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DAVID ZEITLIN 
IVlinneapolis, Minnesota 

1. INTRODUCTION 

Let W0j Wl9 a f 09 and b f 0 be arbitrary real numbers ? and define 

(1.1) Wn + 2 = aWn + 1 - bWn, a2 - 4b f 0, (n = 0, 1, •• •) , 

(1.2) Un = (an - fp)/{a - P) (n = 0f 1, . . . ) , 

(1.3) Vn = a?n + ^ (n = 0, 1, •••) , 

(1.4) W_n = (WQVn - W n ) /b n (a = 0, 1, •••) , 

where a -f p are roots of x2 - ax + b = 0. If W0 = 0 and Wj = 1, then 
W = U , n = 0, 1, • • •; and if W0 = 2 and W4 = a, then Wn = Vn9 n = 
09 1, • • •. Our first result is 

Theorem 1. Let W and W* be solutions of (1.1). Let r , m9 and 
n be integers (+, - , or 0). Then? for k = 0, 1, 9 8 e , 

as) E ^ Q W ^ ^ W ; ^ ^ 

= b r k i4 | o ( - i )3 (^ -%j w ; + . . 

Special cases of (1.5) are given by 
Corollary 1. 

d.6) i; (-D^V;1 u1 u x , A. = b^tf u , 
i=6 V1/ r + m r n+rk+im m n ' 

357 
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.^Q \ : 1 / r + m r n+rk+im m n ' 

(1-8) E (-IH^II^T1 uW ., . = brk Tp V , 
w) \ i / r+m r n+rk+im m n 

d.9) | ( - ^ ( f ) V f ^ V* Un+2kr+im - (a* - ^ V ^ ^ ^ , 

d.10) I <-l)f f ) v ^ j vi Wn+2kr+im - (a* - 4 b ) k b ^ U > n . 

(LID | ( - D 1 ^ ) ^ v*r vn+2kr+ im = (a* - 4 b ) k b 2 k V k v n . 

2E1(-D1f2k.+ 1 )v2 k + 1- iv iv 
.•^ v ' \ i / r+m vr n 

2k+l 
. nMZK + i l ^ i c n - V , 

n+(2k+l)r+im 

(1.12) 

= -fe» - 4b)k+V2k+1)rU2k+1U . 
m n 

•̂ 0 ^ i / r + m r Un+(2k+l)r+im 

(1.13) 

= - ( a2 -4b ) k b ( 2 k + 1 ) r U 2 k + 1 V . 
m n 

Our next result related to Theorem 1 is 
Theorem 2. Let W be a solution of (1.1). Let r9 m, and n be in-

tegers (+, - , or 0). Then, for k = 0, 1, • • • , we have 
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¥ k W , ^ m kr+n 

(l614) r- . , 
L^-i>/2j , k . } k _ 2 j _ x 2 j + 1 

-ifi 12j + 1 P 4 b ' b V r + m U r ( W l V n - ( 2 j + l ) m 

0 n - ( 2 j + l ) m - l 

V
k u = TJ I k W - 4 b ) j b 2 j m V k _ 2 J TI2J TT 

V m U k r + n . ^ ^ 2 j f a m b V r + m U r Un 

[ (k- l ) /2 ] 
+ 

(1.16) 

+ L"i: (? .k
+ 1Va2-4b)V2 j + 1 ) mvk^-v^v ,9..,, , 

,^0 ? 2J + 1 / r+m r n- (2 j+l )m ' 

V
k V = V i k \ (a2 - 4b) j b 2 j m V k - 2 J TI2J V 

V m V k r + n ^ \2]}(& 4 b ) b V r + m U r V n - 2 j m 

+ [(kE/2]( ^ .W-W^b^V-^-V^u „.+1, 
j=0 V 3 ' r + m r n-(23+l)m 

2. PROOF OF THEOREM 1 

Let W* = S x a n + S2j3a and W n = C ^ n + C2j3n
? n = 0, 1, • • • , where 

S. and C.j i = 1, 2? a r e a r b i t r a r y cons tan ts . Since W0 = Ct + C2 and 

Wi = Cjtf + C2jSj we read i ly find that 

k 
(2.1) (a - pM = (Wi - ^W0)k = £ (-D^Jw^WiJ^ , 

(2.2) ( a - / ? ) k C 2
k = ( t fWo-Wt)* = ( - l ) k £ ( - l ^ C j l w f ^ w j a 3 . 

i =0 \ J » 
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Let L denote the left-hand side of (1.5). Then, using the binomial theorem 
and representation of W ' , we have 

k k 
(2.3) L = S 1 a n + r k ( W r + m - a m W r ) + S 2 ^ 1 + r k (W r + m - / P v y . 

Since 

Wr+m " ^ m W r = ( / ^ - am)fFc 2 

and 

r+m r 

we obtain, using a/3 = b9 (2.1), (2.2), and (1.2), 

L = S l b r k a n ( r - ^ ) k C k + S2bTkpn(am - ^ ^ c \ 

(2.4) = b ^ U ^ a Y D ^ - /3)kC2
k

 + S2 A * - <3)kCk} 

= b * ^ £ (-D^jw^wJ ( S , ^ + S ,^ ) = R . 

where E denotes the right-hand side of (1.5). 
If Wr s Ur and W* = U , then W0 = 0 and (1.5) gives the special 

case (1.6), noting that all terms in the right-hand sum of (1.5) vanish except 
for j = 0. 

Since 

(2.5) Wn = W f t U + 1 + (Wi - aW0)U , 

we obtain (1.7) from (1.6); and (1.8) from (1.7) when W = V . 
If Wn s Vn (i.e. , Ct = C2 = 1), then (2.4), with k = p, gives 
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(2.6) L = b 1 * U ^ (a - jS)p(S1an(- l ) p
 + S2i8n) . 

m 

Noting that (a - jS)2 = a2 - 4b, then (2.6), "for W* = U ( i . e . , St = -S 2 = 

l/(cif - 0 ) ) , gives (1.9) for p = 2k and (1.13) for p = 2k + 1. Using (2.5), 

we get (1.10) from (1.9); and (1.11) from (1.10) when W = V . 

If W* = Vn ( i . e . , Sj = S2 = 1), then (2.6) gives (1.12) for p = 2k 

+ 1. 
If a = - b = 1, then U = F , and (1.6) gives the identity of Halton 

[ l , p. 34] a s a special c a se . 

