum 
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of distinct u. must be of the form u Itself or contain explicitly the terms 
u n - l s Un-2J " " ' un r+1 an(^ s o m e representation of u . 

B-163 Proposed by Phil Mana, University of New Mexico, Albuquerque, New Mexico 

Let n be a positive integer. Clearly 

(1 + N/5)n = a + b ^ 9 x n n 9 

n-1 with a and b integers. Show that 2 is a divisor of a and of b . 

B-164 Proposed by J. A. H. Hunter, Toronto, Canada. 

A Fibonacci-type sequence is defined by: 

G . 0 = G , - + G 
n+2 n+1 n 

with Gi = a and G2 = b* Find the minimum positive values of integers a 
and b9 subject to a being odd, to satisfy: 

G - G ^ - G2 = - l l l l l ( - l ) n for n > 1, 
n-1 n+1 n 

B-165 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Define the sequence |b{n)j by 

b(l) = b(2) = 1, b(2k) = b(k), and b(2k + 1) =b(k + 1) + b(k) 

for k > 1. For n > l f show the following: 

(a) b ( [ 2 n + 1 + ( - l ) n ] / 3 ) = F n + 1 , 

(b) M p . ^ + H) 1 1 ]^ ) = Ln . 
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SOLUTIONS 

A MULTIPLICATIVE ANALOGUE 

B-142 Proposed by William D. Jackson, SUNY at Buffalo, Amherst, N.Y. 

Define a sequence a s follows: AA = 2, A2 = 3 , and A = A -A 2 

for n > 2. Find an express ion for A . 

Solution by J. L. Brown, Jr., Pennsylvania State University, State College, Pa. 

Let B = InA for n > 1. Then B 4 = In 2 , B 2 = In 3 and B = B -n n — * • • * . - • n n - 1 
+ B Q for n > 2. C lea r ly n—& 

B = F . 0 • In 2 + F - • In 3 n n -2 n - 1 

for n > 2 , o r 

A = 2 n ~ 2 • 3 n " 1 
n 

for n > 2. 
Also solved by Christine Anderson, Richard L. Breisch, Timothy Burns, Herta T. Freitag, J. A. H. 
Hunter (Canada), John Ivie, Bruce W. King, Leslie M. Klein, Arthur Marshall, C. B. A. Peck, John 
Wessner, Gregory Wulczyn, Michael Yoder, David Zeitlin, and the proposer. 

THE DETERMINANT VANISHES 

B-143 Proposed by Raphael Finkelstein, Tempe, Arizona. 

Show that the following de te rminan t van ishes when a and d a r e na tura l 

n u m b e r s : 

F a F a + d F a+2d 

F a+3d F a+4d F a+5d 

I F a+6d F a+7d F a + 8 d | 

What i s the value of the de te rminan t one obtains by replacing each Fibonacci 
n u m b e r by the cor responding Lucas n u m b e r ? 
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Solution by Michael Yoder, Student, Albuquerque Academy, Albuquerque, New Mexico 

Let r = F 6 d / F 3 d and a = F g d + 1 - r F ^ . Then 

r F 3 d + S F 0 = F 6 d and r F 3 d + 1 + s F l = FQd+1 . 

It follows by induction that 

Fn+6d - r F n + 3d + s F n 

for all n; in particular, it is true for n = a, n = a + d, and n = a + 2d. 
Hence the three rows of the matrix are linearly dependent and the determinant 
is zero. 

If each Fibonacci number is replaced by the corresponding Lucas num-
ber , the determinant will also be zero by similar reasoning. 

Editorial Note: It can be shown that r = L^, and s = (-1) 
Also solved by F. D. Parker, C. B. A. Peck, David Zeitlin and the proposer. 

LUCAS ALPHABETIC 

B-144 Proposed by J. AsH. Hunter, Toronto, Canada. 

In this alphametic each distinct letter stands for a particular but differ-
ent digit, all ten digits being represented here. It must be the Lucas ser ies , 
but what is the value of the SERIES? 

ONE 
T H R E E 
START 

L 
S E R I E S 

Solution by Charle s W. Trigg, San Diego, California 

Since they are the initial digits of integers, none of 09 T, S, or L can 
be zero. Proceeding from the left, clearly S = 1, E = 0, and T is 8 or 
9. In either event, H + T > 10, so T = 8. Then from the units1 column, 
L = 3. 
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The three integer columns then establish the equalities: 

N + R + 1 = 10 
0 +:R + A + 1 = I + 10 

H + 8 + l = R ' + 1 0 . 

Whereupon, N + H = 10 and (N,H) = (4,6)' or (6,4). But H = R + 1, so 
R = 5, H = 6, N = 4. 

