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1. INTRODUCTION 

The area of Fibonacci research is expanding and generalized9 and a 
large number of known identities have been listed in many articles in these 
pages and in the booklet [1]. Many new results and old will be summarized 
in the forthcoming Concordance; edited by George Ledin5 J r . , to appear in 
19718 Here, we generalize the results of John Halton [2]. Leonard in his 
thesis [3] also expanded upon this in several directions. David Zeitlin has 
promised an all-encompassing paper to follow upon this generalization theme. 

2. THE HILBERT TENTH PROBLEM 

In [4] Matijasevic proves Lemma 17: F2 | F iff F |r. At the end 
of the English translation, the translators suggest a sequence of lemmas 
leading to a simplified derivation. We now prove it in an even simpler way. 

Let 

1 + N/5 , fl 1 - N/5 a - _ ajid p = . — — 

then 

^ = aFm + Fm-1 «* t* = ^m + F m - 1 "m m-1 m 

Recall 

r n a - p 

then 
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_ _ « m r - ^ _ f , r ] F k F r - k (ak - pk) 
m r a - p £Q\ k / m m-1 a - p 

,*-i I k# m m-1 k k=0 

Next, F0 = 0, and F2 divides all terms for k > 2. Thus, 

F ^ S U 1F F ^ F - = rF FT~\ (mod F2 ) 
mr — \1 / m m-1 1 m m-1 v m 

Since (F w » F w n ) = 1, then the result follows easily. A similar result m m-1 J 

could have been derived from 

am = F ^ - pF and jS111 = F _,, - aF m+1 m ^ m+1 m 

3. THE DERIVATIONS 

Let ak = AFk+(. + BFk. Then, 

^ak = A ( c k + t - ^ + t ) + B ( a k - f) 

= critic? + P) - ^(AjS* + B) 

Therefore, 

is/5 = AoJ + B 

0 = AjS* + B , 

and 

A = ^/{a - &) = 1/Ft; B = - ^ A = - 0 * / ^ , 

and thus 

(1) F k + t = ^ F t + ^ k ' 
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Since k and t are arbitrary integers, we icnay interchange them: 

(2) F k + t = ^ F t + a \ . 

Equation (1) yields 

(3) JFl+t = J £ ( ^ " X ^ - V 1 = E(")(-wtlif'1i4
k
Q,t<n"f)"titJ' 

and, in a similar manner9 Eq. (2) gives us: 

(4) ^i+t = t [ " I Y - D ' X - 1 ^ ^ - ^ 

Substituting (4) for (3), and dividing by N/5 gives: 

<*> v^"?j°) , - i , F °" ' F ^(»- i ) - t i + J i=0 

while adding (3) and (4) results in 

(B) v»+t = t ^)(-^r<\^)-u+i 

We note that 

TT2 - 1 n 9( -n^n-D-ti+K 
Fk(n-i)-ti+j ~ 5 Uj2k(n-i)-2ti+2j ^ - i ; ' 

T 2 = T + ^ - • n k ( n " i ) " t i + j 

^kdi-D-ti+j ij2k(n-i)-2ti+2j AK x' 

and that 
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(5) 2 ( - l ) i [F 2 k ( - l ) t
 + F 2 t ^ . 

Substitute 2j, 2k, and 2t for j , k, and t in (B), and subtract (5) to 
get: 

We add the same equations to conclude that: 

L2JFS(k +t) + ^-^[^(-D* + F2t(-l)k]n = £ ( ^ ^ 4 ^ 0 1 - 1 ) -

These expressions may be simplified by observing that 

[F^-1)' + F2 t(- l)k]n = (-Dta[F2k + (-Dk-%tf , 

and that from the well-known identity 

L h F g = F
g + h + ( - 1 ) h F

g - h • 

it follows (by letting g = k + t and h = k - t) that 

F 2k + <-1 ) k _ t F2t = L k - t F k + t 

Thus 

( C ) L2jF2(k+t) _ 2 ( " 1 ) J + n F k + t L k - t _ 2 (1i)F2t l F l2kFk(n-i)-t i+j ' 
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and 

