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1. A Pythagorean t r iangle i s defined as any r igh t - t r i ang le having in te -

g ra l s ides . Using the well-known re la t ionship a2 + b2 = c2 where a, b , 

and c a r e the two s ides and the hypotenuse respec t ive ly , it i s obvious that 

one of the s ides m u s t be even. Hence , the a r e a of such a t r iangle i s also an 

integer,, In his book* , Ore in t roduces the general izat ion of this si tuation: a 

t r i angle i s cal led Heronian if it has in tegral s ides and a r e a . He fur ther c o m -

m e n t s that , "although we know a cons iderable number of Heronian t r i a n g l e s , 

we have no genera l formula giving them all . ? ? In th is pape r , we propose to 

find all such t r i ang les and prove a few bas ic p r o p e r t i e s concerning them. 

2. Since every Pythagorean t r i ang le i s Heronian, and since Py tha -

gorean t r i ang les a r e completely desc r ibed by the well-known formulas for 

the s ides u2 + v2, u2 - v2 , and 2uv, the r ea l p roblem is to c h a r a c t e r i z e all 

non- r igh t -angled Heronian t r i ang l e s . We f i r s t give an obvious p rope r ty . 

L e m m a 1. Let a, b , c , and n all be in t ege r s . Then the t r iangle 

with s ides of na , nb , and nc i s Heronian if and only if the " reduced" t r i -

angle with s ides a , b , c i s Heronian. 

Proof. We shall use Heron1 s formula for the a r e a of a t r iangle 

(1) A = -JsTs - a)(s - b)(s - c ) , 

where 

s = - (a + b + c) . 

Le t A be the a r e a of t r iangle a , b , c and le t Af be the a r e a of na , nb , nce 

Then Eq. (1) shows u s immedia te ly that 

*Oystein O r e , Invitation to Number Theory , pp. 59-60, Random House, New 
York, 1967. 
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(2) Af = n2A . 

Hence, if A is an integer, so is AT. For the converse, suppose that Af 

is integral. Then Eq. (2) insures that A is at least rationaL On the other 
hand, Eq. (1) implies that A is the square root of an integer, which is well 
known to be either integral, or irrational. Thus we conclude that A must be 
an integer and the lemma is proven. 

Before we proceed to our first theorem, we illustrate with two examples. 
Suppose we juxtapose (or "adjoin") the two Pythagorean triangles 5, 12, 13 
and 9, 12, 15 so that their common-length sides coincide. Clearly a (non-
right-angled) Heronian triangle results with sides of 13, 14, 15 and area 
equalling 84. 

As a second example, we adjoin the triangles 12, 16, 20 and 16, 63, 65 
(one of which is primative) to obtain the Heronian triangle 20, 65, 75 which 
may be reduced to 4, 13, 15, a primitive Heronian triangle with area equal-
ling 24. That these two examples illustrate all possible events is the content 
of our first theorem. 

Theorem 1. A triangle is Heronian if and only if it is the adjunction of 
two Pythagorean triangles along a common side, or a reduction of such an 
adjunction. 

Proof. One direction is clear: since every Pythagorean triangle is 
Heronian, so is every adjunction of two. The previous lemma guarantees 
that every reduction is also Heronian, 

Thus, let us suppose that the triangle a ,b ,c is Heronian and try to 
prove that it is either the adjunction or a reduction of an adjunction of two 
Pythagorean triangles. First we assume the obvious: that from some vertex 
we may draw a perpendicular to the opposite side, thus dividing the given t r i -
angle into two "adjoined" right triangles. That such is possible is easily 
shown. Let the length of the altitude so constructed be x and let the base c 
be thus divided into segments c1 and c2, so that c = cA + c2. Since the 
triangle is Heronian, it is clear that 

is rational. Let 
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m 
x = — n 

be reduced to lowest terms. 
By the law of cosines* b2 = a2'+ c2 - 2ac cos wi and thus 

a2 + c2 - b2 
C 0 S w i = Wc 

is rational. Hence both Cj = b cos wj and c2 = c - cA are also rational* 
If the numbers x, c1? and c2 are in fact all integers, we are done. Other-
wise we look at the triangle having sides na, nb, and nc. From elementary 
geometry, this triangle is similar to the original one and thus the new altitude 
is equal to nx = m, an integer,, But nc1? still rational, is given by 

v^ 
which is9 as before, either integral or irrational, and thus must be integraL 
Likewise nc2 is integrals and the new enlarged triangle is the adjunction of 
two Pythagorean triangles. Thus the original is a reduction of an adjunction 
and we are through. 