3. PROOF OF THEOREM 2 

Our method i s a genera l iza t ion of a proof used in the unpublished M a s -
r i r r 

t e r ? s t he s i s of Vinson [ 2 , pp« 14-16 J. If we t r e a t a and jS a s the un-
r r m r J H r 

knowns in the sy s t em (a - jS)U = a - jS and V = a a + fr fi , we 
obtain 

V aT = V ^ + (a? - j S J j ^ U and V ]3r = V , - ( a - j8 )a m U . m r+m ^ r r n r r+m ^ r 

k k 
Since W k r + n = C t an (aT) + C2j8n(/3r) , we obtain 

ir k k 
V W, = CiQfn(V + (a-P)f!aiV ) +Co^ 1 (V_ L - (or - jS) armU ) m kr+n * r+m ^ ^ r ^ r+m ^ r 

(3 1) k 
v^ / k \ / m i _ r k - i T T i / aJQ-i ,~ n - m i , , -vi« 0 n-miv 

= L I i ] ^ - P) Y
T+m

JJY{a^ (Cia ( _ 1 ) ° 2 ^ *e 

Now 

~ n - m i , / -v ip J i - m i Cjtf + (-1) C2/T 

= [(Wi - /3W0)an~mi + (- l)Vw0 - Wt)^~mil/(* ~ P) 

^n-mi _ ( • p y - m l ) ( a n -ml - l _ ^ y - i n l - l , 
_ _ bw0— - j - : p — 
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Since (a - /3)2 = a2 - 4b5 we obtain (1.14) from (3.1) for i = 2j and i = 2j 
+ 1. 

If Wn = Un? then W0 = 05 w t = 1, and thus (1.14) gives (1.15). If 
W n s V n ' t h e n W° = 2f Wi = a ? a n d t i l u s ( l e l 4 ) S i v e s d-1 6)* noting that 
Vn = aUn - 2bUn_1 and that 

a Vn " 2 b V l = 2Vn+l " aVn = ^ ' 4b>Un ' 

4. EXTENDED RESULTS 

Our next class of results are of a higher level order than Theorem 1, 
since we now essentially replace W* in (1.5) by its cross-product with itself. 

Theorem 3. Let W and W* be solutions of (1.1). Let r , m, p, 
—— n n ^ 

and n be integers (+, - , or 0). Then9 for k = 0, 15 • •• , 

£ {-1}t^iL^^ - 4b> 

(4.1) = b * ^ m £ < ^ 
J +b2w2*v A lM. 0) 

o p+n-rk+j-2' 
- (Wf - aW0*Wf + bWn* )bnV Uk (W4V _, - bW0V _, - ) k . 1 u l u p-n m * r+m u r+m-1 

Corollary 3. In special cases of (4.1), we have 

Z (-l^V'll w*v . v . 
r^L V1/ r+2m r p+im n+im 

(4.2) = b r k u | m E ( - l ) J ( j ) w ^ - j w J V . . 
p+n-rk+j 

+ bnV Uk (WiV - bWnV - )k . 
p-n m v * r+m ° r + m - 1 ' 9 
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k 

(4.3) 

(4.4) 

(4.6) 

(4.7) 

£ (-i)1(^uk"l, uV . v . 
f ^ v ' \ij r+2m r p+im n+i n+im 

b r k n k + b^V l ^ V k , 
2m p+n-rk p-n m r+m 

r ^ X1 / r+2m r p+im r 

/ 2 yiu\ku2rkTT2k TT , t 2 / f Uv2k,nT 7 TT2kTT2k = (a.* - 4b) b UI V ± „ , + a - 4b b V U U , , 2m p+n-2rk p - n m r+m 

2E1(-Di(2k+i)v2k:i- iviv . v . 
&Q \ i / r+2m r p+im n+ii 

(4-5) = _(a2 _ ^ + 1 ^ ( 2 ^ 1 ) ^ ^ 
v ' 2m p+n-r(2k+l) 

J. / 2 / i u \ 2 k + 1 K n T r T T 2k+l T T 2k+l 
+ (a^ - 4b) b V U U , , 

v ' p -n m r+m 5 

n+im (a2 - 4b) g ( - ^ ( ^ l ^ r V i m ^ i 

= b*^m^(-l)J(^)wJ-Mv: •R) \ J / p+n-rk+j 

b n V 1 ^ (W-tV ^ - bW0V _,_ - )" p -n m J r+m u r + m - 1 
k 

(a 2 -4b)E(V(^;L U rVim U 
n+im 

b r k u 2 m V
P + n - r k " ^ p - n U m ^ + m ' 
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E^Wv^Vu,. IT . f^n \ i / r+2m r p+im n+im 
(4.8) 1 _ u x ' 

2m p+n-2rk p - n ' m r+m ; 

y:+1(-i)if2k.+ 1W2 k
9

+ 1- iviu . u 
&0 \ i / r+2m r p+im r 

(4.9) = - (a^-4b) k b r ( 2 k + 1 )u 2 k + 1 U + , „ _ . 
2m p+n-r(2k+l) 

- (a* - 4b)2 kbnV U 2 k + 1 U 2 k + 1 . p-n m r+m 

Closely associated with Theorem 3 is 
Theorem 4. Let W be a solution of (1.1). Let r , m? p9 and n be 

integers (+, - , or 0), Then, for k = 0, 1, ••• , 

E (-W^Wll wiu • ^ 
f?0 V1/ r+2m r p+im n+i 

n+im 

<«« -"*'4ng<-»10KMvMb, 
+ b n U Uk (WiV - bW0V , ) k 

p-~n mv 1 r+m ° r+m-1 

Corollary 4. As special cases of (4.10), we have 

£ ( - l ^ V ^ o Ui;U . V 
"n+im 

(4.11) 
= b r k Uk U A , + b n U Uk Vk 

2m p+n-rk p-n m r+m 
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2k y (-1)1 / 2 k \ v
2 k- i v1 u 

j j o \ i / r+2m r u p+i 
(4.12) 

. V . p+im n+im 

= (a* - 4 b ) k b 2 r k u f IT „ . + (a* - 4 b ) 2 k b n U U 2 k U 2 k , 
2m p+n-2rk p -n m r+m 5 

2^^vf2^+1)v2k:l-iviu . 
.4$ \ i / r+2m v r p+i 

p+im n+im 

W-13) = _ f e l k ^ 1 ) ^ + 1 
2m p+n-r(2k+l) 

, / 2 ,iu\2k-H , n TT TT2k+l TT2k+l + (a^ - 4b) b U U U , 
p - n m r+m 

R e m a r k s . Since U~ = U V , we note that for p = n , (4.10), (4.11), 

(4.12) and (4.13) reduce to special c a s e s , r e spec t ive ly , of (1.5), (1.6), (1.9), 

and (1.13). 

5. PROOF OF THEOREM 3 

We readi ly find that 

(5.1) W* W * . = S ^ V ^ + S ^ P + V ^ + S i S ^ V b m i . p+im n+im 1 L*^ ^ 1 L p -n 

Le t (a2 - 4b) • L denote the left-hand side of (4.1). Then, the binomial 

t h e o r e m , us ing (5.1), g ives 

L = s i a P + n ( W i 9 - a2mW ) k + S ^ P + n ( W ^ - / 3 2 m W ) k 

,_ 9v 1 r+2m r L r r+2m r 
+ SiS2bnv (w_,0 - b m w.r . 

