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1. INTRODUCTION

The area of Fibonacci research is expanding and generalized, and a
large number of known identities have been listed in many articles in these
pages and in the booklet [1]. Many new results and old will be summarized
in the forthcoming Concordance, edited by George Ledin, Jr., to appear in
1971, Here, we generalize the results of John Halton [2]. Leonard in his
thesis [3] also expanded upon this in several directions. David Zeitlin has

promised an all-encompassing paper to follow upon this generalization theme.

2. THE HILBERT TENTH PROBLEM

In [ 4] Matijasevic proves Lemma 17: F.?m Fmr iff Fm r. At the end
of the English translation, the translators suggest a sequence of lemmas

leading to a simplified derivation. We now prove it in an even simpler way.

Let
o = #_5__ , and g = 1_"_2_@ ,
then
m - =
o = osz + Fm—l and ,Bm ﬁFm + Fm_1
Recall
L
n o - B ’
then
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" ] amr _ )F rok (ak _ .Bk)
mr‘ kO m m-1 o -8
_ k _r-k
- ()melk

k=0

Next, F; = 0, and Fin divides all terms for k = 2. Thus,

[T r-1 _ r-1 2
Fmr = (I)FmFm-lFl = rFmFm_l (mod Fm)
Since (Fm ’ Fm-l) = 1, then the result follows easily. A sumilar result
could have been derived from
m _ -
o = F .. - BF_ and M = o - oF
3. THE DERIVATIONS
k _
Let o = AFk+t + BFk' Then,
,\/gak _ A(ak+t _ ﬁk+t) +B(ozk _ ,Bk)
= f@adt + 1) - Fad + B
Therefore,
_ t
Nb = Ae + B
0=a+B,
and
A= NB/EE - =y B o= gt = 6w
and thus

_ k t
(1) Fk+t = o Flt + BFk
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Since k and t are arbitrary integers, we may interchange them:
@) Fp. = BF, + o'F,

Equation (1) yields
@) QJFk+t _ a] E ( )Fn 1 i k(n—l) t1 _ Z(n)( 1)I:an 1F:§ k(n i)-ti+j
and, in a similar manner, Eq. (2) gives us:
@) k+t Z ( )(—1)tiF?—iFli{Bk(n—i)_ti+j )

Substituting (4) for (3), and dividing by N5 gives:

tin-i_i
(8) Fpit Z (3 )T TR ) _ti+

while adding (3) and (4) results in

n o _ n ti_n-i 1
B) LiFp,, = 120 (i)(—l) Fy O FL

kT k(n-i)-ti+j

We note that

1 k(n-i)-ti+j
2 = = - -
Ffnoi)-ti+) ~ 5 Tokm-i)-2tivzj ~ 26V )

K (n-i)-ti+]

2 = -
Lk-i)-ti+j = Vok(n-i)-ati+zj T 20D

and that
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. n P . s 02
(5) 2(-1)3[3‘21(:(-1)t + FZt(—l)k]n = (I;)FgglFlzk[2(-1)k(n_1)_t1+J]
i=0

Substitute 2j, 2k, and 2t for j, k, and t in(B), and subtract (5) to
get:

j t Y _ -i 1
LZ]FZ(k+t) - 2D [FZK(_D T Fyp(-1) ] ( )F ForFk(n-i)-ti+j °

We add the same equations to conclude that:

T + 2(-1)) [F )b+ T (D)E ! ( )Fn ipl
2j 2 (k+t) 2k 2t Zk k(n i)- ti+j*

These expressions may be simplified by observing that

n

[th(—l)t + th(-l)k]n = (-1)““[1«*2k + (—1)k_tF2t] ,

and that from the well-known identity

_ h
LyFy = Foup + CDF, s

it follows (by letting g = k+t and h = k - t) that

F,, + (-)<tF

2k 2t = L tFiat

Thus

©) - 2 1)J+tn _ ( )Fn -i 1

n
LoiFa () Freat Lt 2kl (n-i)-tit] °
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and

n
jttn_n LR - n-i_i
(D) LyiFoeay + 2CD7TFL L 12;6 ( )F okl (noi)-tie] *

We rewrite (1) and (2), using m in place of k:

_ _ m
aFm—Fm+t—BmFt and BF_ = TF_ .. -a™F,.