Since the sides of any Pythagorean triangle are given by u2 + v2, u2 -
v2, and 2uvs we now have a method for finding all Heronian triangles. 

Corollary 1. A triangle is Heronian if and only if its sides are given 
by either (3) u2 + v2, r2 + s2, and u2 - v2 + r2 - s2; where r s = uv; or 
(4) u2 + v2, r2 + s2, and 2(uv + rs); where r2 - s2 = u2 - v2; or (5) a r e -
duction by any constant factor in either case (3) or (4). 

3. Although the preceding theorem and its corollary give formulations 
for finding all Heronian triangles, there are many properties of Heronian t r i -
angles that are not obvious from examination of the special subset of right-
angled triangles. Some of these properties will be given here. 

Lemma 2. A primitive Heronian triangle is isosceles if and only if it 
has sides given by (3), (4), or (5) with r = u and s = v. 

Proof. Since a triangle is primitive only when one side is even, the 
equal sides of the isosceles triangle must be odd? say 2m + 1. Let the even 
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side be 2n. Then the s e m i p e r i m e t e r i s given by 2m + n + 1 and the a r e a , 

given by Eqe (1) becomes 

^f(2m"+ n + l ) ^ T T ^ T l J ( n j f o ) , 

so that 

A = n) / (2m + I) 2 - n2 . 

If th is i s to be an in teger , the re m u s t be an in teger Q such that 

(2m + I)2 - n2 = Q2 . 

Thus the number 2m + 1 i s the hypotenuse of a Pythagorean t r i ang l e , which 

m e a n s j of c o u r s e , that 2m + 1 i s a s given in Coro l l a ry 1. Converse ly , 

eve ry t r iangle desc r ibed by those formulae will be i s o s c e l e s if r = u and 

s = v. 

We note in p a r t i c u l a r that any number of the form 4n + 2 m a y be used 

a s the even side of a p r imi t ive i so sce l e s Heronian t r i ang le , by using s ides 

2n2 + 2n + 1, 2n2 + 2n + 1, and 4n + 2, We will show* in fact, that any in te -

ger g r e a t e r than two may be used as the side of a p r imi t ive non-r ight -angled 

Heronian t r iangle , Before we do, we shall es tab l i sh the following* 

L e m m a 39 No Heronian t r iangle has a side of e i ther 1 o r 20 

Proof, Since the s ides of the t r i angle m u s t be i n t e g e r s , the difference 

between two s ides i s e i the r 0 o r an in teger ^>1, This l a t t e r c a se would p r e -

clude the use of 1 a s a s ide . But an i sosce l e s t r iangle with side one i s also 

imposs ib le j s ince in that event , we m u s t have two s ides equal to 1, and hence 

the th i rd side e i the r 0 o r 2* Thus we have only to show that 2 cannot be used 

as the side of an Heronian t r i angle . Suppose, to the c o n t r a r y , that we do have 

a triangLe with s ides 2, a, and b, Then the a r e a as given by (1) i s 

A - \ s ( s - 2)(s - " a M s ^ T ) , 

where a + b + 2 = 2s , The only values of a and b which satisfy th is l a s t 

equation a r e a = b = s - 1. Thus the a r e a becomes 
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A = Vs(s - 2)(1)(1) 

and we m u s t have s(s - 2) = Q2 for some Q* But th is Is impossible* so we 

a r e donee 

Using the formulae for the s ides of a Pythagorean t r i ang le , It Is easy 

to show that eve ry in teger g r e a t e r than two can be used a s a side In a finite 

number of Pythagorean t r i ang le s . This observat ion has the following r e -

ma r k a b l e generalization,, 

Theorem 2a Le t a be an in teger g r e a t e r than twoe Then t h e r e ex i s t s 

an infinitude of p r imi t ive Heronian t r i ang les with one side of length ae 

Proof, If a i s odd* we m a y use s ides given by 

(6) a9 i ( a t - 1), and | ( a t + 1) 

where t i s a solution of the Pel l ian equation 

(7) t2 - (a2 - l)y2 = 1 . 