1 L p -n r+2m r 

Since W = Cjc/1 + C2J311, we have , us ing (2.1) and (2.2) for k = 1, 

<5-3) ( W r + 2 m " b m W / = U > i V m " b W » V m - l > k s Y • 

Noting the re la t ions cited after (2 .3) , we have 
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L = S 2
1 b r k a P + n - r k C 2

k ( ^ 2 m - a2m)k 

(5.4) + S 2
2 b r k ^ + n - r k C k ( « 2 m - p2m)k + S l S 2 b n V p _ n Y 

= b r k I ^ m j s 2
1 o p 4 l l - l k ( - l ) k ( a - )S)kC2

k + $[P+a-rk(a - /3)kCkf 

+ S l S 2b n V p _ f l Y . 

Recal l ing (2.1) and (2.2), we now have 

L = brkU^mg (-l) j0W%J(S^^ 
(5.5) 

+ S i S 2 b n V Y . 1 L p -n 

Since (a - p)St = W* - 0W* and {a - p)S2 = orW* - W*> additional s imp l i -

fication of (5.5), using cr/3 = b , a + /3 = a , and (a - /3)2 = a2 - 4b , y ie lds 

(4.1). 

If W* = V , then Wjf = 2 and W^ = a, and thus (4.1) gives (4.2), 

noting that 

a 2 V - 4abV n + 4b2V 0 = (a2 - 4b)V . c c - 1 c-2 c 

We get (4.3) f rom (4.2) when W = U . 

If W = V , then (4.2) gives (4.4) and (4.5), which a r e a lso obtained 

from (5.4), where St = S2 = Ct = C2 = 1. 

If W* = U , then (4.1) gives (4.6), which gives (4.7) for W s U . 

If W = V , then (4.6) gives (4.8) and (4.9), which a r e a lso obtained from 

(5.4), where now CA = C2 = 1 and Sj = -S2 = (a - p) . 

6. PROOF OF THEOREM 4 

We readi ly find that 

tr i\ TT tr °P n 2mi £ p n ^ m i , , nTT K mi 
(6.1) U ,. V , . = o & - -—n p + b U b 
N p+im n+im a -p a- p p - n 
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Let L denote the left-hand side of (4.10). Then, the binomial theorem, 
using (6.1), gives 

L - trrp ( W
r+2m - a W r } " 7F^ ( w

r + 2 m " * W r } 

(6.2) 
+ bnU (W ^ - b m W ) k 

p-n r+2m r 
, rkTTk , p+n-rk, -Jk, m k n k 0p+n-rk/ mk~kW / 0. 

2m 

+ bnU Y . p-n 

Using (2.1) and (2.2) in (6.2) gives the desired result (4.10). 
We obtain (4.11) from (4.10), where W = U . If W = V , then v ? n n n n9 

(4.10) gives (4.12) and (4.13), which are also obtained from (6.2), where CA = 
C2 = 1. 

7. ADDITIONAL SUMS 

Closely related in proof to the above theorems are the following results: 
Theorem 5. Let W and W* be solutions of (1.1). Let m, p, and 

n be integers (+, - , or 0). Then 

1 <D W ^. W* . (k > 0) 
p+rni n-im 

(7.1) 

where 

(7.2) 

= b P U ^ ( a 2 - 4b)k"1Z1(m,k) , 

W 0 W * V n-2 jm-p + l " <bW»Wo*+ Wl W l*)Vn_2.m_p 

+ bWfWiV ^ ^ s Z ^ . J ) 

(7.3) 

2k+l .... . . . 
(k = 0, 1, : • • ) 

i=o — ' - " i m g1 (-l)f\+1)VimWt 
= b * V k + V - 4b)k.Z2(m,k), 

where 
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W 0 W * V ^ + D m - p H - l - ( b W o W * + W i W * ) U n - ( 2 j + l ) m - p 
(7.4) 

+ bWo'WiU / 0 . ^x - = Z2(msj) . 
u 1 n-(2j-fl)m-p-l ^ SJ 

Corollary 5. As special cases of (7.1) and (7.3), we have 

2k / \ 
(7.5) T, ( - D M ^ J U _,_. U . = -b P U 2 k (a 2 - 4b)k _ 1V „. 

•^0 \ 1 I P + i m n _ i m m n-2km-p 

(7.6) J ( - « ' H v r V . = bPU2k(a2-4b)kV ••^0 \ 1 / P + i m n-im m n-

|„ «*{?>, (7.7) y ; ( - l ) M ^ J u j . . V . = -bpU2 k(a2 - 4b)k U p+im n-im m n-2km-p ' 

(7.8) Y] (-1H 2 k J V J.. U . = b p U 2 k (a2 - 4 b ) k U 
•'=3) \ x / P + i m n-mi m n-

(7.9) T ( - l ) 1 ^ 1 ) U p + i m U n _ i m = - b P l ^ V - 4b)kUn_(2k+1)m_p 

(7.10) ^ ( - l / f ^ + ^ V , - V . = b p U 2 k + 1 ( a 2 - 4 b ) k + 1 U l9M, ^TA V 1 / P+iin n-im m N n-(2k+l)i 

(7.1D ^ ( - i ) 1 ^ 1 ^ . - v • 
•TQ \ i / P + i m n - i 

. = -b P U 2 k + 1 (a 2 - 4b)kV „ . ^ . im m v n-(2k+l)m-p 
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Theorem 6. Let W and W be solutions of (1* 
n n 

n be integers (+, - , or 0)8 Then, for k = 0, 19 . . . , 

Theorem 6. Let W and W be solutions of (1.1). Let m, p , and n n ' *> 

(7-12) ( E ( k ) W ^. W* . |(a2 - 4b) = 2 k Z 3 + b P V k 

\ -̂ o \ V p xm n - im / n m
Z 4 ' 

where 

(7.13) Z3 = WiW*Vp+n - b(W0*W! +W0W1*)Vp+ri_1 +b2W0W0*Vp+n_2 

= Z3(p,n) 

(7.14) Z4 = W0Wf V ^ . . ^ - (bW0W0* + W ^ X ^ p 

Corollary 6. As special cases of (7.12), we have 

(7.15) 

1 E f k V A. U . j(a2 - 4b) i H yiy p+im n-im Jr 

= 2kV A - b P V k V . 
p+n m n-km-p 

. P ^ k -(7.16) y ( k ! V . V . = 2kV , + b F V~V , 
x ; . ^ l i l p + i m n-im p+n m n-mk-p 

sO)' (7.17) F f ^ l u . V . = 2kU _, - b P V k U . 
\ J 'X«/ ^ l i l u p + u n n-im p+n m n-mk-p 

Remarks. Special cases of (7.5, (7.6), (7.9), and (7.10) for Un s F n 

V = L w( n n 
and Bicknell [3]. 
and V = L were given, using matrix methods, in the paper by Hoggatt 
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8. PROOF OF THEOREMS 5 AND 6 

We readily find that 

/ 0 1X p+im n-im 
W - ' i m W n - i m = S A ^ ^ ^ + C . S , ^ 1 1 1 ^ 

+ C1S1«P+n + C 2 S 2 ^ + n . 