Therefore,

Z (k)( phpk-hgh

and
gtk _ i k) oy phmb
m =0 h m+Tt
1 . . n-kt -kt
Multiplying the first equation by « and the second by ,b’n , Wwe
get:
n h+n-kt k h h -n+kt
©) P )( binkepl-h gl :
and

k h+n—kt k-h h mh-n-+kt
£ (Hearinien
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We subtract (7) from (6) to get

k ,
k _ k h+n-kt+1_k-h _h
FoFm = hgo (h) -1) Frnst Tt Fmn-n+kt

or equivalently,

k
n+1 k kt k h_k-h h
-1) FnFm = (1) hz=:0 )( 1)°F m+1: tth n-+kt

Adding (6) and (7), we get:

k h-+n-kt k h _h
2 ( )( D m+tFthh—n+kt ’

or

n k kt k h k h h
)L F, = Z ( )( DF it F Umhoneke

Finally, we replace (—1)n+1Fn with F_n; (—1)nLn with L_n; and -n with
n to obtain:

k
K kt hpk-h ch
() F F. = (-1) hf_, ( )( D F Tt Frnbeen-ikt

(see [3]), and

k
kK _ kt h_k-h_h
() LyFm = D ;“:'O( )( D F e Pt Pkt



1971] TWENTY-FOUR MASTER IDENTITIES 7

As before, we observe that

2 _ 1 mh+n+kt
K nh+nkt 5 (LZmn+2n+2kt - 2(-1) )

that

2 - mh-n+kt
Lmh+n+kt Lth+2n+2kt + 2(-1) ’

that

2(- 1)n+kt[ sty * Hrlg ]k ) i ( ) . 1)th(h+t) zt[z(_l)mh+n+kt]

h=0

and that

+ (- 1)m+1 =

_ h . _ L .
LhF = Fg+h + (-1) Fg_h=$ (with g =m + 2t; h = m):F Foi

g 2(m-+t)
Lm+2tFm *
We replace m,n and t in (F) with 2m, 2n and 2t and perform the obvious

subtraction and addition to obtain:

k nekt k ko _ h k-h  _h o,
@ Ly Fom =260 L o Fm = 55'2)( )( D'Fy mp)FatF mhntkt
and
k nekt, k hpk-h  cho
) Ly + 260" o E Z ( )( U F o (m-t)F 2t M mhan-t *
. . m _
Starting with o = AFm ik T BLm

By a procedure identical with that used to obtain (1) and (2), we get:

(8) L aL = VEFm+k+ﬁkLm )
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and
n _ k

) B]Lk = -nNBF_, +aL_ ,
which lead to

mn+j.n _ ik(n-i)
(10) o Lk— ()V‘ m+kmﬁ o
and
a Ca ( )eniEtEL s g

i=

Subtracting (11) from (10) and dividing by ~5 gives

1L k(n- i k(n-i)-j
Pl = 1) }_, (1) VB [B070 D)

m+k m

or

_ it ! ) n-2i
an+] k = (1) Z (21 5 Fm+kI"m Fk(n-Zi)—j

1))
NG (.n )51F21+1Ln'21'1L o

2i +1 m+k Tm k (n-2i-1)-j

and adding (10) and (11) yields:
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j (n~i)- i kn-i)-j
Lo (1)2()“/_ P [0+ (k0]

i=0

or

- j i 21 1B~ 21
Lmn+;| k = D Z (21)5 m+k m Lk(n-Zi)nj

i=0
@ |
n-1
2 o .
j+1 n i2i+1 n-2i-1_
+ (1) ;1:6 (21+1)5 Fmlm  Fk@-2i-1)-j *

Equations (8) and (9) may be rewritten:

_ m
NBF g = @ Lk_ﬁkLm’
and
_ k
N/B-Fm+k - _BmLk o Lm ’
which give
j =n.n _ 1 n 1 i m(n—i)+j i
(12) N ( Jen' e g,
and
j =n - n—1 n-i i m(n-i)+j
(13) [NE F (1 L L 01 ﬁ .