We rewrite (1) and (2) 9 using m in place of k: 

h = F ^ - j ^ F . and / F = F ^ - a m F, . . 
m m+t t ^ m m+t t 

Therefore, 

A ^ Z ^ - U - F " ^ 

and 

mh 
H m ^ \ h j v m+t t 

Multiplying the first equation by a and the second by p " , we 
get: 

m "°F» - & (i;)M>1,+,'-kv->t<j,"h-

and 

<" ^ - i i h i f - " " - * ^ ^ mh-n+kt 
h=0 
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We subtract (7) from (6) to get 

F Fk = T M(-D h+n-kt+lFk-h F h p 
,—Q i±±# m+t t mn-n+kt 

, = 0 |iif axx-.u u mh-n+kt 

or equivalently, 

Adding (6) and (7), we get: 

so vi - &(iV-»Mt<>>^t • 

or 

(-l)nL Fk = (-l)kt E (k)(-l)hFk-!lF?L n m A l | h Iv m+t t : , n , u , in• u «, mh-n+kt 
h=0 

Finally, we replace (-1) F with F_ ; (-1) L with L_ ; and -n with 
n to obtain: 

k 

(see [3]), and 
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As before, we observe that 

V2 = A (i 9( -i\mh+n+ktv 
mh+n+kt 5 v 2mn+2n+2kt 

that 

Lmh+n+kt L2mh+2n+2kt * 2(""1) 
mh+n+kt 

that 

k k 2w»°+kt[F2(m+tl * w i » \ ] - E (i) ^X£«A[*-»M>] 

and that 
,m+lT L u F = F _i_u + (-D F u => (with g = m + 2t; h = m):F 0 / ,. v + (-1) ' ~F0. = h g g+h N g-h & 2(m+t) v ' 2t 

L m+2t F m e 

We replace m,n and t in (F) with 2m, 2n and 2t and perform the obvious 
subtraction and addition to obtain: 

«• v L - «-«^4*< - »g(J) <-»"«,*,*> 2 
mh+n+kt J 

and 

® v L - 2<-»n*XUt4 - £ (h) <-»M£+,>^ 2 
i—n %"# «v"±.w «u mh+n+kt 
h=0 

m Starting with a = AF +. + BL . 
By a procedure identical with that used to obtain (1) and (2), we get: 

(8) a m L. = N/5F _,, + /^L , 
k v m+k r m ? 
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and 

(9) i ^ L , = - N / 5 F ^ + tfL , 
k m+k m 

which lead to 

do, «n"X-i|(°)^1"UC','ik,n"^ 

and 

01) ^ ' L " . £ (°)(-l.1^'Fii4kL-'<,«»-V 
1=0 * r 

Subtracting (11) from (10) and dividing by N/5 gives 

W * - ̂ g (^^1-14+^"'^,°"""J - M>'«k<"-iH] 

or 

v Tn - MJ+1 ^V^fM^F 2 1 Tn"2iF 
^mn+Tk _ ( _ 1 ) £ £ l 2 i / 5 F m+k L m Fk(n-2i)-j 

0) 

\—1 
j to \2i + l ) m+k m Lk(n-2i- l)- j 

and adding (10) and (11) yields: 
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o r 

• rn/21 a . . 0 . 
T n _ , 1 g L ^ J n \ 1 2i T n -2 i 

V j L k " l"1} i j \2i)5rm-*kljm Lk(n-2i)-j 
(J) 

+ (• j + l L y , J / n \ i 2i+l T n - 2 i - l 
1} £* U i + l p m+kLm *k(n-2i-l)-J 

and 

Equations (8) and (9) may be rewr i t t en : 

v m+k k m 

N / 5 F _,_, = -jS^L. + aL v m+k ^ k m 

which give 

(12) «> ^ + k = £ ( M ( - l / L ^ L J ^ ^ V 1 

i=0 V f 

and 

<» *• ̂ x , * - s (. )(-i»"-i
Lri^H'!m(,,-I)+) 

1=0 * f 

Adding (12) and (13), we get: 
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V5nYm+k = t (*)(~l)(k+1\-^^ , 

which, in turn, provides 

2n ^v J i „2n _ y . I2n l , ,(k+l)i 2n-i i 
^ 5 L j F m+k ~ £* [i p-1' L k LmLm(2n-i)-ki+j 

and 

n ) .n „2n+l _ 2 ^ 1 / 2 n + l \ , ,(k+l)i 2n+l-i i 
(L) 5 L . F m + k - 2 - \ i / ( - D L k