For r > 0, we obtain, using the binomial theorem, 

k™1® W ,. W* . p+im n - i m 

( 8 ' 2 ) = S j C ^ ^ d - a-m{P)T + C&cPftl - amfTm)T 

= b P U ^ ( a - ^ ) r ( S 1 C 2 a n - m r ^ + ( - l ) r C 1 S 2 i S n - m r ^ ) , 

Using (2.1) and (2.2), (8.2) gives (7.1) for r = 2k and (7.3) for r = 2k + 1. 
Special cases (7.5), . . . , and (7.11) are readily obtained from (7.1) and 

(7.3) for the choices indicated, 
Using (8.1) ? we readily find that 

£ (k) w __. w* . = 2k(c j s, cP+n + c2 s2 /sP+n) 
H I i l p+im n - i m * i i & i ** > 

(8.3) 
+ b P ^ ( S 1 C 2 a r l l - m k - P + C1S2/3n-n i k - p) . 

Using (2.1) and (2.2)5 (8.3) reduces to (7.12). Special cases (7.15), ••• , 
(7.17) 9 are readily obtained from (7.12). 

9. MORE SUMS 

Introduction of new integer parameters requires that we redefine cer-
tain identities by notationally including parameters previously suppressed 
for simplicity. Thus, we define Zjfm, j 9 p9 n) by (7.2); Z2(m,j,p?n) by 
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(7,4), and Z3(p,n) by (7.13). Using (8.1), we can obtain the following r e -
sults, whose lengthy details are omitted* 

Theorem 7, Let Wn, W* and W^ be solutions of (1.1). Let m, p, 
—"""——-——————— xi n n 

n, and r be integers (+, - , or 0). Then, we have 

E (-iH2 kIb~mV^0. w _,_. w* . (k > o) 
£ Q \ i / r+2im p+im n-im 

(9.1) 
= (a2-4b)k"H-2kml4kW-2kmZ3(Pjn) 

+ b P + r (a2 - 4b)k"1U2^1 [Wrz 2 (4mk,0 ,p + r - l ,n) 

- W f Z2(4mk, 0, p + r , n ) ] , 

Y (-1)1 ( 2 k + 1 )b"m iW** W . W * . (k > 0) 
A \ i I r+2im p+im n-im v - ; 

2k+l 

E 
i=0 

(9.2) 

/ 2 ., v k - l u - m ( 2 k + l ) T T k+l r ,TTr**Tr = (a* - 4b) b U m [ bW0 V r + m ( 2 k + 1 ) _ 1 

< V r + m(2k + l ) ] Z 3<e> n > 
1 

J2m 

• w f ZiCm, 2k + 1, p + r , n) ] 

+ bp + r (a2 - 4 b ) k _ 1 U ^ + 1 t^o" Zi(m,2k + l , p + r - l ,n) 

5(0' 
(9.3) 

(a2 - 4b) £ [^) b " m i W - 2 i m W p + i m W * _ i m (k > 0) 

= 2 k b P [wf c Z 2 (0 , k, p - r , n) - b w f Z2(0, k, p - r + l ,n)] 

+ bp+rVk
m[W0*, :Z2(2mk,0,p + r - l ,n) - w f z 2 (2mk, 0, p + r ,n)] 

b -mk k ** z8(p,n) . 
m r+mk 0Nr 

Remarks. As a typical special case, we get from (9.1), 
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8 <-i>ifrym iij+ 9 . n . u . <k>o) 
JTQ \ i / r+2im p+im n-im ' 

<9'4) = & - 4 b ) k " 1 b - 2 k m U 2 k U +9k V + 
m r+2km p+n 

+ b p + V - 4b)k"1uf U , . 
2m n-4mk-p-r 

Theorem 8. Let W^, W*9 and W ^ be solutions of (1.1). Let m, 
p, n9 q, and r be Integers (+, -9 or 0). Then 

2k . / v 
£ ( - l ) f fw _,_. W ,. W* . W* (k ^ 0) 
£ J y 1 J D+im a+im n- im vr_i™ ^K * u ' 'p+Im "q+im vvn-im v vr-im 

(9.5) 
b P U ^ ( a 2 - 4b)k"2Z1(m> kf p , n)Z3(q9r) 

+ b q U^(a2 -4b)k- 2Z1(mf ks q9 r)Z3(p9n) 

+ bP^(a»-4b)k-2uf A(V+ A , ) , 
2m n+r-p-q-4mk' 9 

where 

A(W**) = (W0 Wj )2 W*f2 - 2W0 WJ (bW0 W0* + Wt W? JW*^ 
(9.6) + [ b2 (W0 W0* )2 + 4b W0 Wi W0* Wjf + (Wj W* )2 ] W** 

- 2bWcTw1(bW0W0* + W i W f j W ^ + b2(WoWi)2W? 
i 

2 

2k+l 
V ( - l )M 2 k . j |w ,. w ^ W* . W* . ( k > 0 ) 
•4Q \ i / P+im q+im n-im r- im 

(9.7) = b P u ^ + 1 (a2 " 4b)k~lz2(ni> k5 pf n)Z3(q9r) 

+ bqU^+1(a2 - 4b)k~1Z2(m9k9q9r)Z3(p9n) 

. b P - V - ^ - ^ ^ A ^ ^ ^ ^ ) . 
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Remarks. As a special case of (9.5), we have 

(9.8) 

2k . / 9 1 \ 
V ( - l H ^ J U _,. U _,_. U . U . (k >0 ) 
•"=0 \ 1 / P + i m Q.+im n ~ in i r - i m 

= -bPU2 k(a2 - 4 b ) k ' 2 V 91 V ^ 
m n-2km-p q+r 

- b q U 2 k ( a 2 - 4 b ) k " 2 V 91 V ^ 
m r-2km-q p+n 

+ bP+q(a2 - 4b)k"2U2 k V 
+ b la m U 2 m V r - p - q - 4 m k e 

For Fibonacci, F , and Lucas, L , sequences, we obtain from 
(9*8)5 with a = -b = 1, 

2k g (-l) IF . F . F . F . (k > 0) 

1 1 1 p+im q+im n+im r+im 
0-9) = ( - l ) r + 1 5 k - 2 F 2 k L + 9 I _ L 

' m n+2km+p q-r 
._ .n+1 k-2 2k k-2 2k 
1 ' m r+2km+q p-n 2m n+r+p+q+4mk 

Theorem 9. Let W , W*, and W** be solutions of (1.1). Let m, n n n 
p , n, q, r , and t be integers (+, - , or 0). Then 

(9 10) V (_l) i (2 k1b~m lW'!* . W . W . W* . W* . (k > 0) 
\y.xv) ^ M ' ^ j " vvt+2im p+im q.+im n-im r - im v ' 

= bp + t(a2 -4b)k - 2U2k
n[W0*, =Z2(4mk,0,p+t-l ,n) - w f z ^ m k . O . p + t . n ^ Z a t a . r ) 

+ bq+t(a2 -4b ) k " 2 u | k
n [WfZ 2 (4mk s 0 ,q + t - l , r ) - W f Z2(4mk,0,q + t,r)]Z3(p,n) 

+ b P*V - 4b) k - 2 u^KA(a n W t . p _ q . 2 i n k ) - b<A(an+rl t_p_q.2 ink_1)] 

+ i ^ v - ^)k-2TJ2^[wrA(^r_v_q_t_6mk+1) - wrA(un+r_p_q_t_6mk)] 

+ b_ 2 m k(a2 - 4b)k-2U2^W^2mkZ3(p)n) Z8(q,r) 

+ b-2mk+n+q(a2 _ 4b)k-2U2
n

kW^2mkVp+r_n_qD(W0!W1)D(W0*) W?) , 

where 
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(9.11) D(W0,Wi) = -(Wj - aWflWj + bW2,) . 

