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Char l e s P i so t [1] was the f i r s t to cons ider the sequence , {a n } 0 0 _ o S of 
na tura l number s de te rmined from two na tura l n u m b e r s a0 and aj such that 

2 < a0 < a4 

(1) and 

a2 

I < _ n+1 < A 
"2 an+2 a - 2 n 

for all n > 0. The Fibonacci number s with the f i r s t two t e r m s deleted s a t -

isfy Eq. (1). 

P e t e r F l o r [2] called the sequences which satisfy (1) P iso t sequences 

of the second kind. F l o r a lso cons idered the sequence of na tura l number s 

de te rmined from two na tura l n u m b e r s a0 and aj such that 

2 < a0 < a t 

(2) and 

A< a _!*+!< I 
2 - n+2 a 2 

n 

for all n > 0. He cal led these sequences Pisot sequences of the f i rs t kind. 
F o r a P i so t sequence of the f i r s t (second) kind a i s s imply the n e a r e s t 
in teger to a2 - / a , where in case of ambiguity we choose the s m a l l e r 

*This paper i s taken from Chapter F o u r of the author7 s doctora l d i s se r t a t ion 
a t the Pennsylvania State Universi ty . The author would l ike to e x p r e s s h is 
grat i tude to Resea rch P r o f e s s o r S. Chowla* his advisor . 
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(larger) integer. By Pisot sequence we shall mean a sequence that satisfies 
(1) and (2). 

By 

{F + k f L n J n=n0 

we mean the sequence formed by adding k to each term of the sequence 

Kr . 
n=n0 

where F is the n Fibonacci number. In this paper necessary and suf-
ficient conditions for 

{F +k}°° 1 n J n==n0 

to be a Pisot sequence are given, 
The main result is 
Theorem. Let 

1 nJ n=l 

be the Fibonacci sequence. The sequence 

{F + l}°° 1 n J n=n0 

is a Pisot sequence of the first kind (second kind) iff n0 > 6 (n0 > 4), The 
sequence 

( F - l}°° 1 n J n=] n=n0 

is a Pisot sequence iff n0 > 7. The sequence {^n} is a Pisot sequence of 
the first kind (second kind) iff n0 > 4 (n0 > 3). If |k | > 1 then there exists 
no integer n0 such that 

( F + k}°° 
1 n } n=n0 
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i s a P i so t sequence. 

We shall need two l e m m a s in o r d e r to prove the theorem. 

L e m m a 1. F x 0 - 2 F M +F = F 0 . — n+2 n+1 n n-2 
Proof. F ^Q - 2F _ + F = (F _ + F ) - 2F ^ + F 

n+2 n+1 n n+1 n n+1 n = - F ^ + 2F = - (F + F n ) + 2F n+1 n n n - 1 n 
= F n " F n - 1 = F n - 2 " : : 

L e m m a 2. ( F n + 2 + k)(FR + k) - (FR+1 + k)2 

= ^ + 1 + k F n - 2 ' 
Proof. (F J Q + k)(F + k) - (F , . + k)2 

n+2 n n+1 
• ( r » « r „ - Fn+1> + k ( V 2 - 2F»« + V 

The l a s t equality i s t rue since 

2 _ / ixn+1 F ^ 0 F - F^ = (-1) 
n+2 n n+1 

We a r e now able to begin the proof of the theorem. F r o m the definition 

of a P iso t sequence and L e m m a 2 , we have that 

L n Jn=n0 

i s a P i so t sequence of the f i r s t kind iff 

(i) 2 < F + k < F ^ + k 
n0 n0+l 

and 

(iia) - ( F n + k) < 2 [ ( - l ) n + 1 + k F n _ 2 ] for all n > n0 

(iib) 2 [ ( - l ) n + 1 + kFM 0 ] < F M + k for all n > n0 

a r e sat isf ied. Also ( F + k ) ° ° i s a P iso t sequence of the second kind iff 1 n J n=no 
(i) and 
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(iiia) -(Fn + k) < 2 [ ( - l ) n + 1 + kFn_2] for all n > n0 

(iiib) 2[ ( - l ) n + 1 + kFn_2] < F n + k for all n > n0 . 

We shall first consider the case k = 1. 

Fn + 1 = 2 F n-2 + F n-3 + 1 > 2 [ F n -2 + ^ * 2 [ F n - 2 + ^ ^ 

iff n > 6. Thus (iib) is satisfied iff n > 6* Also, 

F + 1 = 2F 0 + F Q + l > 2[F 0 + 1] > 2[F 0 + ( - l ) n + 1 ] n n-2 n-3 L n-2 J L n-2 J 

iff n > 4. Thus (iiib) is satisfied iff n > 4, Since 

2 [ ( - l ) n + 1 + F J > 0 > -(F + 1 ) for all n > 3, 

(iia) and (iiia) are satisfied for n > 3„ It is clear that (i) is satisfied if n0 > 
2„ Thus 

( F + l } 0 0 
1 n J n=n0 

is a Pisot sequence of the first kind iff n0 > 6 and it is a Pisot sequence of 
the second kind iff n0 > 4„ 

Nexts we consider the case k = - 1 . If n = 6§ both (iia) and (iiia) are 
not satisfied. If n = 7, both (iia) and (iiia) are satisfied., Now 

F - l = 2F Q + F Q - 1 > 2[F « + 1] if n > 8 „ 
n n-2 n-3 L n-2 J 

Thus, 

- ( F n - 1 ) < 2 [ - l - F n _ 2 ] < 2 [ ( - l ) n + 1 - F n _ 2 ] 

if n > 8„ Therefore, (iia) and (iiia) are satisfied iff n > 7* Since 
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2 [ ( - l ) n + 1 - F J < 0 < F - 1 L n-2J n 

if n > 3, both (iib) and (iiib) are satisfied for n > 3, It is clear that (i) is 
satisfied for n > 4. Thus, 

{F - i}00 

*• n J n=n0 

is a Pisot sequence iff n0 > 7. 
Now we consider the case k = 0, It is clear that (i) is satisfied iff 

n > 3. Both (iia) and (iiia) are satisfied for n > 3. Also (iiib) is satisfied 
for n > 3, but (iib) is satisfied iff n > 4, Thus 

{F }°° 
n=n0 

is a Pisot sequence of the first kind iff n0 > 4, and 

(F }°° 
n=n0 

is a Pisot sequence of the second kind iff n0 > 3. 
We shall show that if |k| > 1, then there exists no integer n0 such 

that 

{F *k}°° 

is a Pisot sequence. This will be accomplished by showing that (iia) or (iiia) 
implies that k > -2 and that (iib) or (iiib) implies that 2 < k. 

Dividing (iia) by F 0 yields that 
n—di 

F F - , 0 / ^vn+1 £- . J±± . ^JS- < 2^1) + 2 k 
F F F ~ F 

n-1 n-2 n-2 n-2 

for n > n0„ After taking the limit of both sides as n —• oo and remembering 
that 
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l i m V i = L l _ v i < 2 > 

n~» °° n 

we have that 

-M • 
2. 

-4 < - l im I • — * 1 < 2k 

Thus 

-2 < k . 

In a similar manner, one can show that (iib) or (iiib) implies that k < 
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