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H-l 75 Proposed by L. Carlitz, Duke University, Durham, North Carolina. 

Put 

-n-1 
( l + z + i z2\ n = J ] a(n,k)zk 

k=0 

Show that 

/tv , v 2*5*8 . . . (3n - 1) 
(!) a(n,n) = , — — — 

« £ ( • ; • ) ( " • • • ) ( - ' ) ' 
S 2»5«8 . . . (3n - 1) 

nl 
s=0 

^ E (n r r)(2V ") ̂  = ^^ 2*5«8 - • - (3n - 1) 
n! 

r=0 

where 

co = | (-1 + N P 3 ) . 
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H-l 76 Proposed by C. C. Yalavigi, Government College, Mercara, India. 

In the "Collected Papers of Srinivas Ramanujan," edited by G. H. 
Hardy, P. V. Sheshu Aiyer, and B. M. Wilson, Cambridge University P re s s , 
1927, on p. 326, Q. 427 reads as follows: 

Show that 

1
 +

 1 

Jm - 4ir 1 6TT 1 24 Sir 
e - 1 e - 1 e - 1 

Provide a proof. 

H~l 77 Proposed by L. Carlitz, Duke University, Durham, North Carolina. 

Let R(N) denote the number of solutions of 

N = F k i + Fk2
 + • • ' + F k r

 ( r = l j 2 ' 3 ' * " ) ' 

where 

kj > k2 > • • • > k r > 1 . 

Show that 

( 1 ) R ( F 2n F 2m> = R 2 n + l F 2 m ) = ( n " m ) F 2 m + F 2m-1 ( n * m ) • 
( 2 ) R ( F 2 n F 2 m + l ) = ( n " m ) F 2 m + l (n > m) , 

( 3 ) R ( F 2 n + l F 2 m + l ) = ( n " m ) F 2 m + l <n > m ) ' 
(4) R ( F | n + 1 ) = R(F | n ) = F ^ ( n > l ) . 

SOLUTIONS 
SUM INVERSION 

H-151 Proposed by L. Carlitz, Duke University, Durham, North Carolina. 

a. Put 
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00 
, - 1 (1 - ax2 - bxy - cy 2 )" 1 = V A x m y11 

JLd m,n J 

m,n=0 

Show that 

00 _ j 

X An9nxR = t1 " 2bx + (fc>2 - 4 a c > x 2 > 
n=0 

B. Put 

(1 - ax - bxy - cy)""1 = J^ V n * 
m9n=0 

m n 
y 

Show that 

j B n n x n = {(1 - bx)2 - 4acx}~2 

n,n 
n=0 

Solution by M. L. J. Hautus and D. A. Khmer, Technological University, Eindhouen, the Netherlands. 

In a paper submitted to the Duke Mathematical Journal (the diagonal of 
a double power series) 9 we have proved the following result: 

Theorem. Suppose 

F(x,y) = J ] ^ f ( m , n ) x m y n 

m=0 n=0 

converges for all x and y such that |x | < A, |y | < B, then for all z such 
that |z| < AB, we have 
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00 

m /F(s,z/S)f = 2f(n>n)zn' 
° n=Q 

where C is the circle {s : | s | = (A + | z | /B) /2} . Furthermore, if F ( s , z / s ) / s 
has only isolated singularities inside C, then the integral can be evaluated 
by summing the residues of F(s ,z / s J / s at these singularities. Coincidental-
ly, we gave Carlitz1 Problem B as an example in our paper,, Problem A can 
be treated in just the same way. According to the theorem cited, 

2 An,nx11 " SrT / ; -s ds 
n = 0 C as4 - (1 - bx)s2 + ex2 

The singularities of the integrand are 

• ( • 

I 
1 ._ bx - (1 - 2bx + b2x2 - 4acx2)M 

71 _ | _ _ _ _ J 
and 

, u , - bx + (1 - 2bx + b ^ 2 - 4acx2)2 V 

• ( l 

and the singularities ±6^ tend to 0 with x while the singularities ±02 do 
not. Thus, the contour C must include ±8f and exclude ±6%; using the 
residue theorem, we easily calculate 

