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1. INTRODUCTION

Recently the author derived some results about generalized Fibonacci
Numbers [3] In the present paper our object is to derive relations connecting
the Fibonacci Quaternions [1] and Lucas Quaternions, to use a similar termi-
nology, with the Fibonacci Numbers [2] and Lucas Numbers [4] as also the
inter-relations between them. In Section 3, we give relations connecting
Fibonacci and Lucas Numbers; in Section 4, we derive relations of Fibonacci
Quaternions to Fibonacci and Lucas Numbers, and in 5, Lucas Quaternions
are connected to Fibonacci and Lucas Numbers. Lastly, in Section 6 are listed

the relations existing between Fibonacci and Lucas Quaternions.

2. TERMINOLOGY AND NOTATIONS

Following the terminology of A. F. Horadam [1], we define the nth

Fibonacci Quaternion as follows:

Qn = Fn + 1Fn+1 * JFn+2 * an+3

where Fn is the nth Fibonacci Number and i,j,k satisfythe relations of the

Quaternion viz:
2 =32 =K =-1, ij-ji =k jk=-kj=1 ki = -k =j.
Now on the same lines we can define the nth Lucas Quaternion Tn say
as

T = Ln+1Ln+

+3jL_ . + KL
n

1 n+2 n+3

th Lucas number. Also, we will denote a quantity of the

where Ln is the n
form
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by Qn* and

+jF_ _ +kF

O A |
In 1Fm— n-2 n-3

1

by Qﬁ. Similar notations hold for Tn* and Tﬁ, that is,

Ln. -k, gt JLn—Z - kLn—‘3 =T

and

L o+l g +jL o, + kL o = T-.

[Apr.

Now we proceed to derive the relations one by one. All these results are

obtained from the definitions of Fibonacci Numbers and Lucas Numbers, given

by

obtained from the Fibonacci and Lucas recurrence relations. The roots are

connected by

a+b =1, a-hb =1/5,

and ab = -1 .
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SECTION 3

Consider the following relations:

@)

Fn+an+r = F:2.n+2r

@) F L =F

n-r n-r 2n-2r
Therefore
3) Fn+an+r *+ Fn—an-r = FZnLZr
) Fn+:r~Ln+r - Fn—an-r = FZrLZn

_ n-r
(5) Fn+an-r = Fon*t 1) For
_ _ (_q)0-T
®). Forlntr = Fan (-1) For
Therefore
@ Fn+an-r+Fn—an+r = 2F2n
and
— o9(1)0-T
®) Fpirln-r - Fo-rlner = 2617 "Fy,
_ n
©) Fn+an - F2n+r+ 1) Fr
_ n
(10) FnLn+r = Foper - -1 L
So
(11) Fn+an + FnLn+r = ZF2n+r
— o)
(12) Foirtn = Fulper 20T F,
_ n+s
(13) Fn+I'Ln+s - F2n+r+s + D Fr-—s
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(14 Fotstnir = Fantres (—1)n+s+1FI'—S

(15) Fn+an+s * Fn+sLn+r = 21;‘2n+r+s

(16) Folig ~ Foaglney = 26D7SF
SECTION 4

[Apr.

In this section, we give the list of relations connecting the Fibonacci

Quaternions to Fibonacci and Lucas Numbers. The simplest one is

(17) Qn - iQn+1 - an+2 - an+3 = Ln+3
Consider
2 n
(18) 1@y - @ = €17 200 - 3%
(19) Q1 *Q = 2Qpn ;- gy
(20) Q- Q= QT = (@Q, - 3L, o) +2(1"(Q - 3k
= n+l
21) Qn—ZQn—l * QnQn+1 - 6FnQn—l - gF2n+2 +2(-1)7 7@ (-1)" 3k)
(22) Q1@ = Qhay = (V2443 4k]

@3 Qp_1Qns1 ~ U pQep = D n[ZT" i k] F 4™ [Q" i Zk]
(24) Qn—SQn—z * Qan+1 = 4QZn—Z - 6:[‘2n+1

