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Let 

(» ) 

and 

( * ) 
x(x - l)(x - 2) ••• (x - r + 1) 

1 « 2 « 3 . . . r 

for all complex numbers x and all positive integers re It is well known 
that 

and that for every non-negative integer d there exist integers s , n , s , - , ••• , 
s -,, such that 

<2> X " = Sd0 ( j ) + sdl (l) + Sd2 ( 2 ) + • " + S d d ( d ) 

holds for all x. (The s-,. are related to the Stirling numbers of the second 
kind.) Using (1) and (2), one obtains the summation formulas 

( 1 ) + S d l { 2 ) + 8 ° ' + s d d \ d + l / ' (3) 0d + l d + 2 d + — + n d = sd Q 

This paper presents alternates for (2) and (3) in which the s , . are r e -
placed by coefficients having symmetry properties and other advantages. Part 
of the work generalizes with the help of Dov Jarden1 s results from the f J 
to generalized binomial coefficients. * ' 
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Using the well known 

[rj + (r + l) \r + If 

one easily proves 

«t-.)-®M-(jh-i),-,H>,§§ 
by mathematical induction. Then (2) and (4) imply that for every non-negative 
integer d there exist integers a,, such that 

( 5 ) x ~ sd0 Id/ ' a d l (d) + a d l ( X d X) + ' " + a d d ( X d d ) 

From (1) and (5), one now obtains 

(6) 0
d + l d + . . . + n d = adQ 

For example, 

/x + l \ _,_ /x + 2\ ^ ^ /x + d + l \ 
d̂ + lj + a d l ( d + lJ + ' " + add ( d + 1 J 

x*= Q + n ( ^ 4 - ) + n ( % - ) + ( - 3 ) , 

»2 = ( n r H n 3 2 ) . 02 + I2 + 22 + - • • + 

and 

t.-e:1)-^2)^:3) 
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The l i s ted c a s e s of (5) suggest that the following may be t rue : 
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(7) 

(8) 

(9) 

(10) 

a , , = 0 
dd 

a d 0 "" * ~ a d 9 d - l 

a d j a d , d - l - j 

a , A + a , - + • • • + a , , i = l e2°3 . . . d = d! dO d l d , d - l 

Success ively let t ing x be 0S - 1 , 1, - 2 , 25 •• e in (5) e s t ab l i shes (7), (8), 

and (with the help of mathemat ica l induction) the s y m m e t r y formula (9). These 

subst i tut ions also prove that the a , , a r e unique8 One obtains (10) from 

^ - / A - - ^ ([©'•©' ©ty) 
,. r / - d , 0 d , , d w d+ln = l im Ml + 2 + - . . -i- n ) /n J n — ¥ oo L ' i i 

= [ ado + a d i + ' - - +ad,d-J/(d + 1 ) ! • 

A r ecu r s ion formula for the a , , is der ived a s follows: 

j=0 
d+1 .J \ d + 1/ 

d+1 

= *%*4* *>) 
d-1 
E a

d i [(x - d + j) + (d 
j=0 J v{sV) 
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d-1 
£ adi 
j=0 flJ 

(d + 1) ( S ; i ) + « - i > ( x d J ) ] 

= a dO (d
X

+1) + £ W + Wadj + td-J + D a ^ , ] ^ : ^ 

/x + d\ 
+ a d , d - i \d + iy • 

This and uniqueness of the a-,, imply that for j = 1, 2, • ° * , d - 1 one has 

(ID a , , - . = (j + l ) a , . + (d - j + l )a , . -d+1,3 ^ ' dj J d , j - l 

Using a , 0 = 1 and (11) gives us a, - - = 2a^- + d. Let E be the operator 
on functions of d such that Ey, = y , -. Then (E - 2)a.- = d and 

(E2 - 2E + 1)(E - 2)a d l = (d + 2) - 2(d + 1) + d = 0 . 

It follows from the theory of linear homogeneous difference equations with 
constant coefficients that there are constants e0, e l s and e2 such that 

a d l = e0 + e l ^ + e 2 " 2 ^ o r d = 1, 2, 3, 
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Using the known values of al l9 a2l9 and a31 one solves for e0, el9 and e2 

and thus shows that a,- = 2r - d - 1. Similarly, one sees that 

(E - 1)3(E - 2)2(E - 3)ad2 = 0 

and hence that there are constants f. such that 

ad 2 = (f0 + fjd + f2d2) + (f3 + f4d)2d + f5 . 3 d 

Determining the f., one finds that 

^ - ^ - ( " i 1 ) * 4 * ^ 1 ) -
Now (or after additional cases) one conjectures that 

dj = i^+ i -k ) d(d
k

+ i ) (12) a... 
k=0 

Because of the symmetry formula (9), we know that (12) is equivalent to 

(13) adj = d | ~ \ - l ) N d - j - k)d (d + *) 

Substituting (13) into (5) gives us 

(14 xd Sre^-'-^M} 
Since the a . . that satisfy (5) are unique, one can prove (13) and (12) by show-
ing that (14) is an identity in x. Since both sides of (14) are polynomials in 
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x of degree d, it suffices to verify (14) for the d + 1 values x = 0, 1, 
• • • , d» For such an xs (14) becomes 

Since I J = 0 for h = 0, 1, ' ' " , d - 1, one has 

St 

The right side sum in (16) is zero since it is a (d + 1) difference of a poly-
nomial of degree d". Hence (15) becomes the tautology x = x . This estab-
lishes (13) and (12). 