1 f -sds 
2iri J 2771 I a(s - e i ) (s .+ ,e i ) (s - 0-2)(s + e2) a ( 0 | _ 02} 

Substituting the values of ^ and 6 2 given above yields the desired result. 
A generalization of Problems A and B can be given as follows: 
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Let 

F(x,y) = ] P f ( m f n ) x m y n = (1 - axk - bxy - cyk) 
m,n 

and let 

F(x) = J^ f (n,n)xn 

Then according to the theorem cited above, we have 

k-1 , 
F(x) lift J 27ri J 2k M , , k ^ k p as - (1 - bx}$ + ex 

Set co = e ' , then the singularities of the integrand are ^0l9^62. for 
j = 1, . . . 9 k, where 

k i h 1 / k 

1 - bx - (1 - 2bx + b2x2 - 4acx ) 
71 " 1 — 25 "* ~ 

1 - bx + (1 - 2bx + b2x2 - 4acxk)2 
n _ f _ , _ _ 

Since 0j_ tends to 0 with x and 62 does not, C includes the singularities 
u^fij for j = 1, 8 e e , k, but excludes the singularities fcp02 for j = l9-# • , 
k. Now we have the residue theorem to find that 

i?( ) = -A- i ~s ds = 1 f ; 
277i I 7 k ^ T 7 ^ 7&7 2trik / ,, flk J (s - 04 )(s - 6 2 )a J (t - Gj k ) ( t - 0 k ) a a (0^-0 k ) 

(1 - 2bx + b2x2 - 4acx ) , 
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k where C? is a contour In the t-plane which encircles the singularity 0 j , k 

k times but excludes 02 • 

Also solved by D. V. Jaiswal and the Proposer. 

HIDDEN IDENTITY 

H-153 Proposed by J. Ramanna, Government College, Mercara, India. 

Show that 

G> ^ £ F3 k + 1F3 k + 2(2F2k + 1 + F6 k + 3)(2F3 k + 2 +. F ^ ) = F ^ 

<»> 1 6 E F 3k + l F 3k+2 F 6k + 3 ( 2 F 6k + 3 " F3kF3k+3> " F* 3n+3 

2r Hence, generalize (i) and (ii) for F„ +o -

Solution by the Proposer. 

We note that (i) and (ii) are easily verified for k = 0 and k = 1 and 
assume the results for k = r and prove them for k = r + 1. Thus we need 
show, on subtracting (i) and (ii) for n = r from (i) and (ii) for n = r + 1, 
respectively, that 

( i ) 4F3(r+l)+lF3(r+l)+2 ( 2 F 3 ( rH)+l + F6(r+l)+3) ( 2 F3(r+l)+2 + F6(r+l)+3) 

= F 6 - F 6 

(2) *3( r+l )+3 *3 r+3 
(ii) 1 6 F 3 ( r + 1 K 1 F 3 ( r + 1 ) + 2 F 6 ( r + 1 ) + 3 ( 2 F | ( r + 1 ) + 3 - F 2

3 ( r + 1 ) F 2
3 ( r + 1 ) + 3 ) 

- F 8 - F& 
~ *3(r+l )+3 *3 r+3 • 

Equations (1) are true since 
( i ) 4F3(r+l)+lF3(r+l)+2(2F3(r+l)+l + F6(r+l)+3)(2F3(r+l)+2 + F6(r+l)+3) 

( 3 ) = (F3(r+l)+2 + F3(r+1)+1)6 " (F3(r+l)+2 " F3(r+1)+1) 
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(ii) 16 F 3 ( r + 1 ) + 1 F 3 ( r + 1 ) + 2 F 6 ( r + 1 ) + 3 ( F 4
3 ( r + 1 ) + 2

 + 6 F 3 ( r + 1 ) + 2 F 3 ( r + l H l 
+ F3(r+1)+1) 

= F3(r+l)+3 " F3r+3 = 1 6 F3(r+l)+lF3(r+l)+2F6(r+l)+3( 2 F6(r+l)+3 
J j3(r+l)JJ3(r+l)+3; 

Hence, the desired results follow. 

Also solved by D. V. Jaiswal and C. C. Yalavigi. 

TRIPLE THREAT 

H-154 Proposed by L. Carlitz, Duke University, Durham, North Carolina. 