Since a2 - 1 i s even and neve r a perfect s q u a r e , Eq* (7) ha s an infinitude of 

solutions for t , each of them odd9 so that (6) l i s t s only Integers,, Since 

| ( a t - 1) + 1 = | ( a t + 1), 

the t r iangle i s obviously primitive* We compute the a r e a of the t r iangle by 

(1) and find 

A2 = | ( t + l ) a | ( t - l ) a | ( a + l ) | ( a - 1) = (f)2a2(a2 - l)( t2 - 1) . 

But, by Eq* (7), we have t2 - 1 = (a2 - l)y2 so that 

A2 = ( | ) 2a2(a2 - l)2y2 

and thus 

A = -g-(a - D ^ ( a + Day , 
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an integer, and hence the triangle is Heronian. 
Next, suppose that a is even, say a = 2n, where n is odd. Then 

we may use 

(8) a, tn - 2, and tn + 2 , 

where t is any odd solution of 

(9) t2 - (n2 - 4)y2 = 1 . 

Since n is odd, n2 - 4 is also odd and thus an infinitude of odd values of t 
is available. That (8) forms a primitive triangle is clear; we prove it is 
Heronian by computing 

A2 = (t + l)n(t - l)n(n + 2)(n - 2) = n2(n2 - 4)(t2 - 1) = n2(n2 - 4)2(y)2 

so that A is an integer, 
Lastly, suppose that a = 2n, where n is even. Then we may use 

(10) a, tn - 1, and tn + 1, 

where t is any solution of 

(11) t2 - (n2 - l)y2 = 1 . 

The proof follows the same lines as that just given. Thus our theorem is 
proven for all cases. 

It should be obvious that the formulations given in the above proof are 
simply chosen from an infinitude of possibilities. Thus we could also have 
shown, for example, that the triangle having sides 

a, ^-a(x - 1) + 1, 

and 
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~ a ( x + 1) - 1, 

where x i s found from 

x2 - (a - l )y2 - 1 , 

which will have an infinitude of solutions a s long a s a - 1 i s not a pe r fec t 

squa re , 

4 . We conclude with a few observa t ions and a shor t l i s t of examples., 

It i s easy to show that eve ry p r imi t ive Heronian t r iangle has exactly one even 

s ide . A s imple check of all the poss ib i l i t i e s obtained from the adjunction of 

two Pythagorean t r i ang l e s (which a r e known to have e i the r one o r t h r e e even 

sides) will suffice to p rove th i s . F r o m t h i s , we conclude tha t the a r e a of any 

Heronian. t r i ang le i s divis ible by 2, s ince , if s i s even, a factor of 2 divides 

A2 (and thus also A) whi le , if s i s odd, then s - a will be even where a 

i s an odd side of the t r i ang l e , and so again 2 divides the a r ea , 

Since the a r e a of any Pythagorean t r iangle i s given by 

A = uv(u - v)(u + v) 

i t i s easy to show that such a t r i ang le ha s a r e a divisible by t h r e e , A s imple 

ana lys i s of adjunctions and poss ib le reduct ions will then show that every 

Heronian t r iangle ha s a r e a divisible by t h r e e , 

Following i s a l i s t of the " f i r s t " few pr imi t ive (non-right-angled) He ron -

ian t r i ang le s : 

a = 3 b = 25 c = 26 

4 13 15 

5 5 6 

5 5 8 

5 29 30 
6 25 29 

7. 15 20 

8 29 35 
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a = 9 b = _10 c = 17
9 65 70
10 13 13

10 17 21
11 13 20
12 17 25
13 13 24
13 14 15
13 20 21
13 37 40
14 25 25
15 28 41
15 37 44
15 41 52
16 17 17
17 17 30
17
17 25 28
18 41 41
19 20 37
20 37 51
21 85 104
22 61 61
23 212 225
24 37 37
25 25 48
25 29 36
25 39 40
25 51 74
26 85 85
27 676 701
28 85 111
29 29 40
29 29 42
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