V (-1)1 f2k.+ M b " m l W*f„. W M. W ^ W* . W* . ( k > 0 ) 
t^L \ i / t+2im p+im q+im n-im r - im 

2k+l 

E 
i=0 

= bP+t(a2 - 4b)k~2U2k^1[W0*,'z1(m,2k + l , p + t - l ) n ) 

- w f z 1 ( m , 2 k + l ,p+t ,n) ]Z 3 (q ) r ) 

+ b q + t ( a 2 -4b ) k - 2 U^ 1 [W 0 *"z 1 (m,2k + l , q + t - l 5 r ) 

- w f z 1 ( m , 2 k + l > q+t , r ) ]Z 3 (p ,n) 

+ b P + q ( a 2 - 4 b ) k - 2 U 2 k + 1 [ W r A ( V i _. , 9 1 r + 1 J 
/Q 1 9\ m L * n+r+t-p-q-m(2k+l) 

u v n+r+t-p-q-m(2k+l)-l J 

+ & n (az-4b) U0 rWn A(V , . 0 /0i , - , \ , i ) 
3m L u v n+r-p-q-t-3m(2k+l)-Kl 

- wrA(v n + r _ p - q _ t _ 3 m ( 2 k + 1 ) ) ] 
,, -m(2k+l), o ,,. vk-2TT2k+lru„oK*TT 

+ b (a2-4b) U m [ b < V t + m ( 2 k + 1 ) _ 1 

- < W j k + l ) J Z ' * , ' n ) Z ' ( q ' r ) 

+b-m(2k+i)+n^(a2 _ 4 b ) k X k ^bw 0 ^ t + m ( 2 k + 1 ) _ 1 

' W " V t + m(2k + l ) )D(W0*,Wf)D(W0) W l ) V + r _ n _ q . 

Theorem 10. Let W and W* be solutions of (1.1). Let m, p, n, 
q, r , t, and s be integers (+, - , or 0). Then, for k > 0, 

2k s < - ^ p+im q+im s+im n-im r - im t-im 

= b V ^ a * - 4b)k"3Z1(m,k,s,t)Z3(p,n)Z3(q,r) 

+ bp l^(a2-4b)k"3Z1(m)k,p ,n)Z3(q,r )Z3(s , t ) 

+ bqU2^(a2-4b)k"3Z1(m,k,q,r)Z3(p,n)Z3(sJt) 

(9.13) + b ^ U ^ ( a » - 4 b ) k - 3 Z , f a . t ) A ( V n ^ . I M 1 _ 4 i n k ) 

+ b p ^ ( a » - 4b)k-3Z3(q5r)A(Vn + t_p_s_4 m k) 

+ b q + S U 2 k (a2 - 4b)k-3Z3(p,n)A(V ) 
Z m r + t q s 4 m K (Continued, next page.) 
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•+ b P+q+t n 2k fe2 _ 4 b ) k - 3 D ( w ^ W i ) ; D ( w ^ w * ) Z l ( m 9 k | P + q + t _ r „ s ? n ) 

m 
+ bn-Hi+S u2k( a 2 _ 4 b ) k - 3 D ( W o ) W i ) D ( W o * w * ) Z l ( m ) k 5 S j t ) V p + r _ n _ q 

+ W o W t b ^ U ^ - 4 b ) k - 3 A ( V n + r + t _ p _ q _ s _ 6 m k + 1 ) 

" <W*8 + W ^ b ^ U ^ a 2 - 4b)k-3A(Vn+r+t_p_q_s_6mk) 
+ W 0 * W i b P ^ + s + 1 u f (a2 _ 4 b ) k - 3 A ( V + „. R . ,) , 

u J 3m n + r + t - p - q - s - 6 m k - l 

2k+l 
Z-» X~A/ i j I v v p+im" v q+im V ¥ s+im ¥ V n- Im v v r - im V ¥ t - im E (-in2 k + Mw _,_. w _,_. w _,_. w* . w* . w*. (k > o) 
4-* I l I n+mn m+im fi+im n-im r - im r.-im 

= b S U ^ + 1 ( a 2 - 4 b ) k " 2 Z 2 ( m , k , s , t ) Z 3 ( p , n ) Z 3 ( q , r ) 

+ b P u 2 k + l ( a 2 _ 4 b ) k - 2 Z 2 ( m j k j P ) n ) Z 3 ( q > r ) Z 3 ( S } t ) 

+ b V k + 1 ( a 2 - 4 b ) k ~ 2 Z 2 ( m , k , q s r ) Z 3 ( p , n ) Z 3 ( s , t ) 

(9.14) + b M C < a 2 - 4W^.<s.t)A(UnHT.p_<t.2m(afcf l ) ) 
+ b P + S u 2 m + 1 ( a 2 " 4 b ) k " 2 z 3 ( ^ r ) A ( U n + t - p - S - 2 m ( 2 k + l ) ) 

+ b ^ U ^ a 2 - 4 b ) k - 2 Z 3 ( p , n ) A ( U r + t _ q _ s _ 2 m ( 2 k + 1 ) ) 

+ hv+q+tV^+1(&2 - 4b)k"2D(W0 !W1)D(W0*,W|)Z2(m5k,p + q + t - r - s , n ) 

+ b n + q + S U ^ + 1 ( a 2 - 4b)k"2D(W0)W1)D(W0* W ^ Z a d n . k . s . t ^ ^ ^ ^ 

+ W o W f l T ^ V - 4b)k-2A(U n + r + t_p_q_s + 1_3 m ( 2 k + 1 ) ) 
- (bW0W0* + W l W ? ) b ^ + S U 2 k f (a2 -4b)k-2A(Un + r + t_p_q_s_3 m ( 2 k + 1 ) ) 

+ w f w . b ^ ^ V - 4b)k-2A(Un+r+t_p_q_s_1_3m(2k+1)). 