Show that for m 5 n ,p integers >0, 

E / m + l \ / n + l \ / p + l \ 
\i + k + l / \ i + k + l / \ i + 3 + 1 / 

i , j ,k>0 

m n p 

= EEE(m-rb)(a"c + c ) ( p - a + a ) • 
a*t> b=0 c=0 

and generalize. 

Solution by the Proposer. 

Put 

S m E l m + 1 \ / n + l \ / p + 1 \ 
\ j + k + \)\i + k + l / \ i +3 + 1 / ' 

i , j ,k>0 

m n p 
\ T ^ V ^ \ ^ / n i - a + b \ f n - b + c V p - c + a\ 

Tm,n9p B L L H b A c A a / • 
a=0 b=0 c=0 

Then 
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00 

E S xmyn
ZP 

d—>i m , n , p J 

m , n , p = 0 

X ^ j+k i+k i+j x ^ / m + j + k + l \ m Y"* / n + i + k + 1 \ n 
= L x y z L h + k + 1 j x L, \ i + k 4-1 ft 

i , j , k=0 m=0 n=0 
00 

# y ^ / p + i + j + i \ 
Z^r l i + j + i I 
p=0 

00 

E i+k i+k i+j / n - j - k - 2 , - v - i -k -2 , - v- i - i -2 xJ y z J ( l - x) J (1 - y ) (1 - z) J 

z P 

i , j , k=0 

(i - x)-2d - x)-2d - Z)-2(i. T T _ j | _ ) y 1 ( 1 - T r r | ^ ) " 1 

• (x - TrrxXHi-x)) 
= (1 - y - z) V - x - z) X ( l - x - y) * . 

In the next p l ace , 

00 

Z m m n p 

T x y z r m , n , p 
m , n , p = 0 

a , b , c = 0 m=0 n=0 p=0 
z

p 

CO 

E a b c , - v -b -1 / - v - c - 1 / - v-x y z (1 - x) (1 - y) (1 - z) 
a , b , c = 0 

- a - x,-V- „-ia -_,,-( , - ̂  (x - ̂ " ' ( i - ^ 
= (1 - x - z ) "(1 - x - y ) x ( l - y - z ) 
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and the r e s u l t follows at once* 

GENERALIZED VERSION 

Le t k > 2 and n l 5 n2s
 e e s

s n k non-negat ive i n t e g e r s . Show that 

/ n 1 + l W n 2 + l \ / nk + l \ 

^\\+ a i + vW + a 2 + V \\-i+ \ + V 
(^ + a A / a 3 + a 4 \ / a ^ + a 2 ] \ 

" M al A a3 / \ a2k-l / 

where the f i r s t summation i s over a l l non-negative a l 9
 e ° ° , a k while in the 

second sum 

a 2 k + a l = n l ' a 2 + a3 = V a4 + a 5 = n 3 ' • " ' a 2 k - 2 + a 2 k - l = n k • 

Solution. Let S(nl9 • *• , 1%) denote the f i r s t sum and T(n l s • • • , % ) 

denote the second sum6 Consider the expansion of 

- 1 - 1 - 1 
</) = </)(xl5 • • • , x k ) = (1 - xj - x2) (1 - x2 - x3) • • • (1 - x k - x 1 ) . 

Since 

a 
x (1 _ x - y)"1 = ((1 - x)(l - y) - xy)"1 = £ - _ - ^ 

a=0 ( 1 - x ) ( 1 - y ) 

we have 

x>X!^. . .> 1 + ° k 

a +a +2 a +a +2 \ - l + a k + 2 

a ^ - . a ^ O (1 - X l ) k 1 ( 1 - x , ) 1 2 . . . ( l - x k ) k l 
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_ a i , + a
1
 a i + a 0 a. n+a. 

*= E xr V 
a l ' " " ' , a k = 0 

*2 • • ' x k 

V̂  (\ + \ + bl + 1\/al + a 2 + b 2 + X \ 
^ V a k + ai + 1 / V a i + a 9 + x / 

bl ' '"'bk=0 

/Vi + ak + bk + 1 \ b i 
"'A v i + ak + 1 / ! 