_Adding (12) and (13), we get:
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V5L, Fm+k L ( )( 1)(k+1)1Lf{1 ii [ m (n-i)-ki+j +( 1)nﬁm(n 1)—k1+3] ’

which, in turn, provides

2n

K) 5nLjF2mn+k £ (Zn) 0L lzcn_‘.LmLm(Zn-l)—klﬂ ’

and

(L) 5nLjFi§1:13 = 2n+1 (zn * 1)(-1>(k+1)1 T m (2n-+1-i)-ki+
We subtract (13) from (12) to get:

VB HE T j m+k ( )( _py iy, n lLl[ m(a-i)-kity _( qyngm(n-i)-ki+y)
from which we get

) 5"F j m+k Z ) )(kﬂ)iLlin_ LmFm(Zm i)-ki+j ’

2n+1
n+1 2n+1 2n + 1 k+1)1 2n+1-i i
() 5 Fij+k iz—‘o ( )( 1) k LmLm(2n+1—i)—ki+j *

Once again, we note that
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2(-19[ Ly, - (-1)“"“L2m]2n
(14) _ Z ( )( 1)1L2n i 1 [2( 1)m(2n—i)—ki+j]

In K), we let j, k, and m be replaced by 2j, 2k, and 2m and sub-
tract (M):

j k-m 2n
5" Lz F2(m+k) 2(-2) [L2k - 1) LZm]

(15)
2n i, 2n-i 9
=9 Z ( )( DLy LZmFm(Zn i)-ki+j
The corresponding addition provides
j k-m ]Zn
5 LZ]FZ( +) + 2(-1) [LZK - (-1) Lom
(16)
2n
2n i 2n- 1 i 9
( )(_1) L ZmLm(m i)-ki+j
Since
_ +m k-m —m
FpimF=m = 'Bk ﬁk
- k
= & @ ™+ P 4 P
or
(17) 5Fk+ka—m = LZk - (1) LZm i

we can rewrite (15) and (16)-

n-1 i
5" LZJFZ(m+k) 2:5 ( D Fk+ka m
(®) (Zn) Zn -ici
- 1) L LZmFm(Zn i)-ki+j
and
.20 yin2n
5"L F2(m+k) +2'5 ( 1) Fk+ka m
@

2n 1 2n-i 2
E( ) DL 2k LZmLm(Zk-l)-k1'+j
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We next observe that

+ -
2(-1)™ J[sz _ (-fl)k mLzm]2n+1
2n+1
_x f2n + 1 ip 2n+H-j i m(2n+1-i)-ki+j
= ]-;Z;'b ( ; )(—1) Lop LZm[Z(—l)

and again we employ (17) and treat (N) as we did (K) to conclude

n+1 2n+1 .p2n+l m+j..2n+1 _2n+1
5 FZjFZ(m+k) +2:5 (-1) Fk+m Fk—m
(R)
_ 2:%_2:1 2n + 1) gy 20tl-ii g
- i 2k 2m m 2n+1-i)-Ki+j
and

2n+1 2n m+jF2n+1 2n+1

5°F.F

2j" 2(m-+k) ~ 2:577(-1) k+m T k=m
(8)
_ Zgl (Zn + 1)(_1)1L2n+1—iLi -
Fry i 2k 2m~ m(2n+1-i)-ki-+j
Starting with
m _
(18) o = ALm+k + BLm s
we get
; — nm
.le+k '\/5(1 Fk + ,BkLm .

Interchanging variables does not produce a second useful equation. However,
= 1 1
(19) Y = AL+ BL

yields
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B Kk
Loy = -vﬁﬁran+aLm

m-+

Proceeding as usual, we get

. n - ‘L.
a]Liln+k - Z%) (1)( 1)(m+1)1 '\/_anml ;{k(n—1)—m1+3 ,
1=
and
jo _ mi 1 n- 1 (n-i)-mi-+j
APl = ( )( D Lm k :
Adding,

LJ m+k Z ( )( 1)1111 V—l n-i 1[( 1)1 k(n-i)-mi+j + ﬁk(n 1)_m1+3]

or equivalently,

Lh [n/Z]( )1n2121
2i

] Lk = Fie Ly (n-21)- -2mi+j

(T)