We next apply some of the above material to convolution formulas. It 
is well known (and easily shown by Maclaurin* s expansion or NewtonTs binom-
ial expansion) that 

x2 + ••• for -1 < x < 1 U7> a - ^ - ^ f r j - b ) 
Using (5) and (17), we obtain 

(18> ( a d ,d- l + ad,d-2X + - + a d , 0 x d ~ 1 ) ( 1 - X r d _ 1 = l d + 2 d x + 3dx2
 + - . - , 

| x | < 1 . 

Now let 

(19) p(dpc) = ad j 0 + a d j l x + - • a ^ . / " 1 = a d ( d _ 1 + a d f d _ 2 + - H-a^x*"1 . 

Then (18) can be rewritten as 
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oo 

(20) p(d,x)(l - x ) - ^ 1 = £ ' ( j + l )dx j , |x| < 1 . 

Also let 

(21) p(d,x)p(e)x) = q(d,e,x) = c ^ + c ^ ^ x + • • • + c d j e ) d + e _ 2 x d + e - 2 

Then 

(22) f ] kd(n - k)€ 
k=0 

is the coefficient of x in the Maclaurin expansion of 

q(d,e,x)(l - x) 

i. e. j (22) is equal to 

d+e 
(23) T 2 c t + x + A 

j ^ Cd5e5j [d + e + 1/ ' 

For example, since p(3,x) = l + 4x + x2, and p(2,x) = 1 + x , we have 

q(3,2,x) = (1 + 4x + x2)(l + x) = 1 + 5x + 5x2 + x3
 5 

and it follows from the equality of (22) and (23) that 

± #» - « • - ( » i l ) • < ( • ; 2 ) • . (• ; • ) + (" + » 4 ) • 
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We note that the recursion formula (11) for the a,, can also be derived from 
(20) using 

(24) d[xp(d,x)(l - x r ^ / d x = p(d'+ l ,x)( l - x ) " d " 2 . 

Next we turn to generalizations of (5) and (12) in which the sequence 
0, 1, 2, 3, ••• is replaced by any sequence U0, Uj, U2, U3, ••• satisfying 

(25) U0 = 0, Ui = 1, Un + 2 = gU n + 1 - hUn for n •=• 0 , 1 , 2 , - , 

and h2 = 1 . 

The following table indicates some of the well-known sequences that are in-
cluded for special values of g and h: 

g 

1 2 
1 

2 
L k 

h 

1 
-1 
-1 

(-Dk 

Sequence 

Natural Numbers: U = n n 
Fibonacci Numbers: U = F n n 
Pell Numbers: U = P n n 
U = F, / F . 

n kn ' k 

A key formula for the generalized sequence U is the addition formula 

U0U _,_ ^Q = U ^ U ^0 - U U , 2 m+n+2 m+2 n+2 m n 

which is established by double induction using (25) and verification for the four 
eases in which (m,n) is (0,0), (0,1), (1,0), and (1,1). 

We now assume that (g,h) is not (1,1) in (25); then (25) is ordinary 
in the sense of Torretto-Fuchs (see [1]) and so U f 0 for n > 0o Then 
we use the Torretto-Fuchs notation 

[s] -1- H u u 
m n-

U n-r+1 
U1U2 U for r = 1, 2, 
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for Dov J a r d e n ? s genera l ized b inomials . J a r den showed 2 that 

(26) E (-i)jh^1)/2 Td + 1 z . = 0 , 

th if Z n i s the t e r m - b y - t e r m product of the n t e r m s of d sequences each 
of which sa t i s f ies the r ecu r s ion formula (25). The sequence Z = PTJ i s 
such a product , hence 

(27) g ci*""-"* [d ; |] f 51] -
We a r e now in a posit ion to give the following genera l iza t ions of (5) and (12): 

(28) U = B , n 7 n dO 
In + d - l] 

[ d J 
+ B d l 

h + d - 21 
d + B d , d - l | d l ' 

where 

(29) B dj u d [d + x l uj+i-k L k J 

F o r m u l a (29) i s es tabl ished in the s ame fashion as for formula (12), with the 

vanishing of the sums of (16) rep laced by (27). 

We do not genera l ize the summat ion formula (6) since we a r e not able 

to give a general izat ion of formula (1). However , we do p r e s e n t the following 

summat ion formulas involving the genera l ized sequence U„ : 

(30) U 2 + U 4 + ' " + U 2 n = ( U L l + U n - U ? ) / U 2 

(31) U-UQ + U 0 U , + • • • + U U ' = U U ,-Uo ( 1 / U 0 1 3 2 6 n 3n n n+1 2 n + l ' 2 
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(32) U?UQ + U^U. + . . . + U 2 U 0 = l A j ^ / U o . 
1 2 2 4 n 2n n n+1' 2 

These formulas are easily probed by mathematical induction using the follow-
ing special cases of the above addition formula: 

( 3 3 ) Un+2 - Un = U2U2n+2 

<34) Un+2U2n+3 " U n U 2n + l = U2U3n+3 

The special case of (31) in which U = F isReckeTs problem [3]which 
brought to mind the well-known formula 

(35) I2 + 22 + S2 + • • • + n2 = n(n + l)(2n + l) /6 . 

These two special cases inspired the generalization (31). Then (32) was ob-
tained as a generalization of the well-known 

(36) I3 + 23 + 33 + . . . + n3 = n2(n + l)2/2 . 

The proofs of (31) and (32) produced (33) as a byproduct; then (30) follows 
readily using the telescoping sum 

E [U2U2k] = t K+1 - U|_i] = *n+1 + l£ - Ul 
S=l k=0 

Some special cases of (28) and a special case of (33) above were proposed by 
one of the authors [4], 

Formulas (5), (11), and (13) go back to J, Worpitzky and G. Frobenius 
(see [5] and [6]). These have been generalized in a different manner from 
our formulas (28) and (29) by L. Carlitz [7]. 
[Continued on page 73. ] 