, b 2 
x 2 

n.. n E l 2 Tc 
Xl X2 • ' • Xk S ( n l ' V •*•' V ^ , • • • , ^ = 0 

On the o ther hand, s ince 

a,b=0 

r a 2=° V ' a 3 ' a 4=° V 3 ' 

V^ /a2k-l + a 2 k \ a 2 k - l 

a 2 k - l , a 2 k ~ ° 

n . n„ E l 2 k 

x x x 2 . . . x k T ( n i , n 2 , . . . , n k ) . 
n l , ' " ' n k = : ( ) 

The s ta ted r e su l t now follows at once. 
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RECURRING THEME 

H-155 Proposed by M. N. S. Swamy, Nova Scotia Technical College, Halifax, Canada. 

The Fibonacci polynomials are defined by 

W X ) = rfnW + £n-l ( x ) 

with fi(x) = 1 and f2(x) = x. Let z = f (x)f (y). If z satisfies the 
TjS r s r , s 

relation 

z . + az „ „ + bz n n + cz ^ - + dz = 0 
r+45s+4 r+33s+3 r+2,s+2 r+ l , s+ l r , s 

show that 

a = c = -xy, b = -(x2 + y2 + 2) and d = 1 

Solution by the Proposer. 

Let u r = fr(x) and v r = fr(y). Then, 

Zr+4,s+4 = V4V4 = ( x u r+3 + V 2 ) ( y vs+3 + Vs+2> 
= x y z r+3 , s+3 + Zr+2,s+2 + ( x u r+3 v s+2 + y V 2 V s + 3 ) 

Now, 

( x u r + 3 V
S + 2 + y U r + 2 v s + 3 ) 

= x (xu r + 2 + u r + 1 ) v s + 2 + y(yv s + 2 + v g + 1 ) u r + 2 

= (x2 + 3^2,8+2 + (xVlV2 + yVlV2» 
= (X2 + y 2 ) z r + 2 j S + 2 + x U r + 1 ( y v s + 1 + vg) + y v s + 1 u r + 2 

= (x2 + y 2 ) V 2 , s + 2 + ^Vl.s+l + x u r + l v s + V 2 ( v s + 2 " V s ) 

= (x2 + y 2 ) ^ r + 2 ) S + 2
 + ^Vl l S +l + ^ ^ V l " V2) + z r + 2 ) S + 2 

= (X2 + y2 + l ) Z r + 2 } S + 2 + x y z r + l i g + 1 + vg(-ur) = 
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= fr* + y* + D z r + 2 ) S + 2 + x y z r + l j S + 1 + z r > g . 

Hence, 

z , / i , / i = x V Z l 0 l 0 + (x2 + y2 + 2)z l 0 l 0 + x y z ,- ,n r+49s+4 J r+3 , s+3 J r+2 ,s+2 J r + l , s + l 

- z r , s 

Thus , 

a = -xy , b = -(x2 + y2 + 2), 

c = -xy , d = 1 . 

y4fco solved by W. Brady, D. Zeitlin, andD. V. Jaiswal. 

Late Acknowledgement: D. V. Ja iswal solved H-126, H-127, H-129, H-131. 

LETTER TO THE EDITOR 
DAVID G. BEVERAGE 

San Diego State College, San Diego, California 

In r e g a r d to the two a r t i c l e s , MA Shor te r P roof , " by Irving Adler (De-

c e m b e r , 1969, Fibonacci Quar t e r ly ) , and M1967as the Sum of T h r e e Squa re s , " 

by Bro the r Alfred Brousseau (April , 1967, Fibonacci Quar t e r ly ) , the genera l 

r e su l t i s as follows: 
x2 + y2 + z2 = n i s solvable if and only if n i s not of the form 4 (8k + 

7), for t = 0, 1, 2, • • • , k = 0, 1, 2 , • • • * 

Since 1967 = 8(245) + 7, 1967 f- x2 + y2 + z2„ A l e s s e r r e su l t known 

to F e r m a t and proven by D e s c a r t e s i s that no in teger 8k + 7 i s the sum of 

th ree ra t ional squares,,* * 

* Will iam H0 Leveque* Topics in Number Theory , Vol. 1, p . 133e 

* * L e o n a r d E . Dickson, His tory of the Theory of N u m b e r s , Vol. II, Chap, 
VII, p. 259. 