R e m a r k s . As a special c a se of (9.13), we have 

2k 

S -'(•) U . U ,. U _,_. U . U . U. . (k > 0) 
p+im q+im s+im n - i m r - i m t - i m 

(9.15) 
- b ^ a 2 - 4 b ) k - 3 V t _ 2 k m _ s V p + n V q + r 

- b P U m (a2 " 4 b ) k " 3 V 2 k m - p V r V t 
- b ^ ( a « - 4 b ) k - 3 V r _ 2 k m _ q V p H f l V f l 4 t 

n (Continued, next page . ) 
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+ b^vf (a* - 4b)k"3V +. V + 
2m s+t n+r-p-q-4mk 

+ b p+ S u 2k (a2 _ 4 b ) k - 3 v v 
2m q+r n+t-p-s-4mk 

+ b q + s u 2 k <a» - 4 b ) k - 3 v + v t 
2m p+n r+t-q-s-4mk 

_ bP^q+t 2k, 2 _ 4 b ) k - 3 y 
D u m â to> v

n_2km-p-q-t+r+s 

n t q + s ^ k 2 k-3 
HI t-2km-s p+r-n-q 

_ bP+q+sIJ2k fa2 _ 4 b ) k -3 
3m n+r+t-p-q-s-6mk 

10. BINOMIAL SUMS WITH TRIPLE CROSS-PRODUCTS 

The following results are an extension of Theorem 3. 

Theorem 11. Let W be a solution of (1.1). L 
n 

be integers (+, - , or 0). Let pA + p2 + P3 = p. Then 

Theorem 11. Let W be a solution of (1.1). Let m, pl 9 p2, and p3 

1 <-«i(?)*mv2m,2t-'v;(fr w fJj * >«, 

(10.1) = 0^<»> - 4b)k_1 £ (-U'fjVf-NbW,)1^ p+2mk-i 

3 P4 
D(W0>W1)b4mkUm

i(a2 - 4b) k - 1 £ b j W p _ 2 p . _ 2 m k . 

^ ( - D 1 ^ ^ ^ (bmv„ )2k+1-v f r r w +. ) k.io) 
its V x / 2 m m \ j = 1 P j + i m / 

(10.2) = -U2,^1 (a2 - 4b)k_1 £ (-D^^W^ObWo)1 
Vp+m(2k+l)-i 

D(W0 )W1)b2 m ( 2 k + 1 )U2 k + 1(a^ - 4b)k-1Y1 
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where 

(io.3) Y l = Z bP%iVp_2pj.m(afcfl) - b w . v ^ . ^ ^ ) . 

Special cases of Theorem 11, with pA = p2 = P3 = ns are given by 

I -W 2k 
"'/0,_" (bmv9 ) 2 k _ iv1 u 3 . (k > o) 

2m m n+im 
(10.4) 

/ ? / iu\k-l /TT2^ TT o ln+4mkT T2kT T v 
(az - 4b) (Uo U 0 J 0 . - 3b U U 0 , ) , 

3m 3n+2mk m n-2mk 

l«/(j). 2k . / O I x 91 • • Q 

(bmv9 r R ~ v v* (k > o) 
2m m n+im (10.5) 

(10.6) 

/ ? ^u\k/TT2k TT , o ln+4mkT T2kT T v 
(az - 4b) (UQ V0 l 0 , + 3b U V 0 , ) , 

3m 3n+2mk m n-2mk 

z1(- i ) i ( 2 kr1Umv9 )2k+1-v u3,. (k^o 
. ^ \ 1 / 2m m n+im ^ 

2k+l 

i=0 

, o .. vk -1 , TT2k+lTT , oun+2m(2k+l)TT2k+lTT v 
( a 2 " 4 b ) ( " U 3 m V3n+m(2k+l) + 3 b U m V m ( 2 k + 1 ) ) • 

2k+l 

(10.7) 

!k+l / \ 
V ( - l ) 1 ^ 1 ) ^ ^ )2k+1-V V3

+. (k^o) 
£ - \ 1 / 2m m n+im ^ 

, 2 . . vk+1 , TT2k+lTT <3,n+2m(2k+l)TT2k+lTT , 
= (a2-4b) (-U3 m U 3 n + m ( 2 k + 1 ) - 3b U m V m ( 2 k + 1 ) ) 

11. BINOMIAL SUMS WITH FOUR CROSS-PRODUCTS 

The following r e s u l t s a r e an extension of T h e o r e m 3. 
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Theorem 12. Let W be a solution of (1„1)9 Let m, p l 5 p2s P3, and 

p4 be integers (+, - , or 0). Let Pi + P2 + P3 + P4 = P» Then 

M.D f / - » t f ) » m v 3 n / k - ' t ( ] T w p . + l m ) *>») 

V2l V - 4b)-2 g (-U'Qw" <bw0>> 

• ^ ^ . w . K a * - * > " i b2 m k™«v_2 p i_2 p i + i 

U^D(W0,Wi)(a2 „ 4b)k-2 Zi-^rM'hhWo)1^ 
. 4 4mk+p. 

b JV p-2p.-2mk-i ' 

> 0 ) (n.2) 5 N - i ) i ( 2 \ + 1 ) ( b
m v 3 m ) 2 k + 1 - V i ( T T w v i m ) (k_> 

+ (umu2 m>2 k +w«,w^-v*-1 |:bm(2k+1)+p^-%_2pi_2pi+i 

U ^ D W o . W i K a 2 - 4b)k"1 
2m 

by 
Special cases of Theorem 12, with pt = P2 = P3 = P4 = n, are given 
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I ">® (bm )2k-i 1 4 
3m m n+im (k > 0) 

(11.3) 
u 2 k ( a 2 _ 4 b ) k - 2 v 

4mv 4n+2mk 

_,_ a TT2kTT2k . 2 AU\2k-2
 u2mk+2n + 6U U0 (^ - 4b) b 

m 2m 

- 4U2k (a2 - 4b)k"2b4 m k + nV 
4 u 2 m la 4D) b v

2n-2mk 

(11.4) 

I -t) m 2k-iv i 4 
N 3m m n+im 

+ 6 u f ( a 2 - 4 b ) 2 k b 2 m k + 2 V k 
z m m 

, . TT2k . 2 ., vk, 4mk-fnTT + 4 U 0 (az - 4b) b V0 0 . 
2mN 2n-2mk 

(k > 0) 

(11.5) 

2k+l . / ' ^ i \ 
2 (-irt^ + Mo)1 

i=0 \ x / 

L }2k+l-i i n 4 
3m m n+im 

-U 
2 k + V ^ b ^ u 4m 

+ 6(U UQ m 2m 

4n+m(2k+l) 

)2 k + 1(a2-4b)^"Ab" 2k-l,m(2k+l)+2n 

+ 4 U ^ + V - 4 b > k-1, 2m(2k+l)+n 
2n-m(2k+l) 

(k > 0 ) 

(11.6) 

2k+l . / 0 ! , 1 \ 

i=0 
(bmV. ) 2 k + 1 - V V4 . v 3m' m n+im (k > 0 ) 