2]
2 n\_i+l. n-2i-1_2i+1

m i+1_n-2i-
+(-1) 1Z=:0 (21+1)5 Lm Fk Fk(n—Zi—l)—m(Zi+1)+j

and subtracting,

m k

E (%)« ) 1 p-i [(_l)iak(n—i)—miﬁ _ ﬁk(n—i)-mi+j]

] m+k
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or

n [n/z] i; n- 21 21
jm+k T ( )5 k k(n—Zl) m(2i)+j

2 . . .
m . n i n-2i-1_2i+1
+ (-1) i§=0 (Zi + 1)5 Lm Fk L

()
k(n-2i-1)-m (2i+1)+j *

We rewrite (18) and (19) and proceed as before:

k _ m
L @ =L k+r\/§B F

m+
and
_ m
Lmﬁk = Lpax - \Ba Fie

yield

Jotipn ) jEl i i-j

LD = Z_: ( (-1 B kﬁm
i=0

and

kn+j. n - n) 1+] ipn-i pi mi-j
Ly = 3 () oINS, e

We add, to give

kn+Jm (I)JZJ()\/—121—+kk[mlj+(1)lmlj] ’
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or

. [n/2] . C o
no_ 4l ny i n-2i,2i
kn+ij -1) 12:=0 (21)5 Lm+kFl& LZmi—j
v n-
e L2 . .
_yJti n ) i+l n-2i-1_2i+1
+ (1) i}:-% (21+1,5 bk T Fm(iti)-j

and subtract, for

BF,_ L = % (?)(—1)3\/'5“1an' ikFL[Bml‘J - (piomi-i]
i=6 .

or
... [n/2] . C o
no_ oyl n) i, n-2i_2i
Flasbm = €77 2 (2] i Fommios
(W)

. L2 . . R
j n i n-2i-1_2i+1
+ (1) :%__:0 (Zi + 1}5 bk Fi Lm(21+1)—j

3. EXTENSION TO FIBONACCI AND LUCAS POLYNOMIALS

The Fibonacci polynomials {fn(x)} are defined by:
fix) = 1; fax) = x; fn+2(x) = an+1(x) + fn(x) .

The Lucas polynomials are similarly defined:

L) = x5 bx) =x+2 L & ==t & +LE.

15
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Let )y and )y be the roots of A2 = x\ + 1;
=1 32 . =1 2
ME) = -Z-(X + Xt +4); E = g(x - Nx2 4+ 4) .,
It is easily verified that:
£,6) = 036 - @)/ 04E) - 15()
and
L&) = NE + A .

In view of the striking similarities between the Binet forms of the Fib-
onacci and Lucas polynomials, and the corresponding forms forthe Fibonacci
and Lucas sequences, it is bardly surprising that there exists an identity in-

volving N(x), NE), fn(x) and ﬁn(x) paralleling each identity involving

a, B, Fn, and Ln' For example, corresponding to (A), we get:
& [n tin-i,

(197) LI 00 = 1256 ( i) -D7g (X)til{(x)fkn+j—(k+t)i(x)’

and, corresponding to (E), we have:

k
® e = Y (K)cotdhdor )

};:0 h mn-n-+kt

In fact, the identities (A) through (W) are special cases of the Fibonacci-Lucas
polynomial identities, obtained by setting x = 1.
One observes that fn(Z) obeys: Cn+2 = ZCn+1 +Cn; Cy =0, Cy=1.

This sequence is the Pell sequence. Since

L& =1 6 +f &,
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one can define
t@ =c =c . +cC
n( ~ Yn T

to make complete substitutions in identities (A)-(W).

4. A FURTHER EXTENSION

Let g (x) obey g .,(x) =xg . & - g, &) go®) = 0; gyx) = 1.
Then

g, ) /(N=2 + 4{[(x + Nx2 + 49/2]" - [x - N2 + 4)/2]"}

O - /0y - )

where XAy and )y are roots of Ay - xA + 1 = 0. Also, let
— 1 n _
hn(x) =Ny + N = gn+1(x) - gn_l(x) .

These sequences of polynomials are simply related to the Chebychev poly-

nomials of the first and second kind.
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