 LmFm(2n+l-i)-ki+j 

We subtract (13) from (12) to get: 

from which we get 2n 

and 

/lvn _n+l_ ^2n+l 2 £ i 1 /2n + l \ , n,(k+l)iT 2n+l-iT i T 
( N ) 5 F j F m + k = L [ i J (-« \ LmLm(2n+l-i)-ki+j 

Once again, we note that 
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<M) - 1 (f)(-»lL2ri4mt<-»m(2°-1,-kl+)] 
In (K), we let j , k9 and m be replaced by 2j9 2k, and 2m and 

tract (M): 
5V2U>-2 (-1>J[L«-- ,-1 , k~m L- 12n 

<15> 2„ 
2j 2(m+k) v ' L 2k l ' 2mJ 

= 6|(2°)<-1,lLS"i4A«2»-1,-, i = 0 \ * i — — xxxX^-A/-ki+j 

The cor responding addition provides 

(16) 
J2j 2(m+k) 

2n 

- s (?) 
i=0 l x # 

, 1 vi 2n-i i T 2 
l -U i , 2 k ^ 2 m m(m-i) -k i+j 

Since 

__ _, , k+m Ji+niw k - m i - m , 
5Fk+mFk=m = {a - r )</* - r ) 

= « 2 k - ( a ^ ) k - m ( a 2 n
 + ^ m ) + ^ k , 

o r 

<17> 5 F k + m F k - m = L 2k " ( - 1 ) k _ m L 2 m • 

we can r ewr i t e (15) and (16): 

n - 1 2n 2 ^ 2 n " 1 ( l)h2n F 2 n 

5 L 2 j F 2 (m+k) " 2 5 (~1 } F k + m F k - m 
2n (P) _ y - f 2 n \ , , i 2n- i i 2 

~ f^ V i lK'1} ^2k ^ m m(2n-i)-ki+j ' 

and 

5nT F 2 n + 2 - 5 2 n ( - l ) j F 2 a F 2 n 

5 L 2 j F 2 (m+k) + 2 5 { 1} * k+m1' k - m 
<Q> 2n „ _ f i / 2 n \ , i 2n-i i 2 

~ itS I i J*-1' L2k L2mLm(2k-i)-ki+j 
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We next observe that 

2(-l)^[L2k - (-Dk-mL2J2n+1 

= i f (2ni+ ^(-l)^4 1-^^-!)"1^1-"-^] 

and again we employ (17) and treat (N) as we did (K) to conclude 

(R) 
5a+1F9.Flf+1., + 2 . 5 2 n + 1 ( - l ) m + J F 2 f 1 F ^ n + 1 

2j 2 (m+k) ' k+m k-m 
2n+l £T /2n + l \ , -v i^n+l -L- i T 2 
j jg I i / l ' 2k ^2ni m(2n+l-i)-ki+j 

and 

(S) 

-1§1(Vl)t-«1i^1X.l i£* \ i / v " 7 2k 2m m(2n+l-i)-ki+j 

Starting with 

(18) am = AL . + BL 
m+k m 

we get 

m+k v k K m 

Interchanging variables does not produce a second useful equation. However, 

(19) tf00- = AfL ^ + B!L 
r m+k m 

yields 
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m+k k m 

Proceeding as usual, we get 

and 

^Lm+k = t ( " K I ^ W L ^ ^ - ^ 

Adding, 

L.Ln , = V (^)(-l)ml^1L1I-iFI
ir(-l)iJt ( ,1- i )-m1^ + ^(n-D-mi+jl j m+k ^ Q \ i / m k L J 

or equivalently, 

C ^ 2 ] / n \ - i T n -2L T T n L / J # n \ I n-2i.c,2iT 
L j L

m + k = £ U ) 5 L m FkL: 
(T) 