= n
@5) Q1 ¥ = FFpaQg = F oy *2617Q(

Also the remarkable relation

(26) = L
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2 _ n-r..9
(27) Qn+1_rQn+1+r - Qn+1 - ("1) [FrT0+F2r(Q0 - 3r) ]

Now we turn to relations of the form:

(28) Qn+an+r - Q2n+2.r * (_1)n+rQ0

(29) Q_rlpr = Upoar * (__1)n+rQ0

(30) Uerlpr " ortnr = Wnlar ¥ 2(_1)n+rQ0
(31) Usrlntr ~ Uorln-r = Farlon

(32) Uarlpor = n T (_1)n—.rQ2r

(33) Q-rlntr = Qn * (—l)n_rﬂQZr*

(34) Qn+rI"n—Jc' * Qn—an+r = 2Q2n * (_1)n—rL2rQ0
(35) Qn+1‘Ln—r - Qn—an+r = (_1)n—rF2rT0
(36) el = Qpir (_l)nQr

(37) Qlnir = nir ~ ) nQ;'

(38) Qrln T Ulnir = Qpap * (—l)nLrQO
(39) Quiply - QL = CDFT

(40) Qn+an+t = Q2n+r+1: * (—1)n+th—t

@1) Qatlntr = UVonirst (—1)n+r+1Qf:—t'
Therefore:

(42) Qn+an+1: * Qn+th+r = ZQ2n+r+t * (_1)n+tLr—tQ0
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(43)
(44)
(45)
(46)

(47)

(48)

(49)

(50)

(61)
(52)

(53)
(54)
(55)
(56)
(67

(58)
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. n-+f
Qn+r ntt ~ attnir = C0F r-t10
Q F _ ==2x[r, -)*Tr
n+r n-r 5 2n 2r
_ 1 n-Tm,
U-rFptr =3 [ 2n 1) 21']

_ 1 n-r
UirTnr * QorFner = 3 [ZTZn - D LZrTO]

)n- r+l

Qn+an—r - Qn.—]:'Fn+r = 1 FZrQO
1
Qufn = 35 [ anr ~ © T ]
QF =417 - (~1)Pr*
n ntr 5 2n-tr r
Q F +QF . ==lor. -0 LT
n+rn n n+r 5 2n+r r 0
n+1
Qn-x-an - QnFn+r = 1 0
_ 1 n-+
Qn+an+t ~ 5 [T2n+r+t - 1) tTr-t]
_ 1 n+r+l
UitFner = 5 [T2n+r+t - D Tr_t]

1

Qn+an4t Qn+t ntr 5 [2T2n+r+t

n-H
1) tLr t 0]

_ n-+t
QpirF n+t ~ QuitFpir = 1) Fr—tQO

Q . F __+ED'Q

n+r-n-r

r -1, n,
L+ D7) - (02T, - (07T, |

1
n-rfnir =5 [TZn

Q +17Q = Qy @ +C1T) + 1T, - (17QS,

n+rnr nr n+r

ntt

Q +(1'Q 1+ )" +D"Q, - 1)

n+r n+t n+t “n-+r Q2n+1'+t

n+rtt .

r-t
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Sy r
(59) Qn+r n+t (07 Qn+1: nt+tr 5 [T2n+r+t(1 +E17)
n+t n+Hrt, .
- (1) - ¥ ]
SECTION 5

In this section we give the resulfs connecting Lucas Quaternions Tn to

Fibonacci and Lucas Numbers. The simplest is:

(60) Ty =Ty = 3Ty ~ KT yg = 15F

61) ToarFar = Qaneze = OV 0

62) anan—r = QZn-Zr -1 )ITH rQO

(63) Totrfnir F TperFnor = Qoplor - 21 0
(64) Tn-lTFn—!—r - Tn—an—r = F2rT2n

(65) Tn+an~r = QZn - (_l)nerZr

©6) R D™ 2r

67) Tn+an—r + Tn-—an+r = ZQZH - 1) n_rLZrQO
(68) TorrTnor = Tnorfnar = "y Farlo
©9) Thtefn = Qonir ~ -5 nQr

