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1* INTRODUCTION 

For k > 2, the Fibonacci k-sequence F(k) maybe defined recursively 
by 

n - l 
f = 0 (n < 0), fj = 1, f = J2 f. (n > 1) . 

i=n-k 

A generalized Fibonacci k-sequence A(k) may be constructed by arbitrarily 
choosing al3 a0, a - , o e e , a?_ic5 and defining 

n - l 
a n = 0 (a < 2 - k)f \ = 2 a. (n > 1) 9 

i=n-k 

In this paper, some well-known properties of F(2) (see [1] and [8]) 
a re generalized to the sequences A(k). For some properties of F(k), see 
[ 4 ] , [6] , and [7 ] , The sequences A(3) are investigated in [9]. 

The pedagogical values of introducing Fibonacci sequences in the class-
room are well known. (See, for example [3] , pp„ 336-367*) It seems pos-
sible thatcthe generalizations described in this paper may suggest some areas 
of investigation suitable for high school and college students* (See, for exam-
ple [5].) For once a theorem concerning F(2) has been discovered, one may 
search for corresponding theorems concerning A(2), F(3), A(3), e o 8 and 
finally F(k) and A(k). (See [2].) 

2e THEOREMS 

The first theorem is a fPshift formulaf? needed in the proof of Theorem 6. 
Theorem 1. For n > 2 , a ,- = 2a - a . . 

— — - n+1 n n-k 
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T h e o r e m 2 i s a genera l iza t ion of the theo rem that any two consecut ive 

t e r m s of F(2) a r e re la t ive ly p r i m e . 

T h e o r e m 2. F o r n > 2 , eve ry common d iv i sor of 

a n ' a n + l J a n+2 J " ' , a n + k - l 

i s a d iv isor of a2 , a3, • • • , a n _ i . 

Some summat ion t heo rems a r e given in T h e o r e m s 3 , 4 , and 5. 

T h e o r e m 3. (a) F o r n > 1 and m > 1, 

n kn+m 

2 ^ a k i + m + l = 2-rf a i ' 
i=0 i=m+l -k 

(b) F o r n > 1, 

n k n - 1 

E a k i = E ai 
i = l i=0 

(c) F o r n > 1, 

a k n " a 0 _ S s 
l < i < kn -1 
i^Olmodk) 

T h e o r e m 4„ F o r n > 2 - k , 

n . k -2 k-2' 

2 h = k4T( %+k - al + J>-i - E (k - l - 1)an-i] 
i=2-k V i= l i = l 

T h e o r e m 5. F o r n > 1, 

n k - 1 n 

E a? = a a ( 1 - a - a n - y / a .a . . . 
l n n+1 1 0 A—«-£-* l 1-3 

i = l j=2 i= l 
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T h e o r e m s 6, 7, and 8 show re la t ions between F(k) and A(k). 

T h e o r e m 6. F o r n > 1 and m > 1, 

J 
a ,i~^ 

n+m 2 ( Vk+j X) fm-j+l J 
j=l \ i= l / 

T h e o r e m 7. Le t d be the g r e a t e s t common d iv i sor of 

f m ' f m - l 5 " 8 s f m-k+2 8 

If m > 1, m divides n5 and d divides a , then d divides a . 
— ' 5 m n r m n 
Theo rem 8. Let r be the l a r g e s t root of the polynomial equation 

k - 1 
xk - E xi = ° -

i=0 

Then 

k+1 / j - 1 

(a) 

and 

(b) 

^WsH^) 
l im ( ^ ) 

3. PROOFS OF THEOREMS 

Theorem 1 follows directly f rom the definition of A(k). For , if n 

then 
n n-1 

a , , = V * a. = V * a. + a - a . = 2a - a„ . . n+1 Z-< 1 Z-> i n n-k n n-k 
i=n-k+l i=n-k 
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To prove Theo rem 2 , suppose that d i s a common d iv isor of a , a - , 

• • • j a ,. - . Since n+k-1 

n+k-2 n-fk-2 

*n+k-a""--l = E ai = Vl + Z ai • 
i = n - l i=n 

it follows that d a lso divides a -• It follows, by induction, that d divides 
n - 1 J 

a n - 2 J ' " 9 a 2 9 

F o r the proof of T h e o r e m 3(a), choose any in teger m > 1. Now T h e o -

r e m 3(a) holds for n = 1 because 

1 

2 ^ a k i + m + l = a m + l + a k + m + l 
i=0 

m k+m k+m 

E \+ E \ - E 
i=m+l -k i=m+l i=m+l -k 

a. 
I 

F u r t h e r m o r e , if Theo rem 3(a) holds for n = p , then i t holds for n = p + 1 

because we then have 

p+1 p 

2 ^ a k i + m + l = ak(p+l)-f-m+l + Z J a k i + m + l 
i=0 i=0 

k(p+l)+m kp+m 

- E ».+ E •. 
i=kp+m+l i=m+l -k 

k(p+l)+m 

• E s-
i=^m+l-k 

Hence Theo rem 3(a) holds for n > 1, m > 1. 

