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Given a sequence of numbers {^0, xi9 • ••} one can define a linear 
operator on n , the set; of all polynomials, by means of the symbolic relation 

(1) Ax11 = {x + A)n n = 0, 1, 2, ••• , 

n k 
where it is understood that after expanding (x + A) , we replace A by A, • 
This operator can also be represented on n by a differential operator of in-
finite order. Indeed, one can show that if 

oo x 
(2) A = £ • -J l Dn D = d/dx , 

n=0 

then 

Af(x) = f(x + A) f € O 

A third representation of this operator can be obtained using a well-
known theorem of Boas [2 ] , Given any sequence of numbers AQ» At, A2, 
we can find a function of a(t) of bounded variation on (0,°°) such that 

\ = f tnda(t) , 

so that 

(3) Af(x) = f f(x + t)da(t) f e n . 

18 
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We shall refer to the sequence AQ, A*, A2l
 9 0 s as the sequence of 

moments corresponding to the operator A* 
Naturally5 all the representations (1), (2), and (3) are valid (and define 

the same operator) on IT. However, we can extend the definition formally to 
functions with power series expansion. 

In this note9 we are interested in a class of "mean operators" defined 
by 

(4) Mf(x) = jt*f(x + cj) + (1 - ju)f(x + c2) , 

where /n, cl 9 c2 are given numbers. Obviously, M takes polynomials into 
polynomials of the same degree. 

To determine the corresponding moments, we note that 

Mx° = |o(i;)x»-Vc^a-,)ch = | o (£)*"-k m k , 

so that 

n n 
m = JLICJ + (1 - JU)C2 n = 0, 1, 2, 

It is easy to verify that 

(5) m n + 1 = (ct + c2)mn - c ^ m ^ n = 1, 2, 

m 0 = 1 , mt = jLtCj + (1 - / i )c 2 

To find the inverse operator M , put 

m.7 , k ^k (6) M"1 = E -W D1 

k=0 Ks 

Then M Mx11 = x11 for all n imply that 
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(7) &GM- = 0 (if j > 0) and 1 (if j = 0) 

Thus, if we multiply (7) by t /nS and sum over all integers n > 0, we get 

[ °° m. . I f 0 0 m? 

k=0 R* J U=0 R ' 
1 , 

so that 

°o m? . -
E k , k _ _̂  1 
i A kl cit , ,_. x c?t k-0 jie l + (1 - jii)e L 

If we recall the Eulerian polynomials [1] defined by means of 

l ^ A . e * = E H (x|A)tn/m 
ev - A n=0 n 

then we see that 

m = (co - c n L 1 n \ C i - c2 I /i - 1 / 

Thus the operator inverse to the operator (1) is given by 

(8) M 
. °° (c? - c-j) / c-j 1 \ 
1 = £ H ( •- M-TJD1 1 

^ 0 n! n \ C l - c2 | \x - 1 / 

In particular, if we take /i = 1/2, ct = (1 + N / 5 ) / 2 , C 2 = (1 - \/5)/2 
in the above, we see that m = F -. Thus the Fibonacci numbers F - , 



1971] FIBONACCI NUMBERS AND EULERIAN POLYNOMIALS 21 

n = 0, 15 2S • • • a r e the momen t s cor responding to the mean ope ra to r 

6*0 -J f j ( x + | + ^ ) + f ( x . | . f ) j 
(9) 

oo Y 

E n+1 ^n e/ v 
n ST D f(x) 

n=0 

If we note that H (x|—l) = E (x), the Eu le r polynomials genera ted by 

2 e x t 

efc
 + 1 

we find that the operator inverse to 8 i s 

, n / 2 -1-= !„<-»" ̂ „ ( ^ K f(x) 
Ay/5 

The moment s cor responding to 5 a r e the number s 

( _ 1 ) n 5 n / 2 E / 1 _ W 5 \ n = 0 , 1 , 2 , . . . . 
n \ 2^5 / 

Another special case i s when p = 1 /2 , c t = 0, c2 = 1. We get that 

Ao = 1. A. = 1/2 (k > 0) are the moments of the operator 

(10) 8 f(x) = \ (f(x) + f(x + 1)} . 

The moments of 8 have, therefore, the generating relation 

1 + e n=0 
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and thus 

B 
A*0 = 1, A; = (1 - 2n) -± (n> 1) , 

where B are the Bernoulli numbers. 
Similarly, if we consider another mean operator, namely, 

n-1 
(11) Lf(x) = i £ f<x + k h > > 

n k=0 

we see that the moments corresponding to L are the numbers 

, m n-1 , m ( B ^ (n) - B ^) 
O - i o _ h v^ i m _ h I m+1 m+lf 
0 - 1 9 m " — ̂ 0

 k " "5" j " 5 m f ' 

where B (x) are the Bernoulli polynomials and B = B (0). m ^ J m m ' 
The moments corresponding to the inverse operator L are 

£* = hm g /m\ \ _ Qk = . 
m jf̂ Q I k I m - k + 1 
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