- U ^ + 1 ( a 2 - 4 b ) k + 1 U 4 n + m ( 2 k + 1 ) 

+ 6(U U9 ^ k + l ^ ^ k + l ^ k + l ^ n 
m 2m 

. TT2k+l . o .,vk+l, 2m(2k+l)+nTT 
- 4 U2m ( a " 4 b ) b U2n-m(2k+l) 

12. BINCMIAL SUMS WITH MIXED CROSS-PRODUCTS 

The following results are companion results for Theorems 11 and 12. 
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Theorem 13. Let W be a solution of (1.1). Let m, pt, p2, and p3 

be integers (+, - , or 0)„ Let p t + p2 + p3 = p. Then 

- *^ -^ 1 S<- i ) i p )wf^a ,wA I H t a W 

(12.1) 3 

+ D ( W 0 , W 1 ) b t o l V k
( a 2 _ 4 b ) k - 1 2 : b P J v , 0 , m j=2 p-2p.-2mk 

J J 

û V - ^ - V - ^ g ^ ^ - W A p _2P1. 2mk-i ' 

T <-«'(2v V w 1 - ^ ( V l m ] ^ wPj+jm) ^o, 
T2k+1 2 4b)k|:(-l)1(2

1)wf-1(bWo)IUE -U3m'A (a" - •"" . ^ ™ Viy VVI W , V ° ' up+m(2k+l)-i 

(12.2) 

D(W„ ,W 1 )b 2 m ( 2 k + i y i k + 1
( a 2 -4b ) k | : b P Ju , , , , 

m .4* p-2p.-m(2k+l) 

- U ^ V - 4b)kb2m(2k+l)+Pl £ (_1)iQw2-i(bWo)iUp_ 
2p1-m(2k+l)-i 
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| <-!>>(?) (b»Y2m)2k-'Yi (upi+lmTT Wpj+lm) * 

U3m(a2 " 4b)k_1 ? (-D^iJwi'^bWo)1^ 
2 

(12.3) 

+ U ^ . W ^ - 4b)*-1 f b 4 ^ Up_2p _2mk 
3~* 3 

I <-»' (?) *"%» >2k"X (vi»]3 v ) * *0) 

+ U ^ ( a = - 4 b ) k | ; b ^ ^ U p . 2 p _ 2 m k 
3-^ 3 

- ( a 2 - 4 b ) k U ^ b 4 m k + P 1 V 2 p i _ 2 m k , 

2y ; 1(-l) i(2 k + 1](bmV0 )2 k + 1-V (v A. T I W , . ^ (k>0) A v ' \ i / 2m' m I pj+im !_2 p +im J 

= U 2 k + 1 ( a 2 
U3m l a 

(12.5) 

- C W W - W^1 f b ^ ^ i v _2p..m(2k+1) 
3 - ^ 3 

• <a> - « " ^ b ^ l R P , | ( - U ' l ^ w f - ' W Y ^ , ^ . , 
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(12.6) 

TT2k+l , 2 ,, xk TT - U 3 m ( a 2 - 4 b ) V p + m ( 2 k + 1 ) 

U ^ + 1 < a * - 4b ) k V b 2 m ( 2 k + l ) + P j m p g p-2p . -m(2k+l ) 

+ (a* - 4b) k U 2 k + 1
 b2Hi(2kH-l)+Pl 

m p-2pi -m(2k+l) 

T h e o r e m 14. Let W be a solution of (1.1). Le t m 9 p l 9 p 2 , P3, and 
p 4 be in tegers (+, - , o r 0). 

Let Pi + p2 + P3 + P4 = p. Then 

- "2 - * > " < t <-«'(?)w?-I»w0)'np+2mk_. 

w + » w . - " ^ - W t - 1 « W W " ' , | ^ , + p , + 1 w p _ 2 p i _ 2 p i + I +i 

• DW..W.H.. - W " 1 ^ i/4mk+PiWp_2p._2mk 

tf - «"»*.,<-">>• § ^ ( ^ * * . > ' v * , ^ . 
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2£1(-Di(2 k + 1)(bmVq )2 k + 1-V (v A. TTW x. ) (k>0) 

3 

§ *~"' U / "^ W",U/ Vm(2k+l)-i 
(12.8) 

= -(a2 - 4b)k-1U^+1 £ (-D^Jwf-^bWojV 

+ D(W0,Wl)(a2 - 4 b ) 2 k ( U m U 2 m ) 2 k + 1 g b - < 2 k + 1 ) + P ^ - i W p _ 2 p i _ 2 p i + i 

, » ., ,k - l TT2k+l, 2m(2k+l)+Pi v* / i^f^-nfi-itum \kr - ( a 2 -4b ) U 2 m b H L (-D ( J W i (bW0) V2P l -m(2k+l)- i 

- tf - 4b)k-1D(w0)w1)u2k
n

+1b2m(2k+1)y2(2k + i) , 

where 

4 p. 
(12.9) Y2(k) = X) & ](WiV _ . - bW0V „ . J 

* r£ * p-2p.-mk u p-2p.-mk-l j=2 

(k>0) I < - » t ^ 3 m > 2 k - v ( n vPjtlm) ( n wPj+im] 
.(12.10) 

= to'-W^ g (-W1(?)w?-1(bW,)1VlHaink.1 

(a2
+4b)2k-1(UmU2m)2kb2-k+P^ g ( - ^ ( i J w f - W ^ ^ , 

3=1 F F1 F2+j 
(Continued5 next page*) 
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+ (a* - 4b)k-1U2k £ b4mk+Pj L (-D^Jwf-WAn 4 m j= l i=0 » J / P 

«a» - 4b)k-1D(W0,W1)U2k £ b 4 m k + PJV 

2p.-2mk-i 
J 

+ 

2k+l 

2m £ - " p-2p.~2mk 
j - 3 ^3 

|1«v(--),»v3m,--v-(frv to)(^w ) 
(12.11) J / \J J / 

(k &0) 

+ «-«2kw^'2k+1^<2k+1,+p'+fc
1|<-«i(2

I)w?-1(bwAp.2pi_2K.1 

+ D(W0,W1)(a2-4b)2k(U U0 ) 2 k + 1 V; b
m<2 k +D+Pl+P2+jv 

m 2 m j=i P-2Pi-2p2+j 

- * - ̂ c 1 £ > ~ . i <-»tRwV2Pr,»(21slM 

,2 _ /1KvkTT2k+lT <a' - 4 b ) k U ^ 1 D ( W o , W t ) i ; b 2 m ( 2 k + 1 ) + P j u 
2 m — o . » ^ « JUp-2p4-m(2k+l) ' 

(12 

- V - « " < f (-x»'(»)w?-'(bwa,'v+2mk_1 

> 0 ) 

3^ 
L x - \ i / " i ^ " » 7 vp+2mk-

(Continued, next page.) 
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•fe» - 4b)2 k - 2D(W0.W1)(UmUa m)2 k T b 2 m k + ^ + P ^ ( W l V p _ 2 p i _ 2 p 
J 1 J 

(a2 _ 4b)k-2U^b4mfc*i E ( - l ^ W W V 
- b W °Y2 P l -2p I + r l> 

° ; p-2p1-2mk-i 

+ fc»-4b)k-2<D(W0.W1)£b4mk+PJ(WlVp_2p__2mk - b W o V ^ . ^ ^ ) . 