Then 0 + A = I + 4, and 0 = 9, A = 2, 1 = 7. (0 and A may be 
interchanged.) Consequently, S E R I E S = 105701. 
Also solved by Richard R. Breisch, Timothy Burns, A. Gommel, Edgar Karst, John Milson^ 
C. B. A. Peck, John Wessner, Michael Yoder, and the proposer. 

BINARY N-TUPLES 

B-145 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Given an unlimited supply of each of two distinct types of objects, let f(n) 
be the number of permutations of n of these objects such that no three con-
secutive objectives are alike. Show that f (n) = 2F , i , where F is the 
th n 

n Fibonacci number. 
Solution by Bruce W. King, Adriondack Community College, Glen Falls, N.Y. 

Call a permutation of the required type an Admissible n permutation," 
and let A and B be two of the distinct types of objects. A list of admissible 
n + 1 permutations can be constructed in the following way: 

(a) For each admissible n permutation ending in A, adjoin B on the 
right; for each distinct admissible n permutation ending in B, 
adjoin on the right. 

(b) For each distinct admissible n - 1 permutation ending in A, adjoin 
BB on the right; for each distinct* admissible n - 1 permutation 
ending in B, adjoin AA on the right. 

Certainly the resulting list contains only admissible n•+ 1 permutations. 
Furthermore, there is no possibility of duplication because the permutations 
described in (b) end with two identical le t ters , but those described in (a) end 
with two different letters* Lastly, no n + 1 permutation is unobtainable in 
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this way. For , if there were such a permutation, either the n - 1 permuta-

tion excluding its last two letters 5 or the n permutation excluding its last 

letter would have to be admissible. Consequently, we see that 

f(n + l) = f(n^ 1) +f(n) . 

The rest is an easy proof by induction. 

By direct enumeration, f(3) = 6 = 2F4. If f(n) = 2F - for integers 

n 1 N9 then 

f(N + 1) = fOU - 1) + f(N) = 2 F N + 2 F N + 1 = 2(FN + F N + i ) = 2 F N + 2 

and the proof is complete. 
Also solved by J. L. Brown, Jr., C. B. A. Peck, Michael Yoder, and the proposer. 

ANGLES OF A TRIANGLE 

B-146 Proposed by Walter W. Homer, Pittsburgh, Pennsylvania 

Show that tr = Arctan ( l / F 2 n ) + Arctan F 2 n + 1 + Arctan F 2 n + 2 . 

Solution by C. B. A. Peck, Ordnance Research Lab., State College, Pa. 

F r o m the solution to H-82 (FQ9 69 19 52-54)9 we get 

Arc tan ( 1 / F 2 n ) = Arc tan ( l / F 2 n + 2 ) + Arctan d / F 2 n + 1 K 

The r e su l t now follows from Arc tan x + Arc tan (1/x) = 7r/2. 

Also solved by Herta T. Freitag, John Ivie, Bruce W. King, John Wessner, Gregory Wulczyn, 
Michael Yoder, and the proposer, 

TWIN PRIMES 

B-147 Proposed by Edgar Karst, University of Arizona, Tuscon, Arizona, in honor of the 
66th birthday of Hansraj Gupta on Oct. 9, 1968, 

Let 



224 ELEMENTARY PROBLEMS AND SOLUTIONS Apr. 1969 

S = (1/3 + 1/5) + (1/5 + 1/7) + • • • + (1/32717 + 1/32719) 

be the sum of the sum of the reciprocals of all twin primes below 215. Indicate 
which of the following inequalities is true; 

(a) S K TT2/6 (b) 7r2/6 ..< S < Ve (c) *Je < S 

Solutions by Paul Sands, Student, University of New Mexico, Albuquerque, New Mexico, and the 
proposer. (Both used electronic computers.) 

True inequality 
Number of pairs of primes involved 
S, to six decimal places 

Proposer 
• ( b ) 

55 

lo647986 

PaulJ3ands 
(b) 
55 

1.648627 

(Continued from p. 210.) 
6. 

• • • * • 

T = -(-i)11 
n 

T _,, = 5T - 6T -n+1 n n-1 
T = 2 n + S11"1 

n 
5 + <s/29 

2 
n n 

s 
V29 

5 - <̂ 29 

with terms 1, 5, 26, 135, 

n 
3+WIT 

rn + s n with terms 5, 27, 140, • • 

s = 
3 - iN/11 

/ 3 3 - 1 6 W l l \ n / 3 3 + 16i>v/ll\ n rn = \ £ 5 — ) * +{ 55 ) S 

10. T _,_- = 5 T + 2 T -; T< = 3, T2 = 7 . 
n+1 n n-1 * * 

* * • • • 