[—1 ,m L A J / n \ i+1 n-2i-l 2i+l 
t-1' -L \ 2 i + lJb m *k *k(n-2i-l)-m(2i+l)H 

and subtracting, 

^FjLm+k = t (^ ( - l^^^F^f - l ) 1 ^^-^-^ 1 1 - 1 ) -^ ] 
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or 

n _ in/%] i n \ i 11-21^21^ 
FjLm+k " . |g l i | 5 L m JjkJJk(n-2i)-m(2i)+j 

( U ) r i 

M v i n L f - ' / n \ i t-n-2i-l1?2i+lT 
j to \ 2 i + l J 5 m V l jk(n-2i-l)-m(2i+l)+j 

We rewrite (18) and (19) and proceed as before: 

L ak = L ^ + /s/5BmF. m m+k k 

and 

L p = L ^ - N/5ofmF. nr m+k k 

yield 

akn+JLn = f |n\ J ^ i n-i î mi-J 
m ^ \ I I m+k k̂  

and 

1=0 % * 

We add, to give 

Lkn+) )L» - '-1'1 § ("KC^t1"1-1 • <-«'«"""'] 
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or 

^ + J c = ^ j [ f ] ( 2
n i )^ tx% m H 

+ ( i)i+i T i n W + 1 T n " 2 i - V i + 1 F 
( ' h l2i + l j 5 Lm+k Fk Fm(2i+l)-j i=0 

and subtract, for 

• ^ W m " | (" l ' - 1 '^ '^^^'" 1 " <-»'«°"")] 

or 

Fkn+jLm " ( _ 1 ) 3 + §. (Sl^m+k^^mi-j i=0 
(W) 

.Tn \ 2 i + l / m+k k m(2i+l ) - j i=0 

3, EXTENSION TO FIBONACCI AND LUCAS POLYNOMIALS 

The Fibonacci polynomials ( f ( x )} are defined by: 

fife) = 1; f2(x) = x; fn+2(x) = xfn+1(x) + y x ) . 

The Lucas polynomials are similarly defined: 

it(x) = x; l2(x) = X2 + 2; ^ ( x ) = x*n+1<x) + ^(x) . 
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Let At and A2 be the roots of A2 = xA + 1; 

At(x) = ±{x + Wx2 + 4); A2(x) = ±(x - ^x2 + 4) . 

It is easily verified that: 

fn(x) = <A?(x) - \f(x))/(X1(x) -A2(x)) 

and 

£n(x) = An(x) + An(x) . 

In view of the striking similarities between the Binet forms of the Fib-
onacci and Lucas polynomials, and the corresponding forms for the Fibonacci 
and Lucas sequences, it is nardly surprising that there exists an identity in-
volving Ai(x), A2(x), f (x) and It (x) paralleling each identity involving 
a9 jS, F , and L . For example, corresponding to (A), we get: 

(19-) f.Wf^x) = ± («](-l)tifJ-V)((x)fkn+..M).(x) , 

and, corresponding to (E), we have: 

(E.) fn(x)f> = <-l)kt J ) (J) (-Dht^(x)fmn+n+kt(x) 

In fact, the identities (A) through (W) are special cases of the Fibonacci-Lucas 
polynomial identities, obtained by setting x = 1. 

One observes that f (2) obeys: C , 0 = 2C ,- + C ; C0 = 0, Ci = 1. 
n TL*£t n+x n 

This sequence is the Pell sequence. Since 

L (x) 
XT 

= f _,_- (X) + f - (X) , 
n+ l v n - l v 
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one can define 

I (2) = C* = C ^ + C -nN n n+1 n - 1 

to make complete substitutions in identities (A)-(W). 

4. A FURTHER EXTENSION 

Let gn(x) obey gn+2(x) = xgn+1(x) ~ gR(x); g0(x) = 0; gl(x) = 1. 
Then 

gn(x) = l / ( ^x 2 + 4}{[(x + N/X2 + 4 ) /2 ] n - [(x - N/-X? + 4) /2] n } 

= (A? - X?)/(Ai ~ A2) , 

where A* and A2 are roots of A2 - xA + 1 = 0. Also, let 

\ ( x ) = A? + Af = gn+1(x) - g ^ W . 

These sequences of polynomials are simply related to the Chebychev poly-
nomials of the first and second kind. 
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