(12.13) | ( - l ) f k ) ( b ^ ) 2 ^ (u p j + i m T7 Vp.+ i m) <k > 0) 

- (a* - 4b) 2 k U 2 k U 2 k f b 2mk + P l + P l + j 
m 2 m ^ P - 2 P l - 2 P l + j 

(a* 4 h ) k U 2 k b 4 m k + p i U 
- (a -4b) U m b u

p _2 P l -2mk 

+ ( a2 -4b ) k U 2 k X b 4 m k + P 3 U , 9 . , 2m . ^ p-2p.~2mk 

2k+l / \ / 4 \ 
(12.14) g ( - l ) i ( 2 \ + 1 j ( b ^ 3 m ) 2 k + 1 " i t ( V i m ] T W v i m j (k>0) 

= - (a* - 4b)k-1U2^+1 £ < - » f i R W V ^ l M 

- (a* - 4b) 2 k - 1 D(W 0 ,W 1 )( U m U 2 m ) 2 k + 1 E b m ( 2 k + 1 ) + ^ + P - 3 <W, V ^ . ^ 

-bW0V „ „ J 
(Continued, next page.) P-^Pi-^Pi+j--1 
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" <* " ^ - ^ ( w o . w ^ 1 £ b 2 -^) + PJ wp_2pfm(2k+1) 

£m i=0 \ 1 / ' p-2prm(2k+l)- i ' 

(12.15) 2 Z 1 ( - l ) 1 ( 2 k + 1 ) ( b m V , ) 2 k + l - y L f | V + . ) (k>0) 
•Î O V i / 3m *n V Pi+im ! • p.+im I 

- (a* - 4 b ) 2 k + 1 ( U m U 2 m ) 2 k + 1 h b m ( 2 k + 1 ) + P l + P l ^ p _ 2 p i _ 2 p , + . 

- (a* - 4b ) k U 2 k + 1 E b 2 m ( 2 k + 1 ) + PJV . (9M. 
2m ^ p-2p.-m(2k+l) 

+ 0t« - 4 b ) k U 2 k + V m ( 2 k + 1 ) + P i V 9 „ . + 1 . 
2m p-2p1-m(2k+l) 

13. REMARKS ON THE PAPER BY CARLITZ AND FERNS [4] 

All the important identities of Sections 1 and 2 of the above paper are 
special cases of our general results. Indeed, for the proper choices of par-
ameters , our result, (1.7), contains as special cases, identities (1.6), (1.8), 
(1.10), (1.11), and (1.12) of [4, pp. 62-64]. In [ 4 , pp. 65-66], I noted mis -
prints and omissions in (2.9) (for n odd), (2.10) (for n even and odd), and 
(2.11) (for n even and odd). If these e r ro r s are corrected, we can then say, 
for the proper choices of parameters , our (1.9) gives their (2.8) and (2.10) for 
even n; our (1.13) gives their (2.8) and (2.10) for odd n. Also, our (1.12) 
gives their (2.9) and (2.11) for odd n. The odd and even n refers to their 
identity usage, not ours. Our (1.11) gives their (2.9) and (2.11) for even n. 

The remaining portion of [4] obtained transformation identities for the 
Fibonacci and Lucas sequences as an application of Legendre and Jacobi poly-
nomials. Under proper linear substitutions, these same polynomials could 
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give transformation identities for U and V of (1.1)* We will illustrate 
these ideas with a pair of identities suitable for our purposes* 

The following pair of polynomial identities, 

(13.1) x 2 n + 1 - (x - l ) 2 n + 1 = £ §-±_L ( n + i j ( x 2 _ x ) n - i ^ 

(13.2) x 2 n + 2 - (x - l ) 2 n + 2 = (2x - 1) ± (n
2+ I l l ) # - x)11-1 , 

appeared as a proposed problem 4356, p. 479, in the American Mathematical 
Monthly, 56 (1949), and their solution, in the same journal, 58 (1951), ap-
pears on pp. 268-269, We now proceed to apply (13.1) and (13.2) to obtain 
identities for U and V of (1.1)* n n 

Recalling that a and j3 are roots of x2 = ax - b (see (1.1)), set 
x = (a/b)y in (13.1) to obtain 

/-„ o\ 2 n + 1 2 n + 1 / u\2n+l ^ 2n + l /n + i \ u 2 i + l r t U \ i n - i (13.3) a y - ( ay -b ) = ] ^ _ _ | g . lb [ay(ay - b)J 

Thus, (13.3) for y = a and y = j3 gives the identities 

(13.4) a2 n + 1V2 n + 1 
V 2n + 1 in + i \ . 2i+l n-iT7 

"V4n+2 = g -WTT { 2i ) b a V3n-3i 

£ , 2n + 1 (n + i V 2i+l n-iTT 

2 2TTT 2i Jb a ua 
1=0 ' # 

(13.5) a u
2 n + l " U4n+2 " .4* 2i + 1 \ 2i 1" ~ ~3n-3i 

In (13.2), set x = (ay)/(2b) to obtain for even n = 2k, noting that a a - 2 b 
a2 - b = a(<z- j3), c*0 - 2b = 0(0 - a) , 
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i a 4 k + 2 - tf - 4b ) 2 k + 1 - (a* - 4b)ka2k(4b)(2k + l )}v 4 k + 2 

k - l 

(13.6) .4ft ' x ' V 23 7 4J+2 = 2 E (a2 - 4b)^(2b)4(k-J)+1f4k V " 2 J V, -ito V 2i I 4JH 

I (a* - 4b)ia2i-1(2b)4(k-i)+3 (4k + a_-;
21) U,. + 2 

An identity similar to (13.6) is obtained for n = 2k + 1„ We note that the 
factor (2x - 1) in (13.2) is troublesome for obtaining identities in U and 
V for (1.1), but is not so for the Fibonacci sequences. 

Additional identities for U and V are readily obtained from (13.1). 
For complete generality j we note that a and /3 satisfy x = U x - bU 
Thus, from (13.1), we obtain, having set x = (U y)/(bU ), the general 
identity 

(13.7) l C + l w 2 n + l ^ , - W2mn+m+p 

Mv 2i + 1 \ 2i J m m-1 
^ 2 i + 1 w 
' w(m-Kl)(n-i)+p ' 

where U and W are solutions of (1.1). n n ' 
It should be noted that (13„1) gives Fibonacci identities that are not 

special cases of (13.7). As a partial listing, we have 

<«•«> L
2»« - 1 $H (%?) • 

[Continued on page 421. ] 