In the proof of T h e o r e m 3(b), we apply T h e o r e m 3 ( a ) , choosing m = k - 1: 
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kn+k-1 

ki+k Z**d i 
i=0 i=0 

T h e o r e m 3(b) follows s ince the left s ide of this equation i s equal to 

a kn+k 2Ld a k i 
i= l 

and the r ight side i s equal to 

k n - 1 kn+k-1 k n - 1 

Ea, 
i=0 i=kn 

a. = a. + a, ,, 
i i kn+k 

i=0 

T h e o r e m (3c) i s an immedia te consequence of T h e o r e m 3(b). 

Inductive proofs of T h e o r e m s 4 and 5 a r e omit ted. One m a y , however , 

verify (or discover!) T h e o r e m 4 by consider ing the following d i ag ram: 

*2-k 

Vk 
Vk 

a n+2-k 
a n + 3 - k a n + 3 

n - 1 

" a 2 - k 

" a 3 - k 

- a - l 

" ao 
" a i 

" a 2 

- a 
1 n 

" a n + l | 

~ a n+k- : 

" Vk-2 

-

-

3 " 

a 2 - k L 

a - 2 

a - l 
ao 
a x 

V l 
a n 

a n+k-4 
a n + k - 3 

-

^ 1 

. . . 

~ 1 
• - a f 1 n+1 
• — a 

n+2 

-

-

a 2 - k 

a 3~k 
a 4 - k 

V k 

a n+3 -k 
an+4»k 

a n 
an+l [ 
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It follows from this diagram that 

n n k-2 k-2 

2 h = Vk - al - (k - 2) E ai + E ia-i - Z (k - * - 1)an+i • 
i=2-k i=2-k i=l i=l 

For the proof of Theorem 6, let n be any integer such that n > 1. 
Theorem 6 holds for m = 1 because 

k j k 

S Vk+j Sfl-j+i = Z-) (an-k+jfl) = an+l ' 
j=l 1=1 j=l 

If Theorem 6 holds for m = p, then it holds for m = p + 1 because we then 
have 

k / j 

an+(p+l) " a(n+l)+p " 2-4 ( a n + l - k + j ^ fp-j+i 
j=l \ i=l 
k+1 

p+l-j+i ~ fp+l) 
j=2 \ (i=l 
k / j 

2-/ (V-k+j 2D fp+l-J+i) " an-k+lfp+l 
j=i \ i=i / 

k+1 / k + 1 
+ an+l 2 ^ f

p_k+i "I X , an-k+i) fp 
i=l \ 5=2 

k / J 

E 
3=1 

L» (an-k+j 2-» p+l-j+i) 
-i \ i=i 7 

+ f
P + l ( " V k + l + 2 a n + l - a n + 2 ) 

k / J 
zLrf I n-k+j 2~* p+l-j+i 
j=l \ i=l 

The last equality is obtained by applying Theorem 1. Hence Theorem 6 holds 
for n > 1 and m > 1. 
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T h e o r e m 7 obviously holds for n = m . We shall prove that if T h e o r e m 

7 holds for n = m p , then i t holds for n = m(p + 1). 

Suppose, therefore* that d divides a . By T h e o r e m 6, ^ m mp J 

m(p+l) mp+m /^ P m o - k + i ) j m-j+i I a m p m+1 " 
j= l \ i= l / 

Since d divides each t e r m of the sum m 
J 

"m-j+i 
i= l 

where 1 < j < k - 1, and d divides a , it follows that d divides — J — m mp m 
a m(p+l ) ' 

For the proof of Theorem 8(a), we once again apply Theorem 6. We 

choose n = 1 and divide by f. 1+m' 
a k / j f 

7 ^ = W * i I ^ T JT±1' 

In [6] i t i s shown that , for any in teger q, 

It follows, t he re fo re , that 

l i m j j£±a )= rq 
m—>oo I f 

k / J 

^-ftj-g^s^-1 
k / J 

-k+j 
j = l \ i= l 

k+l / j - 1 
- I T . V k-i 
" k L ai-k ^ r 

j=2 \ i = l 

Theorem 8(b) holds since 
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v / V l \ .. / a n + l fn f n+ l \ 
lim I I = lim I -s——• • — • -s-—I 

= I lim - ^ i i lim -^ 1 I lim -£— J = r 
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DON'T FORGET! 

It 's TIME to renew your subscription to the Fibonacci Quarterly! 