(70) ToFnir = Qaper ¥ (WHHQ;

(71) TPy + TpFpap = 2Qgnay - (D LQg
(72) TP -TF L= (YR T
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(73)

(74)

So

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)

(87

(88)

(89)

T
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T

Tn+an+t - Tn+t n+r

F +
n+r nt

Tn+an+t = Q2n+r+t -

T

T

T
n-

T . L +
n+rn-r

Tn+an—r - Tn— an+r

T , L

Tn+an+t +

Tn+an+t - Tn+’an+r

L
n+rn-r

Tn+an 2n+r

T

n+r n

r+tFn+r = Q2n+r+i:

Tn+‘t ntr 2Q2n+r+t - e

L
n+r n-r

n n+r 2n+r

_ )
+T L 2T +r+(1) LrT

n+t
(_ 1) Qr—t

n+r

+(-1) Qf‘:_t

F

1)n+t

Lr—tQO

_ n+H+1
Foe = 1 F..T)

n-r
TZn *+ 1) T2r

1l

N-1x
TZn + (-1) T

an+r 2r

- _ n-r
2T2n+( 1)L, T

Tn— an+r 2r~ 0

_ n-r
- (_ 1) 5F2I'QO

il

T + (_1)nTr

L =T + (- 1)nT;

n nt+r 2n 0

_ n
T L = (-1) 5FrQ0

T L -
n+r n n n+r

Tn+r

Tn+th+r‘ = T2n+r+t

T

+ 1T

Lost = Tonarat

+ (- 1)n+tT et

n+r+1T___

+ 1) -t

— n+
n+th+r - 2T2n+r+t + 1) tLr—tTO

n+t+1

= CDTTUREL Qg

_ T BT B
S N Tzn(l +(-1)") + (-1) Typ (-1) T
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00 Ty T U E L = 5@+ D) - (0™ Ty,

n+r n-r n-r n+tr
+ (- nQ,,
1) Zr:l

T, _ 1 r
1) Totrfnit * (-1) Tn+tFn+r -5 |:Q2n+r+t(1 07
ntt n+r+t .
- (DM, + 0¥y ]
T _ r n+t
©2) T L HEDTT L= Ty L EDT) HCDTTT

n+r+t .
+(-1) Tr— ¢

SECTION 6

Lastly, in this section we obtain the inter-relations between the Fibonacci

and Lucas Quaternions

(93) QL +T F = 2Q,

(94) QL, - T, F, = 2(-1"Q

(95) Qn + Tn = 2Qn+1

(96) Th- Qn = ZQn—l

(97) T2 +Q2 = 6 [anQn - 3F2n+3} +4-1"T,

(98) T2 - Q% = [anQn - 8F, o+ (1T 0]

(99) ThQn ¥ Tp 191 = 2Top1 = ¥Fonp

(100) Ty = Tno1®n1 = 217 3Topep * 4-1"@Q) - 3K)
(101) T Q41 - TpnQ = 2(-1)" [2 Q - Sk]

(102) Tn+rQn+s - Tn+sQn+r = 2(_1)11-,-8—|-1F1t'—sT0
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(Continued from p. 200.)
SOLUTIONS TO PROBLEMS

1. For any modulus m, there are m possible residues (0,1,2,°°*,m - 1).

2 ways. Two successive residues determine

Successive pairs may come in m
all residues thereafter. Now in an infinite sequence of residues there is bound
to be repetition and hence periodicity.

Since m divides T, it must by reason of periodicity divide an infinity
of members of the sequence.
2. n = mk, where m and k are odd. Vn can be written
m )k + m )k

Vn= (r

S

which is divisible by V_ =™ + 5"
3. r=2+2iN2, s =2-2i2

T = 2 - 3iNZ A 2+3iN2\ n
n -~ \T 16 16 )¢ -
4. The auxiliary equation is (x - 1)2 = 0, so that Tn has the form

T, = Anx1"+Bx1™ = An+B.

. _ onlfb-2a 4a - b
5. I‘n—2[< 7 )n+ ) ]

(Continued on p. 224.)

* & ok K



