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1„ Let 

Fn-KL = F n + V r Fo = °. Fi 

and define 

00 

(1.1) fn(x) = ^ T FR+k xk/k! (n = 0 ,1 ,2 , — ) , 
k=0 

so that 

fn(x) = W( x )> W x ) = Vx> + Wx) • 
Note that f (0) = F . 

In a recent paper [1] in this Quarterly, Elmore has pointed out that 
many of the familiar formulas involving the Fibonacci numbers F can be ex-
tended to the functions f ( x h For example, the identities 

F . F - F2 = (» l ) m . F = F2 + F2 

* m - l m+1 m l 1 ; ' *2m- l m-1 m 

become 

f -(x)f ^ ( x ) - f2 (x) = ( - l ) m e x 
m-1 m+1 m ' 

and 

f9 -(2x) = f2 -(x) + f2 (x) , 2m-l v m - l v m w * 

respectively; the identity 
^Supported in part by NSF Grant GP-7855. 
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F , = F -F + F F -m+n m-1 n m n-1 

becomes 

f (m + v) = f , (u)f (v) + f (u)f _,, (v) . m+n m-1 n m n+1 ' 

The formulas 

(1.2) fm(u)fn(v) = (-Dr[fm + r (u)fn + r (v) - F r f m + n + r ( u + v)] . 

M Fmf
m

(v -u)eU = (-W'IU^W - yu)wwi. 
seem particularly striking. Elmore remarks that they may be special cases 
of a more general formula in which no capital FTs appear. This is indeed 
the case, as we shall show below. The formula 

(1.4) f ^ (u)f ^ (v) - f (x)f ^ ^ (y) = ( - l ) r e x f (u - x)f (v - x) , 
v ' m+r n+r r m+n+rJ m n 

where x + y = u + v, reduces to (1.2) when x = 0 and reduces to (1.3) when 
u = x, v = y. 

2. Since it is no more difficult, we consider the following slightly more 
general situation. Let 

(2.1) H n + 1 = pHn - qHn_1, H0 = 0, Hj = 1 , 

and define 

00 

(2.2) hn(x) = ^ H
n + k

x k / k ! (n = 0 , 1 , 2 , . . - ) , 
k=0 

so that 

hT (x) = h ^ ( x ) , h f1(x) = ph (x) - qh ,(x) . n n+lv " n+1 * n ^ n - l v 

Corresponding to (1.4), we shall show that 
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(2.3) hm+r(u)hn+r(v) - hr(x)hm+n+r(y) = q r eP X h m (u - x)hn(v - x) . 

provided x + y = u + v. 
Let a,p denote the roots of x2 - px + q = 0. Then 

(2.4) H = a ~ f 
n a - p 

and (2.2) implies 

(2.5) hn(x) =-±- {a
n eax - (? e1**) 

It follows at once from (2*5) that 

00 

(2.6) J^ W x ) ^ / k l = hn(x + ?> 
k=0 

Consider 

m n E {h ^ (u)h ^ (v) =. h (x)h ^ _,_ (y)} ^ L 1 m+rv n+r rv m+n+rv J mini 
m,n=0 

= hr(u + z)hr(v + w) - hr(x)hr(y + z + w) 

= (a - pr2{(aTea{n+z) - pT e^ ( u + z ) )(aT e a ( v + w ) - pr e^ ( v + w ) 

- (a r e ^ - pr e^)(ar e ^ " ™ * - £ r
 e ^ ^ + w ) ) } 

= (a - p)~2{a2r @^u + v + z + w) + / 5
2 r

 e^(u+v+z+w) 

- q
r ( e^( u + z )+0(v +w) + ej8(u+z)-to(v+w)v-i 

- (a - j3)""2{>2r
 e ^ + y + z + w ) + £ 2 r

 e^(x+y+z+w) 

_ r^ox+jSfy+z+w) + e£x-ta(y+z+w) y» 

If we take x + y = u + vs this reduces to 
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(a - j3)"2

 q
r { e ^ + / % + z + w ) + e^x-to(y+z+w) 

a(u+z)+]3(v+w) tf(u+z)+ar(v+w)\ — © — © j 

= (or - j8)"2qr e p x { e a ( " x 4 7 + z + w ) + e^-^Y+z+w) 
a(-x+u+z)+/3(-x+v+w) .a(-x+v+w)+|8(-x+u+zh 

— © — © J 
, m - 2 r px , or(-x+v+w) j8(-x+v+wh = (a - (3) q e* (e - e r ) 

. a(-x+u+z) j3(-x+u+z) v 
• ^6 "" © / • 

In view of (2.5), we have therefore proved 

m n 
(2.7) Y ^ ( h ,_ (u)h A (v) - h (x)h _,_ ^ (y)} ^ 7 

' J m+r n+r r m+n+r J J mSn! 
m,n=0 

= q r e p x h0(-x + u + z)h0(-x + v + w) 

But by (2.6), 

m n 
h m ( -x + u)hn(-x + v) -^y~j 

m,n=0 

Equating coefficients of z w we immediately get (2.3). 
3. Analogous to (2.2), we may define 

(3.1) h*(x) = h ; ( x , X ) = £ ) H n + k ( ^ X x \ v k 
<Vk\ 

k=0 

Then 

h*(0) = H nv n 

and 
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h*+1(x) - l£W + h^x) . 
Moreover 9 

k=l x ; 

so that 

Ah;(x) = Xh*+ 1(x). 

Clearly the series in the right member of (3.1) converges for sufficiently small 
|X | . 

It follows at once from (2.4) and (3.1) that 

(3.2) h*(x) = ^~L^ f^1 + ka^ - Pi1 + ^^X]» 

We have also 

(3.3) h*(x + y) =J^K^4lj-
k=0 x ' 

Now by (3.2), 

-qh* ,(u)h*(v) + h* (u)h* (v) M m-1 n m n+1 
= (a _ fSf\^\pF--\\ + aX)u - ^ n - 1 ( l + /3X)v][an(l +«X)U - A l + Pkf] 

+ [ « m ( l + aX)U - ^ ( 1 + /?X)V][an+1(l + *X)V - ^ n + 1 ( l +M) V ] } 

= fe _ / 3 ) - 2 { ( -qa m + n - 1 + a m + n + 1 ) ( l + aX)U+V 

+ ( - q A * - 1 + A + n + 1 ) ( l + /3X)U+V 

- ( q a m " V + amtP+1)(l + *X)U(1 + /3X)V 

- q(an
/Sm-1 + a n + 1 A ) d + <*X)V(1 + |3X)U} . 

Since ar̂ S = q and 
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a2 - q = a(a - 0), 02 - q = -0(<* - 0) , 

this reduces to 

(or - p) a (1 + G?X) - j8 (1 + j3X) 

We have therefore, 

( 3 ' 4 ) h m + n ( u + v ) " - < ^ m - l ( u ) h > > + h > ) h n + l ( v ) ' 

Similarly, we have 

( 3-5 ) h m - l ( u ) h m + l ( u ) " h m ( u ) = "V™'^1 + P* + ^ ^ • 

Finally, corresponding to (2.3), we have 

(3.6) h* A (u)h* (v) - h*(x)h* ^ ^ (y) 
m+r n+r r m+n+rv 

= q r hm(u - x)hn(v - x)(l + pX + q X 2 f , 

provided 

x + y = u + v 
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